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Preface

This book investigates opportunities for building intelligent decision support sys-
tems offered by multiagent, distributed probabilistic reasoning. Probabilistic rea-
soning with graphical models, known as Bayesian networks or belief networks, has
become an active field of research and practice in artificial intelligence, operation:
research, and statistics in the last two decades. Inspired by the success of Bayesi
networks and other graphical dependence models under the centralized and singl
agent paradigm, this book extends them to representation formalisms under th
distributed and multiagent paradigm. The major technical challenges to such at
endeavor are identified and the results from a decade’s research are presented. T
framework developed allows distributed representation of uncertain knowledge or
a large and complex environment embedded in multiple cooperative agents an
effective, exact, and distributed probabilistic inference.

Under the single-agent paradigm, many exact or approximate methods have bee
proposed for probabilistic reasoning using graphical models. Not all of them ad-
mit effective extension into the multiagent paradigm. Concise message passin
in a compiled, treelike graphical structure has emerged from a decade’s researc
as one class of methods that extends well into the multiagent paradigm. How tc
structure multiple agents’ diverse knowledge on a complex environment as a set
coherent probabilistic graphical models, how to compile these models into graph-:
ical structures that support concise message passing, and how to perform conci
message passing to accomplish tasks in model verification, model compilation, an
distributed inference are the foci of the book. The advantages of concise messac
passing over alternative methods are also analyzed.

It would be impossible to present multiagent probabilistic reasoning without
an exposition of its single-agent counterpart. The results from single-agent in-
ference have been the subject of several books (Pearl [52]; Neapolitan [43]
Lauritzen [36]; Jensen [29]; Shafer [62]; Castillo, Gutierrez, and Hadi [6]; and
Cowell etal. [9]). Only a small subset of these results, which were most influential
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X Preface

to the work presented on multiagent probabilistic reasoning, is included in this
book. In particular, only the theory and algorithms central to concise message-
passing methods are covered in detail. These results are attributed mainly to th
work of J. Pearl and his disciples as well as the Hugin researchers in Denmark
In presenting these results, instead of describing them as given solutions, the boo
is structured to emphasize why essential aspects of these solutions are necessa
Results from the author’s own research in this regard are presented.

The book is organized into two parts. The first part includes Chapters 1 through
5 and covers probabilistic inference by concise message passing under the single
agent paradigm. Readers are prepared for comprehension of the second half of tt
book on multiagent probabilistic inference. The second part comprises Chapters ¢
through 10 in which a formal framework is elaborated for distributed representation
of probabilistic knowledge in a cooperative multiagent system and for effective,
exact, and distributed inference by the agents.

Chapter 1 outlines the roles of intelligent agents and multiagent systems in deci-
sion support systems and substantiates the need for uncertain reasoning. Chapte
introduces Bayesian networks as a concise representation of probabilistic knowl.
edge and demonstrates the idea of belief updating by concise message passir
Chapter 3 introduces cluster graphs as alternative models for effective belief up-
dating by concise message passing. Through analyses of possible types of cycle
in cluster graphs, this chapter formally establishes that belief updating by con-
cise message passing requires cluster trees and, in particular, junction tree model
Chapter 4 defines graphical separation criteria in three types of graphical mod-
els and the concept of I-maps. The chapter describes stepwise how to compil
a Bayesian network into a junction tree model while preserving the I-mapness a
much as possible. Chapter 5 defines common operations on potentials and preser
laws governing mixed operations. Algorithms for belief updating by passing po-
tentials as messages in a junction tree are presented. Chapter 6 sets forth five ba:
assumptions on uncertain reasoning in a cooperative multiagent system. The logi
consequences of these assumptions, which imply a particular knowledge repre
sentation formalism termed a multiply sectioned Bayesian network (MSBN), are
derived. Chapter 7 presents a set of distributed algorithms used to compile ar
MSBN into a collection of related junction tree models, termed a linked junction
forest, for effective multiagent belief updating. Chapter 8 describes a set of algo-
rithms for performing multiagent communication and belief updating by concise
message passing. The material presented in this chapter establishes that multiage
probabilistic reasoning using an MSBN is exact, distributed, and efficient (when
the MSBN is sparse). Chapter 9 addresses the issues of model construction ar
verification and presents distributed algorithms for ensuring the integration of in-
dependently developed agents into a syntactically and semantically correct MSBN
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Chapter 10 puts the state of affairs in cooperative multiagent probabilistic reason
ing in perspective and outlines several research issues in extending MSBNSs int
more powerful frameworks for future intelligent decision support systems.

The book is intended for researchers, educators, practitioners, and graduate st
dents in artificial intelligence, multiagent systems, uncertain reasoning, operation:
research, and statistics. It can be used for self-study, as a handbook for practitior
ers, or as a supplemental text for graduate-level courses on multiagent systems:
uncertain reasoning with graphical models. A set of exercises is included at the
end of most chapters for teaching and learning. Familiarity with algorithms and
mathematical exposure from a typical computer science undergraduate curriculur
(discrete structure and probability) are sufficient background. Previous exposure ti
artificial intelligence and distributed systems is beneficial but not required.

The book treats major results formally with the underlying ideas motivated and
explained intuitively, and the algorithms as well as other results are demonstrate
through many examples. All algorithms are presented at sufficient levels of de-
tail for implementation. They are written in pseudocode and can be implementec
with languages of the reader’s choice. The executable code of a Java-based toolk
WebWeavr, which implements most of the algorithms in the book, can be down-
loaded from

http://snowhite.cis.uoguelph.ca/facultyfo/yxiang/

Most of the chapters (Chapters 2 through 9) contain a Guide to Chapter section a
a short roadmap to the chapter. Styled differently from the rest of the chapter, this
section presents no formal materials. Instead, the main issues, ideas, and results
intuitively described and often illustrated with simple examples. These sections cat
be used collectively as a quick tour of the more formal content of the book. They can
also be used by practitioners to determine the right focus of materials for their needs
The following convention is followed in numbering theorem-like structures:
Within each chapter, all algorithms are numbered with a single sequence, and a
other formal structures are numbered with another sequence, including definitions
lemmas, propositions, theorems, and corollaries.

The input, inspiration, and support of many people were critical in making this book
a reality, and | am especially grateful to them: David Poole introduced me to the
literature on uncertain reasoning with graphical models. Michael Beddoes made th
PainULim project, during which the framework of single-agent oriented MSBNs
was born, possible. Andrew Eisen and Bhanu Pant provided domain expertise in th
PainULim project, and their intuition inspired the ideas behind the formal MSBN
framework. Judea Pearl acted as the external examiner for my Ph.D. dissertatio
in which the theory of MSBNs was first documented. | owe a great deal to Bill
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Havens for supporting my postdoctoral research. Nick Cercone has been a long
time colleague and has given me much support and encouragement over the yeal
Finn Jensen invited me for a research trip to Aalborg University during which many
interesting interactions and exchanges of ideas took place. Victor Lesser was th
host of my one-year sabbatical at the University of Massachusetts, and for years h
has encouraged and supported the work toward a multiagent inference framewor
based on MSBNs. Michael Wong taught me much when | was a junior faculty
member.

The work reported has benefited from my interaction with many academic
colleagues, mostly in the fields of multiagent systems and uncertain reasoning
Craig Boutilier, Brahim Chaib-draa, Bruce D’Ambrosio, Keith Decker, Abhijit
Deshmukh, Robert Dodier, Edmund Durfee, Piotr Gmytrasiewicz, Randy Goebel,
Carl Hewitt, Michael Huhns, Stephen Joseph, Uffe Kjaerulff, Burton Lee, Alan
Mackworth, Eric Neufeld, Kristian Olesen, Simon Parsons, Gregory Provan,
Tuomas Sandholm, Eugene Santos, Jr., Paul Snow, Michael Wellman, Nevir
Lianwen Zhang, and Shlomo Zilberstein. Students in the Intelligent Decision
Support Systems Laboratory have been very helpful. Xiaoyun Chen read and com
mented on the drafts. | thank the users of\ifieb\Weavtoolkit throughout the world
for their interest and encouragement, and | hope to make an enhanced version of tt
toolkit available soon. My thanks also go to anonymous reviewers whose comment:
on the early draft proved valuable.

The Natural Sciences and Engineering Research Council (NSERC) deserve
acknowledgment for sponsoring the research that has led to these results. Addition:
funding was provided by the Institute of Robotics and Intelligent Systems (IRIS)
in the Networks of Centres of Excellence program. A significant portion of the
research presented was conducted while | was a faculty member at the Universit
of Regina. | am grateful to my many colleagues there, chaired by Brien Maguire
at the time of my departure, for years of cooperation and friendship. Some of the
manuscript was completed while | was visiting the University of Massachusetts at
Ambherst, and it was partially funded by the National Science Foundation (NSF)
and the Defense Advanced Research Projects Agency (DARPA).

| would like to thank the editorial and production staffs, Lauren Cowles and
Caitlin Doggart at Cambridge University Press, and Eleanor Umali and John
Joswick at TechBooks for their hard work.

| am greatly indebted to my parents for their caring and patience during my
extended absence. | especially would like to thank my wife, Zoe, for her love,
encouragement, and support. | am also grateful to my children, Jing and Jasen, fc
learning to live out of a cardboard box as we moved across the country.
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Introduction

1.1 Intelligent Agents

Anintelligent agents a computational or natural system that senses its environment
and takes actions intelligently according to its goals. We focus on computational
(versus natural) agents that act in the interests of their human principals. Such in
telligent agents aid humans in making decisions. Intelligent agents can play sever:
possible roles in the human decision process. They may play the roles of a consu
tant, an assistant, or a delegate. For simplicity, we will refer to intelligent agents as
justagents.

When an agent acts as a consultant (Figure 1.1), it senses the environment b
does not take actions directly. Instead, it tells the human principal what it thinks
should be done. The final decision rests on the human principal. Many exper
systems, such as medical expert systems (Teach and Shortliffe [75]), are used |
this way. In one possible scenario, human doctors independently examine patien
and arrive at their own opinions about the diseases in question. However, befor
the physicians finalize their diagnoses and treatments, the recommendations frol
expert systems are considered, possibly causing the doctors to revise their origin:
opinions. Intelligent agents are used as consultants when the decision process ¢
be conducted properly by humans with satisfactory results, the consequences of
bad decision are serious, and agent performance is comparable to that of huma
but the agents have not been accorded high degrees of trust.

When an agent acts as an assistant (Figure 1.2), the raw data and observatio
aredirectly processed only by the agent. It either preprocesses the information anc
presents it to the human principal for further decision making or conducts the entire
decision process and offers the recommendations to the human principal for ar
proval and execution. Software systems commonly referred deeision support
systemgDruzdzel and Flynn [16]) are used as human assistants. For example,
corporate executive manager may use such a system to model past business de
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Figure 1.1: An agent as a consultant. The globe denotes the environment, and the comput
denotes the agent.

analyze the consequences of alternative business actions, and arrive at a busine
decision. Due to the vast amount of business data and the complex interdependen:
among different aspects of business practice (such as material supply, productior
personnel, marketing, sales, and investment), human cognitive capabilities limit
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Figure 1.2: An agent as an assistant.
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¢

Figure 1.3: An agent as a delegate.

the manager from effectively processing all available information and arriving at a
rational decision. With the aid of decision support systems, the manager only need
to evaluate preprocessed information and final or semifinal decision recommenda
tions, which are much smaller in volume and higher in abstraction level. Intelligent
agents are used as assistants when the entire decision process is beyond humn
cognitive capabilities given the time and decision quality constraints, for intelli-
gent agents are capable of producing quality decision recommendations in a sho
time.

When an agent acts as a delegate (Figure 1.3), it not only processes the obsen
tions and generates the decision but also directly executes the chosen action witho
requiring approval from the human principal. Autonomous robots, Internet infobots
(who search Web sites and gather relevant information for human principals), in-
telligent tutors, and embedded intelligent systems (such as an autodriver in a sma
car) are some examples of agents being used as delegates. For example, an inte
gent tutor probes the mind of a student by posing queries, determines the student
level of knowledge on the subject, detects misconceptions and weakness in skKills
devises lessons and exercises to educate the student, corrects misconceptions, :
strengthens the student’s skills. Throughout the decision process, the tutor receive
no intervention from the student’s human teachers or parents (the principals o
the agent). Intelligent agents are used as delegates for humans when the costs
humans’ performing the tasks are too high or the tasks are too dangerous to b
performed by humans and the agents are capable of high-quality performance ar
have won human trust.
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As the information available to human decision makers continues to grow beyond
human cognitive capabilities, as the cost of computing power continues to drop,
and as more intelligent agents with equihuman or superhuman performance ar
developed, we expectto see more agents deployed as human assistants and deleg:
that will play increasingly important roles in daily life.

1.2 Reasoning about the Environment

Whether an agent acts as a consultant, an assistant, or a delegate, its task conta
a set of essential activities. We consider agents whose activities can be describe
in general as follows: The agent is associated with an environment or a problem
domain of interest and carries a model or a representation or some prior knowledg
about the domain. Its goal is to change (or maintain) the state of the domain in
some desirable way (according to the interest of its human principal). To do so, it
takes actions (or recommends actions to its human principal) from time to time. To
take the proper action, it makes observations on the domain, guesses the state of tl
domain based on the observations and its prior knowledge about the domain, an
determines the most appropriate action based on its belief and goal. We refer to th
activity of guessing the state of the domain from prior knowledge and observations
asreasoningor inference

An agent’s activities may not fall under the preceding description. It may not sep-
arate reasoning about the state of the domain from choosing the actions but instec
encodes its action directly as a function of observations. For example, an if-then
rule in arule-based expert system may havi ipgrt specifying some observations
and itsthenpart specifying a desirable action when the observations are obtained.
An if-then rule is made out of symbols (observations and actions are specified in
terms of symbols). Hence, an agent constructed from a rule-based system uses
symbolic (Poole, Mackworth, and Goebel [55]) knowledge representation of the
domain. An agent may not even use a symbolic representation. For example, a
agent’s behavior may be based onaatificial neural network(Hassoun [23]) in
which the observations are mapped to proper actions through network links anc
hidden units that do not have well-defined semantics.

In this book, we consider agents using symbolic knowledge representations an
reasoning explicitly about the state of the domain. Reasoning about the state of thi
domain can be a challenging task by itself, as we shall see. Separating the reasonir
task from the selection of actions allows decomposing the decision process into twc
stages and working on each through divide-and-conquer techniques. To develo
agents with quality performance, one approach is to ensure that agents’ behavic
can be analyzed formally and rigorously. Separating inference about the state fron
choice of action also facilitates the analysis and explanation of agents’ behavior by
analyzing and understanding each stage of the decision process individually.
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1.3 Why Uncertain Reasoning?

The main focus of this book is on guessing (reasoning about) the state of the domair
We have used the wogliessindor several reasons.

1. Some aspects of the domain are often unobservable and therefore must be estimat
indirectly through observables. Consider a neurologist who needs to know which part of
an epileptic brain is abnormal. Direct examination of the brain is not an option except
as part of the surgical procedure after the diagnosis has been completed and surgery h
been considered necessary. Instead, to estimate the state of the brain, the seizure behav
of the patient is observed, and the electroencephalogram (EEG) is recorded.

Complex equipment, such as automobiles, airplanes, automatic production lines
chemical plants, computer systems, and computer networks, is used widely in mod
ern society. Each piece of equipment is made of many components, each of which i
further composed of many devices and parts. Whether a device or component is func
tionally normal or faulty or on the verge of breaking down is usually not observable.
For example, whether the bearing of a helicopter propeller is about to break down is no
directly observable without disassembling the propeller, but suctvledige is crucial
to prevent accidents. To estimate the state of the bearing, sensors are often used to colle
the vibration patterns of the bearing.

In making financial and economic decisions as corporate executives and governmer
officials do, itis often advantageous to take the upcoming economic climate into account
Is a recession or an economic boom on the horizon? Although this process is more
concerned with predicting the future than evaluating current conditions, the trend can be
viewed as one characteristic of the present economic state that is not directly observabls

In playing card games such as poker, knowing the opponent’s hand allows a playel
to determine his or her best strategy with certainty. Because the opponent’s hand is nc
observable, the best one can do is to guess it based on the cards revealed so far and 1
past behavior of the opponent.

2. The relations among domain events are often uncertain. In particular, the relationshij
between the observables and nonobservables is often uncertain. Therefore, the nono
servables cannot be inferred from the observables with certainty. The uncertain relatior
prevents a reasoner from arriving atigiquedomain state from observation, which ac-
counts for the guesswork. For instance, certain seizure behavior can be caused by lesio
at different locations of the brain, which makes it difficult to determine exactly where
surgery should take place.

Most equipment is intended to work deterministically. Given the input of a piece of
equipment or, in general, the input history, a unique, desirable response or respons
sequence is expected. For example, when the brake pedal is pressed, a running c
should slow down. After an enlarging scale has been entered into a photocopier, pressin
the start button should cause the lens to reposition accordingly before photocopying
is performed. However, equipment may fail due to failure of components and devices.
Because failure is normally not designed, the faulty behavior of a piece of equipment is
generally uncertain. The break down of different devices or parts of a piece of equipment
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may cause the same failure mode. On the other hand, the same faulty device may genera
different failures owing to the mode of the equipment, the raw material or input being
processed at the time, and other factors. A somewhat worn-out propeller bearing may
last quite a while if the helicopter carries light loads and flies in good weather conditions,
but the bearing may break down much sooner and cause an accident if the aircraft flie
in severe weather with heavy loads.

Earthquakes are often preceded by indicators such as sudden changes in wats
well levels, abnormal behavior of domestic animals, and instrumental indications. On
February 4, 1975, a major earthquake (Holland [25]) struck a heavily populated area
400 miles northeast of Beijing, China. Ninety percent of the buildings in some areas
were destroyed as was the entire town of Haicheng. On the basis of the indicators, a pre
diction was made, and nearly one million people who lived in the area were evacuated jus
hours before the earthquake. As a result, no one was killed when the earthquake struc}
However, reliable predictions of major earthquakes are not yet a reality, and successfu
predictions such as this one have been rare. Consequently, disasters due to unpredict
major earthquakes do occur from time to time.

. The observations themselves may be imprecise, ambiguous, vague, noisy, and unreliabl
They introduce additional uncertainty to inferring the state of the domain. The EEG
recorded from a patient cannot reflect the electromagnetic activities that are far from the
scalp. On the other hand, the signals recorded from each electrode are the summatio
of the activities of many neurons (some normal and some lesioned) in the nearby brair
plus artifacts (e.g., due to electrode movement or muscle activity).

To monitor complex equipment, sensors are commonly used to extract information
about the temperature, pressure, displacement, altitude, speed, vibration, and other phy
ical quantities from the components or devices. The states of the components and th
equipment are then inferred from the sensor outputs. However, sensors may not respon
to the target quantities evenly under different conditions and hence can introduce errors
Sensors can pick up signals from nearby sources in addition to the target sources. Senso
can fail and consequently produce outputs correlated or uncorrelated to the source quar
tities. Sensor outputs can be contaminated by noise while being transmitted from the
sensors to thprocessing units. For example, if the helicopter bearing vibration is mon-
itored by a sensor and the sensor output is transmitted to a unit located in the cockpit
what is received by the unit may contain other nearby electromagnetic signals.

When a witness testifies in court and states that he or she saw a suspect on site fror
a distance on the night of a murder, the reliability of this statement is to be judged by
taking into account the illumination of the scene, the distance between the witness anc
the suspect at the time, the vision of the witness, and the relation between the witnes:
and the suspect. Similarly, when asking for direction in an unfamiliar area, if you are
told that your destination is “not too far,” a wide range of distance is still possible.

. Even though many relevant everar®e observable, very often we do not have the re-

sources to observe them all. Therefore, the state of the domain must be guessed bas
on incomplete information. In medicine, even though many laboratory tests may help
improve the accuracy of a patient’s diagnosis, not all such tests will be performed on a
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patient due to the cost involved and the potential side effects. Hence, the diagnosis mu
be made based on the routine physical examination and limited laboratory tests.

On battlefields, gathering more intelligence reports can result in more accurate knowl-
edge about the enemy'’s location, movement, and intention and hence can lead to a mol
informed strategy. Because of the time and risk involved in gathering these reports, the
enemy’s state must very often be guessed using only limited reports.

5. Even though event relations are certain in some domains, very often it is impractical to
analyze all of them explicitly. Consequently, the state of the domain is estimated from
computationally more efficient but less reliable means. In board games, the configuratior
is certain, and the consequences of all legal moves of the player and the opponent ar
also certain. However, for many board games, due to the huge number of combination:
of legal moves it is not feasible to analyze each of them (to an endgame) before makinc
the current move. As a result, less reliable but more efficient heuristic functions are usec
to evaluate each board configuration and potential move.

A mechanical workshop manufacturing parts on contract needs to schedule whict
machine processes which part at which time slot. As the number of machines, the numbe
of different parts to be manufactured, and the operations to be performed on each pa
increase, finding the optimal schedule for manufacturing all parts in the shortest time
becomes impracticable.

In the light of these factors and others, the reasoner’s task is not one of deter
ministic deduction but rather uncertain reasoning. That is, the reasoner must infe
the state of the domain based on incomplete and uncertain knowledge about th
domain and incomplete and uncertain observations. Many competing theories exis
on how to perform such uncertain reasoning. This book focuses on methodolo
gies founded on Bayesian probability theory. In other words, it focusgsalra-
bilistic reasoning. A body of literature exists that compares the relative merits of
alternatives.

1.4 Multiagent Systems
We have considered an agent that makes observations on a domain, performs prot
bilistic inference based on its knowledge about the relations among domain events
and estimates the state of the domain. However, a single agent is limited by it:
knowledge, its perspective, and its computational resources. As the domain be
comes larger and more complex, open, and distributed, a set of cooperating agen
is needed to address the reasoning task effectively.

Imagine a smart house (Boman, Davidsson, and Younes [4]), which is likely
to be available in the near future. Compared with existing houses, the appliance
and other components in a smart house are operated more energy efficiently ar
provide better comfort to the occupants. Curtains are closed automatically in the
evening when it becomes dark, and lights are turned on. In the winter, heating is
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reduced when people are out working and is restored to the previous setting befor
the occupants return. Air conditioning is handled similarly on hot summer days.
The temperature in each room is adjusted individually according to the preference
of the occupant(s) and the activity conducted. Perhaps the room for fitness is kep
cooler than the family room. The refrigerator sends an order to the local grocery
supplier through the Internet whenever the supply of milk and eggs is low. The oven
starts cooking in the late afternoon before family members are home so that the
dinner will be ready at the right time. The sprinkler system turns on after several
dry summer days but will save the water when it rains from time to time.

The proper operation of these components depends on believing that certai
events have happened or are about to happen such as “people are out working
“people will return shortly,” “the grocery supply is low,” and “it's been dry for quite
a while.” Knowledge and reasoning generate such beliefs. Consider estimating the
occurrence of “people are out working.” A simple timing based on a rigid schedule
is not sufficient because one family member may be sick at home on a certain day
and not follow the regular schedule. Motion detectors are not foolproof either. A
dog may be wandering around the house when no one else is home. The dog me
cause the motion detector to believe that a family member is home; hence, heatin
will not be reduced as expected. A patient may have caught the flu and be in bec
without much motion during the day. Because no motion is detected and no one
is believed at home, heating is reduced. This may worsen the patient’s condition
Prior knowledge about each family member’'s normal work schedule, the expectec
activities during sickness, the existence of a pet and its behavior, as well as output
from different sensors can all contribute, through reasoning, to the belief “people are
out working.” The available prior knowledge is generally uncertain. For example,
how much remaining grocery supply constitutes a “low” supply depends on the
eating habits of the family, the day of the week (people may eat differently on
weekdays than weekends), and other factors.

The proper operation of these components also depends on the knowledge of, ar
beliefin, the functionality and expected behavior of appliances. When to turn off the
sprinkler depends on determining whether the lawn has been watered sufficiently
This in turn depends on the knowledge of the sprinkler system’s capacity and the
size of the lawn and the belief about the lawn’s degree of dryness. How early to star
cooking before the family is back from work depends on the belief about what is to
be cooked and knowledge of how long it takes the oven to do the cooking. Clearly,
diverse knowledge about household components is needed. With new appliance
installed or upgraded, an open-ended set of knowledge needs to be managed al
maintained.

Often, activities in different sections of the house need to be coordinated. After
the dishwasher in the kitchen is loaded and ready to wash, it may be better tc
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delay dish washing if it is believed that a family member will start taking a shower
upstairs in the washroom. If both activities are going forward, it is likely that the
hot water will run out before the person finishes the shower. Such coordination car
be achieved if relevant events occurring in different areas of the house are assess
properly.

Building and maintaining a single intelligent agent to manage such complex,
distributed, and open-ended activities would be very costly if not impossible. An
alternative to the single-agent paradigm is the paradigmufiagent systems. A
multiagent system consists of a set of agents acting in a problem domain. Each age
carries only a partial knowledge representation about the domain and can obser\
the domain from a partial perspective. Although an agent in a multiagent systerr
can reason and act autonomously as in the single-agent paradigm, to overcon
its limit in domain knowledge, perspective, and computational resource, it can
benefit from other agents’ knowledge, perspectives, and computational resource
through communication and coordination. This multiagent paradigm is promising
for overcoming the limitation of the single-agent paradigm, as discussed in the
following paragraphs.

1. In large and complex domains, diverse knowledge is required. In the smart house do
main, the knowledge of different household appliances and components and of humal
activities and behaviors is needed to operate intelligently. A powerful tool to handle
such complexity and diversity imodularity. Under the multiagent paradigm, for each
appliance or component we can construct an agent capable of operating the unit. Becau:
such an agent requires only limited knowledge, this approach simplifies development
The interdependence between units is handled by coordination among agents.

As a different example, consider equipment monitoring and diagnosis (M&D). The
total complexity of a piece of complex modern equipment (e.g., an airplane or a chemical
plant) is usually beyond the comprehension of a single person or even a single tean
One reflection is that it is increasingly common for the manufacturer of a particular
piece of equipment to purchase half or even more of the components from other vendor
(Parunak [47]). LeR be a manufacturer who needs a compordnt its product ands
be the supplier of. ThenR must have the knowledge of hawshould function in terms
of its input—output relation so th& can integrate with other components — purchased
or manufactured. However, more detailed knowledge about the interna|svbich is
necessary to monitor and diagnasenay not be available fror8. Even if it is available,

R may not want to bother with it in order to manage its core business more efficiently. In
such a case, to build an M&D systeRmay instead use an M&D agent fodeveloped
by Sand let it cooperate with agents responsible for other components.

2. Inlarge and complex domains, sensors are often distributed. In a smart house, sensors ¢
collect data on temperature, humidity, object movement, lighting, water usage, and othe
events in each room and near the house. Components in a complex system are often phy
ically distributed (e.g., heaters and compressors in a chemical plant). Sensors to collec
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Figure 1.4: Major plants in a fertilizer factory.

observations are therefore also distributed. Figure 1.4 shows a top-level decompositior
of afertilizer factory consisting of four plants. Each plant can be further decomposed into
several major components. Figure 1.5 shows the decomposition of the water treatmen
plant. A large number of sensors are normally placed throughout the factory to collect
observations about components.

Traditionally, the observations from distributed sensors are transmitted to a central
place. There, they are processed by a single agent, the necessary actions are decide
and the control signals are transmitted to the locations where the actions take place
Transmission of the observations and action control signals, however, is limited by the
available bandwidth, the time delay, and potential interruptiae to failure of the
communication channels. The multiagent paradigm suggests deployment of multiple
agents, each near a component or a small group of nearby components, so that the sen:
outputs can be processed on site and actions be taken more promptly (e.g., opening
local valve to release pressure believed to be beyond the safety level).

. Many complex problem domains are open-ended. Each smart house will have a differen

set of appliances and components in accord with the family’s need and budget. As time
goes by, new appliances may be installed and existing appliances may be replaced c
upgraded. Similar situations happen with equipment. New functional components may

'
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Figure 1.5: Major equipment in a water treatment plant.
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be added as the need arises or as the vendors release them. By capturing the knowlec
and decision making relative to each component into a separate agent, the addition ¢
new components is handled in a multiagent system by dynamically adding agents ant
letting existing agents adapt to the new agent community.

An important feature of multiagent systems is that agents in such systems ar
autonomous. The autonomy is reflected in the interrelation of agents and their hu
man principals as well as between agents. Due to the large number of agents i
a multiagent system, it is impractical for a human principal to guide each agent
closely during its activities. Although the entire system can still play the three
possible roles (consultant, assistant, and delegate), individual agents within th
system must be able to reason and act on their own most of the time with minima
human intervention. In other words, a centralized intervention is mostly unavail-
able. Furthermore, because each agent is intended to process a locally accessil
information source and to solve a partial problem based on its local computationa
resource, it follows that communicati@etween agents will be concise and infre-
guent. In other words, constant and raw-data-based communication among agen
is mostly unavailable. As will be seen in this book, these implications of autonomy
exert significant constraints on the design choices of multiagent systems.

Research and practice using multiagent systems are closely relabbjeti-
oriented programmingn which an object encapsulates its state, can only be ac-
cessed and modified by its own methods, and forms a unit in software design; ar:
closely related talistributed systemesearch through which hardware, software,
and network structures for fast and reliable communication and efficient distributed
computation are developed; and are closely relatdtutoan—computer interface
research in which task delegation is used as an alternative to direct manipulatior
Sycara [71] discusses one set of criteria with which the relation and difference
between these (and related) research and multiagent systems can be identified.
this book, we take a relatively loose notion of agents reminiscent of Poole et al. [55]
and hence a loose notion of multiagent systems. In the next section, we introduc
the task of probabilistic reasoning by multiple agents. In the later chapters of the
book, we precisely define the task of multiagent probabilistic reasoning and study
how such a task can be performed.

1.5 Cooperative Multiagent Probabilistic Reasoning

In our discussion of single-agent decision making, we decomposed the agent’
decision process into reasoning about the domain state and selection of actions. V
will apply a similar decomposition to a multiagent system and study the subtask of
how multiple agents can collectively reason about the state of the domain based o
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their local knowledge, local observation, and limited communication. This subtask
is referred to by some authorsdistributed interpretatiorfLesser and Erman [38]).

As can be imagined, the needs and the opportunities of communication lead tc
additional issues for multiagent reasoning.

What is the objective of communication in a cooperative multiagent system?
Should agents exchange their observations or their beliefs? If each agent has onl
a partial perspective of the domain, what should be the relationship between thei
beliefs? For example, should agents be allowed to hold inconsistent beliefs? Is ther
such athing as the collective belief of multiple agents? If so, what form does it take?

If communication is to restore belief consistency among agents, how should the
communication be structured and organized? Whom should an agent communicat
with? Should an agent be allowed to communicate with any other agent? What
is the consequence of free communication with respect to the objective of agen
communication?

What information should an agent exchange with other agents? Too much infor-
mation is unnecessary and inefficient. Too little information does not benefit from
the full potential of communication. How do we determine the right amount of
information to be exchanged?

In data communication, data can be compressed and then transmitted so that tt
same amount of data can be communicated with less bandwidth and channel time
Such channel coding can be applied at different levels of abstraction (e.g., at bi
level or at word level). How can the information to be exchanged between agents
be efficiently encoded at the knowledge level?

In building complex systems, there is always the trade-off between system per-
formance and system complexity required to deliver that performance. For agent:
to communicate effectively and believe rationally, a certain structure and organiza-
tion may be necessary. Once such structure and organization are identified, how ce
agents constructed by independent vendors be integrated into a multiagent syste
that respects the structure and organization? How can the structure and organizatic
be verified without violating agent privacy (and ultimately protecting the propri-
etary information and technical know-how of the agent vendor)? We will study
these issues in this book.

Each agent in a multiagent system may serve the interest of a different principal.
Because the human principals may have conflicting interests (such as a busine:
whose main concern is profit and a customer whose main concern is the quality o
goods and service purchased), agents that serve multiple principals of conflicting
interests are calleself-interestecdgents. If all agents in a multiagent system serve
the interest of a single principal (which could be a human organization), they are
calledcooperativeagents.
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The communications behaviors of cooperative versus self-interested agents al
quite different. Although cooperative agents can be assumed to be truthful to eac
other because they are working for a common principal, a self-interested agent ma
deliberately provide false information to other agents who serve different princi-
pals. This difference in agent communications behavior implies that assumptions
principles, and techniques applicable to cooperative multiagent reasoning may nc
be applicable in general to reasoning of self-interested agents. The focus of thi:
book is on cooperative agents and, in particular, on probabilistic reasoning of co-
operative agents. Readers who are interested in inference and decision making
systems consisting primarily of self-interested agents are directed to reference
such as Rosenschein and Zlotkin [59] and Sandholm (Chapter 5 in Weiss [77]).

1.6 Application Domains

Not all complex domains are suitable favoperativamultiagent systems. Depend-
ing on the degree and nature of the uncertainty in the domain and its impact or
the quality of decision, uncertain reasoning may not be a significant component ir
a cooperative multiagent system. For example, Tacair—Soar (Jones et al. [31]),
large-scale combat flight simulation system, does not explicitly perform uncertainty
reasoning. As explained by a Tacair—Soar team member, their system was deve
oped in this way because the worst-case scenario is usually the basis for comb:
pilot decision making.

Nevertheless, uncertain problem domains suitable for cooperative multiagen
systems are abundant. Many of them involve a nontrivial subtask of estimating the
current state of the domain to facilitate action formulation. We have mentioned
monitoring and diagnosis of complex equipment and processes as well as sma
houses. These domains are examples of general sensor networks for surveillanc
monitoring, hazard prediction and warning for buildings, warehouses, restricted
areas, computer networks, and industrial processes. In business domains, mor
toring and interpretation of corporate operating status is an important subtask ir
management decisions. In distributed design, whether design choices made at di
ferent components by diverse designers lead to a system of desirable performan
that takes into account many uncertain factors in materials, manufacturing, oper
ation, and maintenance can also be treated as a problem of cooperative uncerte
reasoning.

Cooperative multiagent probabilistic reasoning in complex domains is a non-
trivial task, as we will see. The general technical issues involved are better com:
prehended when illustrated with examples. However, examples for sophisticate
technical domains demand significant background domain knowledge from the
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readers, which hinders reader comprehension. To avoid such a burden, we choo:s
digital electronic systems as the source of examples when a large problem domai
is needed. Digital electronic systems are suitable for this purpose for the reason
discussed next.

Although a domain of about 20 variables may be sufficient to illustrate many
issues involved in modeling a single agent, it will be too small to illustrate issues
involved in modeling a multiagent system. On the other hand, comprehension of
technical details of an example from a specialized domain with a reasonable siz¢
(e.qg., the fertilizer factory in Figure 1.4) demands an unreasonable amount of back
ground knowledge from readers, which distracts them from the general issues ir
guestion. The compromise made is to construct large examples from a domain o
knowledge common to most readers. A basic understanding of digital electronics
can safely be assumed for all professionals in information technology and for many
in science and engineering. Perhaps this is one of the major reasons why digita
electronics has been the source of problems for many researchers in diagnosis (e.(
Davis [11], Genesereth [20], de Kleer and Williams [13], Pearl [52], Poole [54],
and Srinivas [69]).

As with any other equipment, a digital system is intended to work determin-
istically, but the failure behavior is uncertain. Hence, the use of a digital domain
does not diminish the number of general issues related to uncertain reasoning
Furthermore, the complexity in modeling and inference using probabilistic graphi-
cal models grows as the degree of network nodes increases and the number of logj
in the network increases. In a digital system, the former corresponds to the numbe
of inputs and outputs for a particular gate or device, and the latter is reflected in the
circuit topology.

A digital system may beombinatorialor sequentialln a combinatorial circuit,
output values depend on only the input values, whereas in a sequential circui
output values depend also on the internal state of the circuit which is determinec
by the history of inputs. Therefore, a combinatorial circuit system providéstia
domain, whereas a sequential circuit system providdgramicdomain. Hence,
issues on diagnosis in both static and dynamic domains can be illustrated properl:
using digital electronic systems.

1.7 Bibliographical Notes

Motivations for uncertain reasoning in intelligent systems can be found in several
recent artificial intelligence textbooks including Russell and Norvig [60]; Dean,
Allen, and Aloimonos [14]; and Poole et al. [55]. A collection edited by Shafer and
Pearl [63] presents a number of alternative approaches to uncertain reasoning. Tt
February 1988 issue @fomputational Intelligencurnal contains a lively debate
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over alternative approaches for commonsense reasoning with a position paper k
Cheeseman [7] and comments by 20 authors. Limitations of human reasoning unde
uncertainty are studied in Kahneman, Slovic, and Tversky [32].

The notion of agents has been adopted by all recent artificial intelligence text-
books (Russell and Norvig [60], Dean et al. [14], Poole et al. [55], and Nilsson [44]).
Introductions to multiagent systems can be found in Wooldridge and Jennings [79
and Sycara [71]. Earlier multiagent system research is covered in Bond and Gass
[5], and more recent advances are contained in a comprehensive collection edite
by Weiss [77]. Reasoning and decision making for self-interested agents are studie
in Rosenschein and Zlotkin [59] and Sandholm (Chapter 5 in Weiss [77]).
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Bayesian Networks

To act in a complex problem domain, a decision maker needs to know the curren
state of the domain in order to choose the most appropriate action. In a domain abot
which the decision maker has only uncertain knowledge and partial observations, i
is often impossible to estimate the state of the domain with certainty. We introduce
Bayesian networks as a concise graphical representation of a decision maker’
probabilistic knowledge of an uncertain domain. We raise the issue of how to
use such knowledge to estimate the current state of the domain effectively. Tc
accomplish this task, the idea of message passing in graphical models is illustrate
with several alternative methods. Subsequent chapters will present representation
and computational techniques to address the limitation of these methods.

The basics of Bayesian probability theory are reviewed in Section 2.2. This is
followed in Section 2.3 by a demonstration of the intractability of traditional belief
updating using joint probability distributions. The necessary background in graph
theory is then provided in Section 2.4. Section 2.5 introduces Bayesian networks
as a concise graphical model for probabilistic knowledge. In Section 2.6, the fun-
damental idea of local computation and message passing in modern probabilisti
inference using graphical models is illustrated using so-calledr message pass-
ing in tree-structured models. The limitationof- = message passing is discussed
followed by the presentation of an alternative exact inference method, loop cutse
conditioning, in Section 2.7 and an alternative approximate inference method, for-
ward stochastic sampling, in Section 2.8. The behaviors of the alternative method:
with respect to message passing are characterized, which motivates the inferenc
methods to be presented in subsequent chapters.

2.1 Guide to Chapter 2

Consider an intelligent agent whose job in part is to monitor a digital circuit
(Figure 2.1) in an appliance. The agent needs to know whether the circuit functions

16
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Figure 2.1: A simple digital circuit.

normally or abnormally and which devices are faulty when it functions abnormally.
The state of each device is not directly observable and can only be inferred fron
observation of the inputs and outputs of gates. Because observations are costly (tl
effort to collect them and the time and bandwidth to transmit them to the agent), it
is desirable not to have to observe all inputs and outputs for all gates. How shoulc
the agent go about doing its job?

We can let the agent carry a representation of its knowledge or belief about the
expected behavior (both normal and abnormal) of the circuit. It can then use this
knowledge plus any observation to infer the current state of the circuit. Because
the knowledge is uncertain (e.g., about the abnormal behavior of the circuit), it car
be coded as a probability distribution. Section 2.2 reviews the basic concepts o
probability, describes the conditions that govern what is or is not a valid probability
distribution, and presents several useful rules for manipulating probability. As any
time, the probability distribution reflects the current belief of the agent about the
state of the circuit. Aorior probability distribution reflects the agent’s belief before
any observation is made, angasteriorprobability distribution reflects the agent’s
belief after the observatiomelief updatingrefers to the computation carried out
by the agent to update its prior belief to its posterior belief.

For the digital circuit, the agent can encode its prior belief as a probability
distribution P(a, b, ¢, d, e, g, r, t), where each symbol represents the input of a
gate (e.g.b), or the output of a gate (e.@), or the state of a gate (e.@). For
example,

P(@a=0,b=0,c=0,d=0,e=1,g=normal,r =normal,t =normal)=0.2

represents the agent’s belief that 20% of the time the irpatsdb are 0, all gates
are normal, and the outputsandd are 0 and the outputis 1. On the other hand,

P@=0,b=0,c=0,d =0,e=0,g =normal,r = normal,t = abnormal)
= 0.009

represents the agent's belief that 0.9% of the time all other values are the sam
as those given above but the gatis abnormal and the outpetis 0. The agent’s
belief about any gate such gsan also be derived from the preceding probability
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distribution in the form of a probability distributioR(g). The procedure for per-
forming such derivations is shown in Section 2.2.

Section 2.3 describes how belief updating can be performed by updating the priol
P(g) to the posterioP(gla = 0, b = 0, e = 0) whena, b, ande are observed. It
also demonstrates that, as the number of gates in the circuitincreases, representati
and belief updating based on such representations become intractable. Coping wit
these intractabilities is the primary concern of this book.

This leads to the idea of encoding the probabilistic knowledge concisely using
graphical models and effectively updating belief with these modelgraph is
made ofnodesandlinks that connect them. We can use nodes to represent events
and links between a pair of nodes to represent the relation between them. To do st
we first need to be able to describe the topology of a graph. Section 2.4 introduce!
the basic concepts and terminologies for graphs.

Graphs can be of different types suchdaected(where links in the graph have
directions)undirectedwhere links have no directions), ahygbrid. For undirected
graphs, terminologies are introduced to describe the neighborhood of a padie, a
from one node to anothercgclein a graph, a graph within another graph, and other
aspects of connectivity of a graph. For directed graphs, additional terminologies
are introduced to describe a directed path or cycle and to name nodes at differer
locations on a directed path.

Section 2.5 relates the probabilistic knowledge of an agent to a graphical mode
called aBayesian networkBN). Such a network is a directed graphical model.
Each node in the graph signifies an event. Each directed link represents a caus
dependence between two events. Figure 2.2 shows the graph of a BN representir
an agent’s knowledge of the digital circuit. How to construct such a graph and how
to encode the agent’s probabilistic knowledge concisely using the graph will be
discussed in Section 2.5. The way in which BNs help cope with the representatior
intractability mentioned earlier is also shown.

Section 2.6 addresses the belief updating intractability stated earlier. It intro-
duces the idea of message passing along arcs of BNs as a means of effecti
belief updating. A method called— 7 message passing is used to illustrate how

o
Je— C

Figure 2.2: The graphical model for the digital circuit.
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belief updating can be performed by passing concise messages in treelike BN
Section 2.7 presents how— w message passing can be applied to nontree BNs
by first converting a nontree BN into multiple treelike BNs. The method is called
loop cutset conditioning. Section 2.8 presents an approximate meiredird
stochastic sampling, for belief updating by passing massive (versus concise) mes
sages in a nontree BN directly.

2.2 Basics on Bayesian Probability Theory

An agent needs to know the actual state of a problem domain or parts of the domair
However, it can only directly observe some events of the domain and infer the un-
observables from the observables. Suppose a technician needs to find out whic
components are responsible for an abnormal chemical process. Detailed examin
tion of every componentis not feasible. The technician must use the observed even
to help focus on a small number of components as the candidates for the culprit.

Formally, a domain is described in terms of a set of variaWles{vy, ..., vn}.
We consider only discrete variables in this book, but in general these variables
may be discrete or continuous. To make the discussion concrete and manageab
consider the task of monitoring and trouble-shooting a simple digital circuit in
Figure 2.3. To determine the state of the circuit, the domain is modelad By
{01, 92, 03, G4, @, b, C, d, e, f, h}, which consists of variables describing the state
of each gate (e.gg;) as well as its digital input and output (e.g.ande).

Each variable; takes its value from a finitgpace D, of possible values, namely,
v € D,,. For example, the space fgy is Dg, = {norm, ah), where “norm” stands
for normaland “ab” stands foabnormal. The space for the sigreais D, = {0, 1}.

For a subseX cC V, its spaceDy is the Cartesian product of the spaces for the
variables inX, namely,Dx = [[,.x Dx. For instance, the space fér= {gi, €} is

Dx = {(g1 = norm,e = 0), (g1 = norm,e = 1), (g1 = ab,e = 0),
(gp = ab, e=1)}.

Figure 2.3: A simple digital circuit.
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Each element dDx (denoted b) is called aconfiguratiorof X. A configuration
X represents amvent hamely, that each variable X takes the value specified
in X. If the event is known to be true, it is denotedXas= x. For example X =
(g1 = norm e = 0) signifies that the gatg, is normal and its output is 0. For the
problem domairV/, each configuratiom describes a possible state of the domain.
For example, the configuration

(g1 = norm g, = norm gz = norm g4 = norm a = 0,
b=0c=0d=1e=0,f=1h=0)

describes a possible state of the domain, which, for simplicity, we sometime write as
(norm, norm norm norm 0,0, 0, 1, 0, 1, 0).

The configuration
(norm norm norm norm 0,0,0,1,0,1,1)

(same as above excdpt= 1) describes a state thatimpossible

Let X andY be two subsets of andx andy be their configurations. Configu-
rationsx andy arecompatiblef for everyv € X NY, its values inx and iny are
identical. The two configurations &f above are incompatible. The configurations
(gp = horm b = 0) and @3 = ab b = 0) are compatible.

To infer the state of the domain from observation, an agent must rely on the
constraints or dependence between observables and unobservables. For examf
it can infer the state of OR gatg from observations on its inputsande and its
outputh. Very often, the dependence is not deterministic but rather is uncertain.
For example, whens is at the state ab, its outpiimay or may not be 0 when both
inputs are 0.

The Bayesian probability theory tells us that an agent’'s knowledge about the
uncertain dependence between variables can be represented in terms of a probabili
function P defined over these variables. HerleéX = x|Y = y) represents the
(degree of)oelief of a reasoner on the truth afwhen he or she already knows
thaty is true. It is called theonditional probabilityof x giveny. The expression
P(X]Y) represents the beliefs for each combinatior ahdy and is referred to as
aconditional probability distributiorof X givenY. For simplicity, we writeP(x]y)
instead ofP(X = x|Y = y). GivenX = {h} andY = {a, g}, we write P(X|Y) as
P(h|a, gy) instead ofP({h}|{a, g-}), and we writeP(h|a = 0, go = norm) instead
of P(h|Y = (a = 0, g2 = norm)).

An agent's knowledge of the normal behavior @f when both inputs are O
can be represented &h = 0la = 0,e =0, g, = norm)= 1. If it is known that
wheng, is abnormal the gate will output correctly 70% of time when both inputs
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Table 2.1:Conditional probability distribution Bh|a, e, g,)

h a e o P(hla, e, g2) h a e ¢} P(hla, e, g2)
0 0 0 norm 1.0 0 0 0 ab 0.7
0 0 1 norm 0 0 0 1 ab 0.6
0 1 0 norm 0 0 1 0 ab 0.6
0 1 1 norm 0 0 1 1 ab 0.2
1 0 0 norm 0 1 0 0 ab 0.3
1 0 1 norm 1.0 1 0 1 ab 0.4
1 1 0 norm 1.0 1 1 0 ab 0.4
1 1 1 norm 1.0 1 1 1 ab 0.8

are 0, this can be represented®fh = Ola = 0,e = 0, g, = ab)= 0.7. Apossible
distribution forP(h|a, e, g2) is shown in Table 2.1. Because each variable is binary,
the distribution has®2= 16 entries.
Sometimes, for simplicity, the background knowledge of the reasoner is not
explicitly represented withiv. We then have thanconditionalprobability P(x)
and unconditional distributio?(X). The unconditional distributiodP(V) over
the entire domain is referred to as ffoént probability distribution(JPD). When
it is emphasized thaX is a subset ol or is a subset of some s¥tsuch that
X cY cV, P(X)is referred to as enarginaldistribution of P(V) (or P(Y)).
Although P can be specified subjectively, it must satisfy a set of axioms
(Egs. (2.1) through (2.4)). LeX, Y, Z be any nonempty subsets ¥f Equation
(2.1) says that the probability of any event is a real number between 0 and 1:

0=<P(xly) =1, (2.1)

wherex € Dx andy € Dy. Equation (2.2) stipulates that certainty is represented
by 1:

P(x|x) = 1, (2.2)

wherex € Dx. The following sumrule says that, ik andy are mutually exclu-
sive, then the probability that either one will occur is the sum of the individual
probabilities:

P(xory|z) = P(x|2) + P(y|2), (2.3)

wherex € Dy, y € Dy, andz € Dz. Equations (2.2) and (2.3) imply that a prob-
ability distribution sums to 1.:

> P(x|Y)=1.

xeDx
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The following productrule says that the probability of the joint event that both
x andy occur is the probability of one event multiplied by the probability of the
other event conditioned on the first:

P(x.yl2) = P(x]y. 2)P(y|2). (2.4)

wherex € Dy, y € Dy, andz € Dz. In the equation, the comma “;” represents
logic conjunction “and.” For simplicity, we write

P(X,Y|Z) = P(X]Y, Z)P(Y|Z).

We will adopt the simple notation whenever there is no confusion.
Many useful properties of probability distributions can be proven from the pre-
ceding axioms. One such propertyBayess rule:
P(YIX, Z)P(X|Z)

P(XY, Z) = D) (2.5)

Another property is thaegationrule:
P(X # X]y) =1— P(X = Xx]y), (2.6)

wherex € Dy andy € Dy. We often need to derive the distribution overfrom
the distribution ovel > X. This is what themarginalizationrule allows us to do:

P(X|2) = > P(x.w|2), (2.7)

weDW

whereX Cc Y, W = Y\ X, x € Dx, andz € Dz. The operatoidenotesset differ-
ence For simplicity, we write

P(X|Z) =) P(X,W|2) =) P(Y|2),
W W

and the subseatV of variables is said to benarginalized out

The purpose of representing knowledge over a problem dowaising a prob-
ability distribution is to be able to reason about the state of the domain given some
observations. The distributioR(X) on a subseX c V of variablesbeforemak-
ing any observation is referred to as theor distribution. Aftery is observed
for Y c V, the distributionP(X|Y = y) (or simply P(X|y)) is referred to as the
posteriordistribution. A fundamental task in probabilistic reasoning cabietief
updatingis to update a prior distribution into a posterior distribution when obser-
vations are available.
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2.3 Belief Updating Using JPD

Given a problem domaiV, in principle an agent can reason about the domain
using the JPCP(V). Let's consider each step involved:

First, the agent needs to acquire the parametePyd)). Denote the cardinality
of V byn = |V]and the cardinality of the largest variable spacd by max, | D,|.
Then the agent needs to acqudéd™) probability values to specifP(V) fully.
The expressiorD(d") means that" values (or a constant time of those) are to
be acquired in thevorst case. As the cardinality of increases, this will be an
intractable task. We refer to this difficulty asquisition intractability.

Next, suppose the agent observes a variabieag and would like to know the
posterior distributionP(bja = ap) for b € V. This can be done by first updating
the JPD toP(V|a = ap) and then marginalizing it to gd&t(bja = ap).

To obtainP(V|a = ap), the product rule can be used:

P(Vl]a=ay) = P(V,a = ap)/P(a = ap).

For P(V, a = ap), the observatioa = a, forcesP(v) = 0 for eachv € Dy, where
a # ag. Hence, these terms & (V) are set to zero. According to Eqg. (2.7), the
denominatorP(a = ap) is just the sum of the remaining terms. Each remaining
term is then divided by this sum. This operatiscallednormalization. Notice that
the process involves updatir@(d") probability values. We refer to this difficulty
asupdating intractability.

Finally, marginalization yields

P(bla=ag) = ) P(V\{b}, bla = a).
V\{b}
This involves summindgd(d") probability values, which we refer to asarginal-
ization intractability.

To illustrate the calculation (but not the intractability), consider a trivial example
whereV = {a, b}, D, = Dy = {0, 1}, andP(V) is given in Table 2.2. After setting
terms inconsistent with = 0 to zero inP(a, b), Table 2.3 is obtained. After nor-
malization, the intermediate result in Table 2.4 is obtained. After marginalization,

Table 2.2.A JPD over V= {a, b}

a b P(a, b)
0 0 0.1
0 1 0.2
1 0 0.3
1 1 0.4
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Table 2.3:Setting terms inconsistent
with a = 0to zero

a b P(a, bla=0)P(a=0)
0 0 0.1

0 1 0.2

1 0 0

1 1 0

using a vector notation, we obtain the final result as follows:

P(bla=0)= Z P(a,bla=0)=[p(b =0]a=0), p(b =1ja=0)]

= (1/3,2/3).

We have seen that belief updating in large problem domains by using JPD directly
suffers from acquisition intractability, updating intractability, and marginalization
intractability. In the remaining sections of this chapter, we introduce graphical
representations of probabilistic knowledge known as Bayesian networks. As we
shall see, they allow effective acquisition and inference in many practical domains.
The wordeffectiveis used loosely in this book to refer to a method or algorithm
that isefficienton an average input instance but can be intractable in the worst case

2.4 Graphs

The fundamental idea underlying effective representation and inference with prob-
abilistic knowledge is that in the real world not every variabldiisectly dependent

on every other variable. The output of a digital gate is directly dependent on its input
and the state of the gate. Given the input and the state of the gate, the condition c
the rest of the circuit is irrelevant to the output. This feature of the world is termed
conditional independencd&he output of the gate is independent of the rest of the

Table 2.4:Posterior distribution

P(a, bja =0)
a b P(a, bja = 0)
0 0 1/3
0 1 2/3
1 0 0
1 1 0
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circuit conditioned on the input and state of the gate. Belief updating using JPD is
inefficient because it does not take advantage of the independence and is based
a very conservative assumption that everything is directly dependent on everythin
else.

To exploit the conditional independence, a graph can be used in which eact
node represents a variable or a subset of variables, and each edge (or link) signifit
the direct dependence between the variables being connected. Two variables a
conditionally independent if other variables block connections between them in
the graph. The links in the graph may also be directed to signify an asymmetric
dependence. Depending on whether we want links directed, we cdimederaphs
in which all links are directedyndirected graphs which all links are undirected,
or hybrid graphsin which some links are directed. We will introduce the relevant
graph-theoretic concepts throughoutthe book as they become necessary. Definitiol
of some basic concepts for graphs are given in the paragraphs that follow.

A graphis an ordered paiG = (V, E). V = (vi|1 <i < n,n > 0) denotes a
set of nodes, where eaah is called anodeor avertex.E is defined differently
depending on whetheB is a directed, undirected, or hybrid graph.Gfis an
undirected graph, theR = ({(u, v)|u, v € V, U # v), where eacHu, v) is called
alink or anedgeandu andv are calledendpointsof the link. The link{u, v) is
said to beincidentto the nodesi andv. Note that a link from a node to itself
is disallowed because each link is intended to model the dependence between tw
distinct variables. The notatiofs, v) and(v, u) denote the same link. Figure 2.4(a)
shows an undirected graph with five nodes.

If Gis adirected graph, thele = [(u, v)|u, v € V, U # v], where each () is
called ararc. An arc (1, v) is directed fronu (called thetail of the arc) tov (called
the headof the arc). We also refer to as aparentof v and tov as achild of u.
When the direction of an arc (w) is not the current concern, we will treat it as a
link (u, v). Figure 2.4(b) shows a directed graph.

If G is ahybrid graph, therkE consists of both links and arcs. Figure 2.4(c) shows
a hybrid graph.

Vs Vi V5 \%1 Vg Vi Vs Vi Vg V1

V3 V3 V3 V3 V3

Vo

(@)

V4

Vo

(b)

V4

Vo

(©)

Vy

Vo

(d)

V4

\'

(e)

Vy

Figure 2.4: (a) A undirected graph. (b) A directed graph. (c) A hybrid graph. (d) A multiply

connected undirected graph. (e) A multiply connected DAG.
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For any node, thedegree qv) is the number of links incident te. In a directed
graph, then-degree d (v) is the number of arcs with head and theout-degree
d*(v) is the number of arcs with tail. A nodev is arootif d~(v) = 0. A nodev is
aleafif d™(v) = 0. If v is neither a root nor a leaf, then it is anernalnode. In an
undirected graph, a noaes aterminalnode ifd(v) < 1. Otherwisey isinternal. In
Figure 2.4(a)d(v2) = 3. The node; is terminal ands, is internal. In Figure 2.4(b),
d~(v4) = 2,d"(vp) = 1. The node, is a root,vs is a leaf, and, is internal.

Two nodess andv areadjacentf (u, v) € E. A set of nodes adjacent to a nogle
(excludingy) is theadjacencyof v, which is denoted bgdj(v). A pathis a sequence
of nodes such that each pair of consecutive nodes is adjacent. A (sthpieif
no two nodes in the path are identical, except that the first node may be identica
to the last node. We denote a path by enclosing the node sequeficiifrigure
2.4(a),{v1, v2, va, v3) iS a sSimple path. Note thab,, vy, va, v3) and(vs, vg, v, v1)
denote the same path. In this book, only simple paths are considered; hence, w
drop the wordsimplewhenever no confusion is possible. Tiragthof a path with
a sequence d > 2 nodes ik — 1.

A pathp in a directed graph is directed pathif each node irp, other than the
first and the last, is the head of one arcoirand the tail of the other arc ip. If
there is a directed path from a node¢o a nodev, thenu is called anancestorof
v andv is called adescendanof u. We denote a directed path by enclosing the
node sequence in (). In Figure 2.4(k)s,(v2, va, v3) is a directed path, ang is an
ancestor obs.

A path is acycleif it contains two or more distinct nodes and the first node is
identical to the last node. A cyckein a directed graph idirectedif each node
in 0 is the head of one arc it and the tail of the other arc . Otherwiseg is
undirected We denote undirected cycles by enclosing the node sequeficand
denote directed cycles using (). A directed grapadgclicor is a directed acyclic
graph if it contains no directed cycles. A directed acyclic graph is often referred to
as a DAG. In Figure 2.4(d)p1, vs, v2, v3, v1) iS @ cycle. The cycle in Figure 2.4(e)
is undirected, and therefore the graph is a DAG.

A graph isconnectedf there exists a path between every pair of nodes. A
connected graph is tmee if there exists exactly one path between every pair of
nodes; otherwise, it isultiply connectedAll graphs in Figure 2.4 are connected.
The graphs in (a), (b), and (c) are trees. The graphs in (d) and (e) are multiply
connected.

Given two graphs$s = (V, E) andG’ = (V/, E’), we sayG' is a subgraphof
Gif V' CV andE’ C E, where endpoints of each link or arc i are elements
of V'. The graph in (b) is a subgraph of (e), but (a) is not a subgraph of (d). A
subgraphG’ = (V’, E’) of G = (V, E) is spannedy a subseY¥’ c V of nodes if
E’ contains exactly those links & with both endpoints irv’.
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2.5 Bayesian Networks
Effective representation of probabilistic knowledge using graphical structures is
based on conditional independence, as hinted in Section 2.4. We define the notio
formally below.

Definition 2.1 Let X, Y, and Z be disjoint subsets of variables of V. Subsets X
and Y areconditionally independengiven Z, denoted by(KX, Z, Y), if and only
if for every x and for every ,yz such that Ry, z) > 0, the following holds:

P(xly, 2) = P(x|2).
When Z isempty, X and Y are said tarbarginally independent, which is denoted
by I(X, 2,Y).
It can be proven easily thdt(X, Z, Y) holds if and only ifl (Y, Z, X) holds,
namely,
(X, Z,Y) < I(Y, Z, X). (2.8)

Consider a simple example of conditional independence. Bad habits in tooth clean
ing increase the chances of cavity formation, which in turn causes toothache. Th
domain can be modeled by three variables:

habite {good,bad}, cavity € {yes,no}, toothaches {yes,no}.

The JPD from a particular population is given in Table 2.5. To tes${(hf c, t)
holds, computeP(t|c, h) = P(h, c,t)/P(c, h). As the result in Table 2.6 shows,
I (h, c, t) does hold.

To derive Table 2.5, one has to assess seven probability values (the last is dete
mined by the negation rule (Eg. (2.6)). However, by the product rule (Eg. (2.4)), it

Table 2.5:JPD for P(h, c, t)

h c t P(h,c,t)
good yes yes 0.0595
good yes no 0.0105
good no yes 0.0315
good no no 0.5985
bad yes yes 0.204
bad yes no 0.036
bad no yes 0.003

bad no no 0.057
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Table 2.6:P(t|c, h) and F(t|c)
t c h P(t|c, h) t c P(t|c)

yes yes good 0.85 yes yes 0.85
yes yes bad 0.85 yes no 0.05
yes no good 0.05 no yes 0.15
yes no bad 0.05 no no 0.95
no yes good 0.15
no yes bad 0.15
no no good 0.95
no no bad 0.95

follows that

P(t, c, h) = P(t|c, h)P(c|h) p(h) = P(t|c)P(c|h)p(h).
Hence, the following five values completely define Table 2.5.

P(h = good)= 0.7
p(c =yegh =good)=0.1 p(c =yegh =bad)= 0.8
p(t = yegc =yes)=0.85 p(t =yegc =no)=0.05

This suggests a more efficient way to obtain Table 2.5: First, identify the conditional
independencd (h, c, t) and then assess the five values above. The conditional
independenceé(h, c, t) then ensures that the five values uniquely define the JPD.
The identification ofl (h, c, t) is aided by the perception of causality: Given
the direct causes, a variable is conditionally independent of all other variables ex-
cluding its own effects. The conditional independehe, c, t) is thus identified
by recognizingcavity as the direct cause tdothache
A Bayesian network (BN) encodes conditional independence through a DAG.

Definition 2.2 ABayesian networks a triplet(V, G, P). V is a set of variables, G
is a connected DAG whose nodes correspond one-to-one to members of V such th
each variable is conditionally independent of its nondescendants given its parents
Denote the parents af € V in G by (v); P is a set of probability distributions:

P ={PQlr(v)lv e V}.

The DAG G is commonly referred to as the (dependerste)ctureof the BN.
Figure 2.5 shows a BN for the cavity example. Each distributin|s (v)) is
considered to be associated with (or stored in) the nodgecause nodes iG
map one-to-one to variables Wh, we will usenodeandvariable interchangeably
when there is no confusion.
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habit cavity toothache
[ ° °

P(h)  P(dh) Pt

Figure 2.5: A Bayesian network for the cavity example.

Theorem 2.3 shows how the BN representation can help cope with the acquisitiol
intractability. This theorem is commonly referred to asc¢hain rule.

Theorem 2.3 Let(V, G, P) be a Bayesian network. The following holds:

P(V) =[] PQlz(v)).

veV

Proof: We prove by induction ofiV|. The theorem is trivially true whepv | = 1.
Assume itis true whefV| =n — 1.

Consider|V| = n. BecauseG is a DAG, it has at least one leaf Let S=
(V,G,P)andS = (V’, G', P’) be obtained by removing from S. By assump-
tion, P(V’) =[],y P(v|z(v)). By the product ruleP(V) = P(a|]V")P(V’). Be-
causeS is a BN, by Definition 2.2a is conditionally independent of its nonde-
scendants given its parents. HenBda|V') = P(alr(a)). This impliesP(V) =
P(@lr(@)P(V) = [1,ey Pl (v)). 0

Consider the circuit in Figure 2.3 (duplicated in Figure 2.6(a)). The domain
consists of 11 binary variables. A direct specification of the JPD must asses:
21 _ 1 = 2047 probability values. Figure 2.6(b) shows the DAG of a BN for this
domain constructed by following the causal dependence among variables. For eac
of the seven root nodes, only one value is to be specified @(g.= 1)). For the

Figure 2.6: (a) A digital circuit. (b) A BN structure for the circuit.
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outputd of the NOT gate, four values are to be specified (€¢d, = 1|c, g4)).
For each output of the remaining gates, eight values are to be specified (e.qg.
P(h = 1|a, e, 0,)). Hence, atotal of only 35 probability values needs to be specified.

2.6 Local Computation and Message Passing

We have seen that encoding conditional independence in the graphical structure c
a BN can help cope with acquisition intractability. Can the graphical structure also
help cope with the updating and marginalization intractability? The answer is yes.
The basic idea is to avoid updating the JPD directly and then marginalizing down.
Instead, we update local distributions that involve only a small number of variables
and propagate their impact to other local distributions through message passing
The graphical dependence structure will aid us in deciding how small each local
distribution should be and on which other distributions it might have an impact.

To illustrate this idea, consider the cavity example. Suppose that a child suffers
fromtoothache and a diagnostic agent would like to update its belief about the child’s
habits in tooth-cleaning. In other words, the posterior distribuB@n|t = y) is to
be computed.

Recall from Figure 2.5 that the DAG has the topoldgy> ¢ — t. The obser-
vation is at the nodg, whereP(t|c) is stored. First, let the nodesend a message
along the arc betweemandt:

P(t = y|c) = [0.85, 0.05].

Upon receiving the message, the ned@mputes its own message and sends it to
the nodeh:

P(t=ylh)=) P(t=y.clh)=)_ P(t=ylc h)P(clh)
= > P(t = y|)P(clh) = [0.13 0.69],

where the third equality is due ti(h, c, t). Note that the computation is based
on the local distributiorP(c|h) and the incoming messad&t = y|c). Whenh
receivesP(t = y|h), it can compute

P(h|t = y) = constP(t = y|h)P(h) = [0.3054 0.6946]

where const stands fora@nstant which is determined through normalization.

In the preceding illustration, messages are sent by each node along the arcs «
the DAG. The dimensions of distributions that each nadmanipulates are no
larger than that oP(x|z (x)). No direct manipulation of the JPB(h, c, t) is ever
required. In fact, what we have shown are the operations performed by a genere
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u, Un

Figure 2.7: The. — m message passing at a typical node in a tree-structured BN.

algorithm called. — = message passinmoposed by Pearl [52]. The algorithm is
capable of computing in linear time the posterior distribution of every variable in a
BN whose DAG is a tree. Figure 2.7 illustrates the message flow at a typical node
duringXr — m message passing. Each arrow frgro a nodev signifies a message
sent fromx to v that is obtained by combining all incoming messagesxaacept

the one fromv and the conditional probability distributioR (x| (x)). After one
message is passed along each direction of an arc, the posterior distribution of eac
variable can be obtained at the corresponding node.

Unfortunately, not all problem domains have tree-dependence structures. Fo
example, the DAG in Figure 2.6(b) is multiply connected. Becauseither
message-passing algorithm is derived under the assumption of tree-dependen
structures, there is no theoretical guarantee for the correctness of the posteric
distributions when it is applied to multiply connected BNs. Experimental study
(Murphy, Weiss, and Jordan [42]) applying— 7 message passing to multiply
connected BNs obtained posterior distributions highly correlated with the correct
distributions in some BNs and oscillated posterior distributions in others.

2.7 Message Passing over Multiple Networks

One alternative method introduced by Pearl [52] to obtain correct posteriors from
multiply connected BNs by — 7 message passing is calliesp cutset condition-

ing. We illustrate the method with an example. Consider a BN whose dependenc
structure is shownin Figure 2.8(a) in which each variable has a $pate Suppose
thate = 1 has been observed and we need to computée = 1).

To apply loop cutset conditioning, a nodés selected whose deletion would cut

the cycle(a, b, d, ¢, a) open. For each value af, a new BN is formed in which

a is assumed to be observed at a particular value. Hence, two new BNs will be
formed, as shown in Figure 2.8(b) and (c). Equivalently, the two new BNs can be
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]
e
;

P(cla) (@) (b) (c)
Figure 2.8: (a) The DAG structure of a BN.

represented, as in Figure 2.9. Note thas now removed, and the observation of
a is reflected in the distributions stored at nodeand c. Because both BNs in
Figure 2.9 are tree-structuretl— 7 message passing can be applied to each of
them to obtainP(cla = 0, e = 1) (from (a)) andP(cla = 1, e = 1) (from (b)). To
combine the two results and obtai{(c|e = 1), the marginalization rule can be
used:

P(cle=1)= P(cla=0,e=1)P(a=0le=1)
+P(cla=1e=1)Pa=1e=1),

whereP(a = 0le = 1) andP(a = 1|e = 1) remain to be computed. From Bayes’s
rule,

P@=0e=1)=P(e=1a=0)P(a=0)/Pe=1),
and
P@=1le=1)=Pe=1lla=1)P@a=1)/Pe=1).

The expressionB(a = 0) andP(a = 1) can be obtained from the prior distribution
P(a), P(e = 1]a = 0) can be obtained from — 7 message passing in (a) without
using the observatioa= 1, andP(e = 1ja = 1) can be obtained similarly in (b);
P(e = 1) is simply a normalizing constant.

We have seen how the hypothetical observatioa odn be used to cut open the
cycle and permit correct applicationof- = message passing. In general, if the BN
hask cycles, thenO(k) variables must be hypothetically observed to cut open all

b b
e P(bja=0) e P(ba=l)

ce d e=1 ce d e=1

*——0 *——0
P(qa=0) (@)| P(cla=1) (b)

Figure 2.9: (a) The DAG structure of a BN.
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cycles, and. — = message passing B(2¢) new BNs (one for each configuration

of the O(k) variables) needs to be performed. Therefore, as far as the behavior o
message passing is concerned, we will refer to loop cutset conditioning as messa
passingver multiple networkd\e refer to the standavd— = message passing in
tree-structured BNs as message paseirgy a single network.

2.8 Approximation with Massive Message Passing

Another class of alternative methods uses stochastic simulation to compute ar

proximate posteriors. Given a BN over a &tof variables and the observation

X = x of a subsetX of variables, a stochastic simulation method computes the

posterior distribution of each unobserved variable V as follows: It generates

a sufficiently large number of configurations éfrandomly from the JPP(V)

defined by the BN. The posterior probability for= vg is then approximated by
Number of configurations whebé = x andv = vg

VY 2.9
(v = vol ) Number of configurations whedé = x (2.9)

As an example, consider the digital circuit in Figure 2.6 and its BN representa-
tion in (b). Suppose that we have obsented 1 andh = 0 and need to compute
P(v|b = 0, h = 1) for each other variable. One of the simpliest stochastic simu-
lation methods isdogic samplingor forward samplingproposed by Henrion [24].
Configurations ol are generated one at a time. For each configuration, the value
for each variable is determined by starting from the root nodes of the BN and
proceeding along the direction of arcs.

Suppose that the first root selected,svhich has a distribution

[P(c=0)=0.3,P(c=1)=0.7].

It is viewed as defining two binbin(c = 0) : [0, 0.3] andbin(c = 1) : (0.3, 1].

To determine the value af, a random numbes is generated from a uniform
distribution over [0 1]. Say, for example, the valueds= 0.4. Because it falls into
the binbin(c = 1), the value ot is set to 1. Similarly, we can obtain the values for
other root variables, say

(@a=0,b=1,c=1,g; = norm,g, = norm,gs = norm,gs = ab).

To determine the values for remaining variables, we start with a variable such tha
the values of its parents have been determinedgs&uppose that the conditional
probability distributionP(d|c, g4) specifies

[P(d=0|c=1,g4=ab)=0.6,P(d=1c=1,94 = ab) = 0.4]
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anda = 0.2 is generated. The value dfis then set to 0. Repeating this process,
suppose we obtain

(@a=0,b=1c=1,d=0,e=0f=1,h=0,9, =norm
g2 = norm gs = norm gs = ab).

Because this configuration is compatible with the observatienl andh = 0,
it contributes 1 to the denominator in Eq. (2.9). Whea =0b=1,h=0) is
estimated, this configuration also contributes 1 to the numerator of Eq. (2.9) but
will contribute 0 if P(a = 1|b = 1, h = 0) is estimated because it is incompatible
witha = 1.

On the other hand, if a configuration is generated as

(@=0,b=1c=1d=1e=1 f=1h=1 g =norm
g2 = norm gs = norm g, = ab),

where the values fat, e, h differ from the preceding configuration, it will contribute

0 to both the denominator and numerator of Eq. (2.9) because itis incompatible with
the observatioh = 0. After a large number of configurations have been generated,
the posteriors of desired variables can be estimated using Eq. (2.9). The larger th
number of simulations, the more accurate is the estimation.

Because forward sampling produces approxin@isteriors, it is commonly
referred to as aapproximatenference method. The— = message passing intree-
structured BNs and the loop cutset conditioning are referred exastinference
methods, for they produce exact posteriors.

From the message-passing point of view, forward sampling passes message
from root nodes along the direction of arcs to internal nodes and then to leaf nodes
Each message from a parent nade a child nodey is the value ok simulated for
the current configuration instead of a distribution, as in 7 message passing. The
child nodey is ready to simulate its own value as soon as it has received values from
all its parents. Hence, a message is passed along each arc for every configuratic
simulated. This implies that, unlike— = message passing in tree-structured BNs,
where exactly two messages need to be passed along eachmassiaesolume
of messages needs to be passed in order to get reasonably accurate posteriors.
will refer to the forward sampling as a methodréssive message passimy to
thel — r message passing in tree-structured BNs as a methoahofse message
passing

In Section 2.6, we noted that— = message passing is limited to tree-structured
BNs. Although it can be applied to multiply connected BNs through loop cutset
conditioning, when the BN contains many cyclés;- 7 message passing over
an exponential number of networks needs to be performed. Forward sampling, or
the other hand, does not suffer from the existence of cycles. Instead, it is limited
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from a different perspective. We have shown that when a simulated configuratior
is incompatible with the observation, it contributes nothing to the estimation of the
posteriors; the computation spent in simulating this configuration is thus wasted
When the observation corresponds to arare event, the problem becomes particular
serious because most configurations are incompatible. Several alternative stochas
simulation methods exist (e.g., Geman and Geman [19]; Pearl [51]; Shachter ani
Poet [61]; Fung and Favero [18]; Jensen, Kong, and Kjarulff [27]; and Ortiz and
Kaelbling [46]) with different degrees of improvement in efficiency.

The limitations of loop cutset conditioning as well as forward sampling are not
unusual. It has been shown that probabilistic inference in multiply connected BNs
is NP-hard in general no matter which exact inference methods (Cooper [8]) or
approximate inference methods (Dagum and Luby [10]) are used. Therefore, it i
unlikely that efficient inference algorithms can be developed for general multiply
connected BNs. Instead, any algorithm is likely to perform well only for BNs with
certain topological or distributional properties. In Chapters 3 through 5, we presen
an alternativeexactmethod for inference imultiply connectedNs that passes
concisemessages in singlenetwork. The method uses the so-called junction tree
representation. Although all the preceding methods work well (subject to the worst-
case limitations) for single-agent inference, in the second half of the book, we show
that the junction tree method can be extended to inference in multiagent system:
whereas loop cutset conditioning and stochastic simulation do not seem to exten
well into multiagent systems.

2.9 Bibliographical Notes

Intractabilities of belief updating by JPD were analyzed by Szolovits and Pauker
[72]. Pearl [48] introduced Bayesian networks to probabilistic inference in in-
telligent systems. Since the publication of Pearl’s 1988 book [52], several other
books on probabilistic reasoning using graphical models have appeared, includini
Neapolitan [43]; Lauritzen [36]; Jensen [29]; Shafer [62]; Castillo et al. [6]; and
Cowell [9]. Jensen [29] contains an extensive account for construction of Bayesiar
networks for many practical situations.

Definition 2.1 on conditional independence and the usé(of) notation are
consistent with the usage by Pearl [52]. Pearl originated an axiomatic system fo
the conditional independence relativ( ,). Gaag and Meyer [76] proposed an
enhancement to Pearl’s axiomatic system for conditional independence when se
of variables may overlap. It has been shown (Studeny [70]) that no finite set of
axioms can completely characterize the conditional independence relation.

Thei — r message-passing algorithm was introduced by Pearl [48] and Kim and
Pearl [33]. Loop cutset conditioning was proposed in Pearl [49]. Forward sampling
was introduced by Henrion [24]. Improvements to these methods and alternative
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methods for probabilistic reasoning using graphical models are also reported in the
proceedings of several annual or biannual international conferences such as the

e Conference on Uncertainty in Artificial Intelligence (UAI),

¢ International Conference on Information Processing and Management of Uncertainty
(IPMU),

¢ Workshop on Artificial Intelligence and Statistics, and the

e International Joint Conference on Artificial Intelligence (IJCAI);

in the proceedings of many national and regional conferences (with international
participation), including the

¢ National Conference on Atrtificial Intelligence (AAAI),
e Canadian Atrtificial Intelligence Conference (Al), and the
¢ Florida Artificial Intelligence Research Society Conference (FLAIRS);

and in journals such as

Approximate Reasoning
Networks

Artificial Intelligence and
Artificial Intelligence Research

2.10 Exercises

1. Prove the negation rule using axioms (Egs. (2.1) through (2.4)).

. Prove the marginalization rule using axioms (Egs. (2.1) through (2.4)).

3. An AND gate with two uniformly distributed input signals produces incorrect output
80% of the time when it malfunctions. The gate has a 1% chance of failure. What is the
posterior probability distributio? (gatginput, = 0, output= 0)? What is the posterior
distribution P(gatdinput; = 0, output= 1)?

. Compute the JPD of the tooth-cleaning habit networkheychain rule.

. ComputeP (h|t = yes) using the JPD obtained in the last question.

. ComputeP(t|h = bad) by message passing in the network of Figure 2.5.

. Contaminated oxygen as well as weakened health may cause hallucinations when
fighter pilot is on duty. An accident occurred recently caused by the pilot’s hallucinating.
Although the health report of the pilot is available, it was issued 3 months ago. Construct
a BN for the investigator of the accident.

8. Use forward sampling to compuR{h|t = yes) from the tooth-cleaning habit network.

9. Assume thatbs=(a=0,b=1,¢c=1 h=1) has been observed for the digital

circuit in Figure 2.6. Use forward sampling to comp@é|obg for each unobserved
variablev.

N

~N o O b~



3
Belief Updating and Cluster Graphs

Chapter 2 introduced several methods using message passing as a mechanism
effective belief updating in BNs. Thie — 7 message passing method along the
arcs of a BN produces exact posteriors only in tree-structured BNs. Loop cutse
conditioning requires converting a nontree BN into multiple tree-structured BNs
and carrying out — 7 message passing in each of them. The stochastic simulation
can be applied directly to a nontree BN to compute approximate posteriors bu
requires massive message passing in the BN. In this chapter, we focosciee
message passing and will drop the waxhcisewhen there is no confusion. We
explore the opportunities presented by reorganizing the DAG structure of a BN into
acluster graphstructure. The objective is to develop an alternative exact method
that uses concise message passing in a single cluster graph structure for beli
updating with nontree BNs. A cluster graph consists of an interconnected set o
clusters. Each cluster is a subset of nodes (variables) in the original BN. Messag
passing is performed between adjacent clusters in the cluster graph. We investiga
under what conditions such message passing leads to correct belief updating.
Section 3.2 introduces cluster graphs. A set of conventions on how a clustel
graph constrains message passing is outlined in Section 3.3. Section 3.4 address
the relation between message passing in cluster graphs-andmessage passing
in BNs and demonstrates that- # message passing can be viewed as message
passing in a particular cluster graph given a BN. Cycles in cluster graphs are studie
in Sections 3.5 and 3.6 in relation to message passing. In particular, we stud
two classes of cycles in cluster graptsgenerat@ndnondegenerateycles, and
analyze their impact on belief updating by message passing. Section 3.5 shows th
belief updating cannot be achieved in a cluster graph with nondegenerate cycle:
no matter how message passing is performed. Section 3.6 demonstrates that sot
degenerate cycles admit belief updating by message passing, whereas others
not. Because cluster graphs with only degenerate cycles are much less common, tl
results of these analyses formally establish the necessity of tree-structured clustt

37
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graphs for general message-based belief updating. Finally, Section 3.7 shows th:
only a subclass of cluster trees, caljadction trees can support belief updating
with message passing. Reorganization of a BN into a junction tree will be presentec
in Chapter 4.

3.1 Guide to Chapter 3

In this chapter, the idea of belief updating by concise message passing in a singl
graphical structure is further explored. The- # message passing does this when
the graph is a tree-structured DAG. However, when the DAG is not aireer
message passing directly in the DAG does not work. Because concise messac
passing in a single graphical structure is such a simple and attractive approacl
to belief updating, this chapter considers an alternative graph structure — cluste
graphs.

Given a BN, a cluster graph can be constructed as follows: Group the variables
of the BN so that each variable is contained in at least one group (may be in more
than one) called eluster. Draw a graph with each cluster as a node. If two clusters
share some variables, they can be connected by a link cafledaaator but they
need not be. If two clusters share no variables, they cannot be connected. Labg
each cluster with its group of variables and label each separator with the variable:
shared by the two corresponding clusters. The resultantis a cluster graph. Figure 3.
shows the DAG of a BN in (a) and a possible cluster graph in (b). Each cluster is
drawn as an oval and labeled by its variables, and each separator is drawn as
link with a labeled box. For naming convenience, an extra nagaeis given to
each cluster as well. A formal definition of cluster graphs and more examples are
presented in Section 3.2. You may wonder about the impact of the arcs in the BN
on the construction of a cluster graph. That will be discussed in the next chapter.

If there is a single path between every pair of clusters, the cluster graph is
a cluster tree (e.g., Figure 3.1(b)). Many (such as Spiegelhalter [67]; Lauritzen
and Spiegelhalter [37]; Shafer, Shenoy, and Mellouli [64]; Jensen et al. [30]; and
Madsen and Jensen [39]) have studied how to perform belief updating in cluster

2 (abfah(ag

Q0 (bl Q1

b C
.\° d of e (b)

Figure 3.1: (a) A DAG. (b) A cluster graph.
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e
“d of P9 (b)

Figure 3.2: (a) A BN structure. (b) A cluster graph for (a).

trees. However, it is not known whether itilspossiblgo update belief by concise
message passing in a hontree cluster graph. This chapter addresses this issue.

Section 3.3 specifies the rules of the game, namely, the rules for concise messa
passing in a cluster graph. Each cluster is associated with a probability distributior
defined over its variables. Each cluster can only send messages to adjacent cluste
Each message must be a distribution defined over the corresponding separator va
ables. For example, the clust@®p in Figure 3.1 can be associated wib, c, d).

It can send a message to the clug@gr but it cannot send messagesQedirectly.
The message that it sends@g can beP(b) but cannot beéP (b, d).

Although cluster graphs appear to be quite different from DAGS, it turns out that
A —  message passing in DAGs is just a special case of message passing in clust
graphs. Section 3.4 demonstrates that this is the case. It shows-thatmessage
passing corresponds to message passing in a particular cluster tree according to t
rules outlined above. Hence, our study of message passing in cluster graphs unifie
the study of all known concise message passing methods in a single graph structur

Section 3.5 analyzes message passing using the cluster graph in Figure 3.2(k
Suppose that an initial belief state of the cluster graph is given, including distribu-
tions overQo, Q1, andQ,. The analysis demonstrates that infinitely many belief
states of the cluster graph exist, each of which has the same distribution in cluste
Qo as the given state, the same distribution in cluQerbut distinct distribution
in Q». Nevertheless, the messages sent f@sto Qg are all identical as well as
those sent t®;. Thatis, the messages are not sensitive to the infinitely many ways
of difference on the initial distribution ap,. Hence, such a cluster graph cannot
support belief updating by message passing in general no matter how the messa
passing is performed. The key feature of the cluster graph in (b) is its cycle in which
no separator is contained in all other separators. We conclude that any cluster grap!
with such cycles cannot support belief updating by message passing.

Section 3.6 considers cluster graphs with a different type of cycle in which one
separator is contained in each other separator. Two such cluster graphs are shown
Figure 3.3. The analysis shows that belief updating by message passingis achievak
in cluster graphs such as (a) but not in those such as (b). Furthermore, deleting
separator from either cluster graph does not change the situation. That is, belie
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Cabyo{bx-(bex) | Cabx[x](cdx

Cdex-dx-CedO | Cdex) [x}(bex)

(@ (b)

Figure 3.3: Cluster graphs with cycles in which one separator is contained in every other:
(a) Message passing is achievable in this cluster graph, and (b) message passing cannot
performed correctly in this cluster graph.

updating can be achieved in a cluster tree obtained from (a) but not in a cluster tree
obtained from (b).

Given a connected graph, a connected subgraph with the same nodes but tf
minimum number of links is a tree. That is, trees are the simplest subgraphs tha
retain connectedness. This simplicity makes them easier to analyze and more eff
cient to use. A cluster tree is more efficient to use than the corresponding clustel
graph with cycles, because at least there are less separators to process.

This leads us to focus on cluster trees as the cluster graph structure for supportin
belief updating with concise message passing. Section 3.7 demonstrates why sor
cluster trees such as the one in Figure 3.4 do not support belief updating by messac
passing. It is shown that a cluster tree can support belief updating with messag
passing ifand only if it belongs to a subclass of cluster trees dalhetion treesAll
known algorithms for belief updating by message passing use junction trees explic:
itly or implicitly (e.g., A — 7 message passing). We now understand why this is so.

3.2 Cluster Graphs

Although concise message passing along the arcs of a BN (such-as mes-
sage passing) does not yield exact posterior probability distributions in multiply
connected BNs as discussed in Section 2.6, it is still possible to convert the DAG
into a different structure so that local computation and concise message passin
will achieve correct belief updating. We explore this possibility using a graph
structure called aluster graph Unlike the directed or undirected graphs in which
nodes are connected by arcs or links, a cluster graph consisksstérsthat are

Figure 3.4: A cluster tree that cannot support belief updating by message passing.
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interconnected. Each cluster is a set, and a connection between two clusters
labeled by the intersection between the two sets. In the DAG of a BN, a node rep
resents a variable in a problem domain. In a cluster graph, each cluster denotes
subset of domain variables. In the DAG of a BN, an arc represents the direct cause
dependence between two variables. In a cluster graph, a connection between tw
clusters signifies the direct probabilistic dependence between the two subsets
variables. The relevant graph-theoretic concepts are introduced in this section.

Given a seV, let POW(V) denote its power set. The congeyoiction graphis
defined as follows.

Definition 3.1 A junction graphis a triplet (V, @, E). Set V is nonempty and is
called thegenerating set, an® is a subset of POW(V) such thag., = V. Each
element Q of2 is called acluster.

E= {<Q1s Q2>|le Q2 € Q’ Ql # st le Q2 75 Qj}’

where each unordered paif1, Q,) is called aseparatobetween the two clusters
Q1 and @ and is labeled by the intersectiom@ Q.

A cluster is analogous to a node in an undirected graph, and a separator is analogo
to alink. When there is no confusiomng will refer to a separatqiQ1, Q) and the
corresponding cluster intersecti@h N Q- interchangeably.

Figure 3.5 shows three junction graphs. Each cluster is shown as an oval, an
each separator is shown as a box. For the junction graph in (c),

V ={a,b,c,d},
Q={Q1={a,b}, Q2= {a,c}, Q3 = {b, c,d}},
E = {(Q1, Q2), (Q1, Q3), (Q2, Q3)}.
For simplicity, we often omit the separators in a figure. For instance, Figure 3.6(b)
depicts the same junction graph as the one in Figure 3.5(b).
The concepts didjacentclusterspath, anccyclein junction graphs have defini-

tions similar to those of the same concepts applied to undirected graphs. For exan
ple, in Figure 3.5(b), the clustefa, b} and{a, e} are adjacent. There are two paths

(ab-a-(ae | (abla(ag
©oda(89) €odiaCee | (hed

(©)

Figure 3.5: Junction graphs with clusters shown in ovals and separators shown in boxes




42 Belief Updating and Cluster Graphs
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Figure 3.6: Cluster graphs.

between them: the patla, b}, {a, €}) and the path{a, b}, {b, c, d}, {c, €}, {a, €}).
In other words, there is a cycle in (b).

Let H = (V, 2, E) be a junction graph. If some separators are removed from
H, it is no longer a junction graph. The resultamt = (V, Q, E’) is referred to
as acluster graphoverV, whereE’ C E is the remaining subset of separators. In
general, a junction graph is a cluster graph (with no separators removed), but the
reverse is not necessarily true. For example, Figure 3.5(a) is a junction graph as we
as a cluster graph, whereas Figure 3.6(a) is a cluster graph but not a junction grapl

In a cluster graptH’, if there exists exactly one path between each pair of
clusters,H’ is acluster treeover V. If there exist more than one path between a
pair of clustersH’ is multiply connectedif there exists no path between at least
one pair of clusterdil’ is disconnected~or example, Figure 3.6(c) is a cluster tree,
(a) is a multiply connected cluster graph, and (d) is a disconnected cluster graph.

Let p be a cycle in a cluster graph. If there exists a separ@ton p that is
contained in every other separator, theis adegenerate cyclétherwiseyp is a
nondegenerate cycléll cycles in Figure 3.5(a) and the cycle in Figure 3.7(a) are
degenerate because a separftpis contained in every other separator. The cycles
in Figure 3.5(b) and (c) and the cycle in Figure 3.7(b) are nhondegenerate becaus
no separator is contained in all other separators.

Cab, H{afCae D
: (b)

Figure 3.7: Cluster graphs with cycles.
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A degenerate cycle is a strong degenerate cycle if all separators gnare
identical. Otherwisep is aweakdegenerate cycle. The cycles in Figure 3.5(a) are
all strong degenerate cycles, whereas the cycle in Figure 3.7(a) is a weak degenere
cycle.

A nondegenerate cycleis astrongnondegenerate cyclerf § = ¢, wherei is
over every separat@ in p. Otherwisep is aweaknondegenerate cycle. The cycle
in Figure 3.5(c) is a strong nondegenerate cycle, whereas the cycle in Figure 3.7(k
is a weak nondegenerate cycle becausg = {f}.

As will be seen in the next section, degenerate cycles behave very differently
from nondegenerate cycles as far as message passing in a cluster graph is concern
The study of these cycles will lead to a subclass of cluster graphs that can suppo
belief updating by message passing.

3.3 Conventions for Message Passing in Cluster Graphs

If the cluster graph is to be used to structure the representation of probabilistic
knowledge and message passing, the representation and the content of the me
sage must respect the structure of the cluster graph. The following conventions
which dictate how the structure of a cluster graph constrains the representation ar
message passing, are imposed:

1. The generating set of the cluster graph is the\sef domain variables. That is, each
cluster must be a subset of domain variables, and the union of all clusters must cover th
entire domain.

2. Each clusterQ (a subset ofV) is associated with one or more nonnormalized (not
summing to 1) probability distributions call@dtentialsdefined ovelQ or its subsets. A
potential is equivalent to a probability distribution because it differs only by a normalizing
constant and the constant can be removed at any time. We denote the potential over a
X of variables byB(X). Using potentials instead of probability distributions affords the
flexibility of not having to normalize out the constants for intermediate results during a
long sequence of operations on some probability distributions. When the final result is
obtained, one normalization is sufficient to acquire the intended probability distribution.
As a simple example, consider the dom¥ir= {a, b}, D, = Dy = {0, 1} with P(a, b)
given in Table 3.1. It was used in Section 2.3 to illustrate belief updating by JPD.
Using the potential representation, whee- 0 is observed, the terms inconsistent with
the observation are set to zero. The intermediate result is shown in Table 3.1 as th
potentialB(a, b). To obtain the posterior probability distribution ougrthe variablea
is marginalized out 0B(a, b). The intermediate result is shown as the poteriigd).
Finally, B(b) is normalized to obtain the end res&é{bja = 0).

A cluster graph with potentials attached is referred todaster graph representation
of the domain or simply aluster graph.
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Table 3.11llustration of belief updating with potential representation

a b Pab a b Bab b Bb b Phla=0)
0o 0 01 0 0 01 0 01 0 /B

0 1 02 0 1 02 1 02 1 B

1 0 03 1 0 0

1 1 04 1 1 0

3. A message can only be sent to an adjacent cluster, and the content of the message mt
be a potential over the corresponding separator. For exam@epribblem domain is
represented as the cluster graph in Figure 3.6(b), messages from the {@dubjeran
only be sent to the clustefa, e} and{b, c, d} but not to the clustefc, e}. The message
from {a, b} to {a, e} must be a potentiaB(a), and the message frofa, b} to {b, c, d}
must be a potentigB(b).

In the remaining sections, we consider what is (or is not) achievable under these
conventions.

3.4 Relation with A — 7w Message Passing

Message passing in a cluster graph can be viewed as a more general operation th
A — m message passing in a BN. This is because the domain of the BN can be
organized into many different cluster graphs with at least one of them containing
the same set of message paths used-int message passing, as we demonstrate
herein.

Consider the cluster graph in Figure 3.8 for the cavity example. Each cluster is
made offv} U 7 (v) for a nodev in Figure 2.5. The probability distribution stored in
v inthe BN is shown here as the potential associated with the cluster. Each messac
sent in Section 2.6 is shown as a potential over a separator.

The BN structure in the cavity example is a chain. The 7 algorithm is
applicable to belief updating in any tree-structured BNs. To demonstrate that for
any such BN a cluster graph exists that can suppertt message passing, we first
briefly describe the basic scheme of the 7 algorithm. Figure 3.9 illustrates the

P(h) P(clh) P(tlc)
o) Co{ehCie

Pt=yl)  P(t=ylo)

Figure 3.8: A cluster graph corresponding to message passing in the cavity BN.
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<

Figure 3.9: The. — 7 message passing at a typical node in a tree-structured BN.

messages passed in and out of a typical node in a BN according to the algorithr
Each message is denoted as a potential over a given variable sent from a given noc
For instanceBy(u,) is a potential over the variable sent from the nodg. If the
same node sends messages over the same variable to different destinations, we |
superscripts to differentiate these messages. For example, in FiguigZis

a potential ovex sent from the node& to y,. The source and destination of each
message are indicated by the corresponding arrow in Figure 3.9. The exact form ¢
each message and its formal derivation are not the focus here and can be found
Pearl [52]. In his formulation, the messages along the direction of arcs of the BN
(e.g., B2(x)) are calledr messages, and those against the direction of arcs (e.g.,
Bx(uy)) are called. messages. Some key computational aspects of the algorithm
are summarized as follows:

e Eachnodeinthe BNis associated with a conditional probability distributieix|I1(x)),
whereIl(x) is the set of parents of. Note that the usual notation(x) has been replaced
with TI(x) to avoid confusion with the message.

e Each message is a potential over a single variable. In particularpeaebsage sent from
X to a parenu is a potential oven, and eachr message sent fromto a childy is a
potential overx.

e Each message sent fronto an adjacent nodeis computed fronP(x|T1(x)) as well as
all messages incoming toexcept the message incoming fran

¢ The posterior probability distribution ofis computed fronP (x| I1(x)) and all messages
incoming tox.
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Figure 3.10: A clustefx} U I1(x) and its adjacent clusters in a cluster tree, where a
typical node in a tree-structured BN with its parefi).

Given a tree-structured BN, a cluster graghis created as follows: For each
nodex with its parents1(x) in the BN, create a clustgix} U IT(x) in H. If u
is a parent ok in the BN, connect the clustefs} U IT(u) and{x} U IT(x) in H.
Becausau € I1(x) and the BN is tree-structured, the separator between the two
clusters is{u}. Figure 3.10 shows the cluster} U IT(x) and its adjacent clusters
in H. Some key topological features Bif are summarized below:

e There is a one-to-one mapping between the clustet$ end the nodes in the BN. In
particular, for each nodg with its parentsl1(x) in the BN, there is a unique cluster
{Xx}UTI(X) in H.

¢ If x hasn parents andan children in the BN, the clusteix} U I1(x) has exactlyn + m
adjacent clusters ifl.

e H is acluster tree.

¢ Foreach parentof x inthe BN, there is a clustgu} U I1(u) in H adjacent to the cluster
{x} U I1(x) such that their separator{g}.

¢ For each childy of x in the BN, there is a clustdly} U I1(y) in H adjacent to the cluster
{x} U I1(x) such that their separator {z}.

The cluster tredd can support — 7= message passing as follows:

¢ For each. message sent fromto a parenti in the BN, the separator between clusters
{x} UTI(x) and{u} U TI(u) in H is just the variablas over which the message is de-
fined. Hence, thé message can be sent along the separator according to our convention
(Section 3.3).

¢ For eachr message sent fromto a childy in the BN, the separator between clusters
{x} U I1(x) and{y} U I1(y) in H is just the variablex over which the message is defined.



3.5 Message Passing in Nondegenerate Cycles a7

Figure 3.11: lllustration of the — = message passing in a cluster graph.

e For each clustefx} U IT(x), the distributionP (x| I1(x)) can be associated with it. Hence,
the cluster has all the information necessary to process the incoming and outgidg
7 messages and to compute the posterior distribution of

Figure 3.11 illustrates how each message in Figure 3.9 can be passed in th
cluster treeH. From the preceding comparison, we conclude thatr message
passing corresponds to message passing in a particular type of cluster tree.

Because. — m message passing cannot produce correct posterior distributions
for multiply connected BNs in general, we investigate in the remaining sections
what types of cluster graph structures allow such computation. It will be seen
that multiply connected cluster graphs do not support belief updating by messag
passing in general.

3.5 Message Passing in Nondegenerate Cycles

We investigate message passing in a cluster graph with nondegenerate cycles. V
start with a domain that has the dependence structure of Figure 3.12(a). All variable
are assumed binary. The variables can be organized into the cluster graph in (b
That is, the generating set 6 = {a, b, ¢, d}, and there are three clustefy =

{a, b}, Q1 = {a, ¢}, andQ, = {b, ¢, d}. Note that there is a strong nondegenerate
cycle in (b).
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a
b/>c
.\od (@

Figure 3.12: (a) A DAG dependence structure. (b) A cluster graph of (a) with a nondegen-
erate cycle.

Given a cluste, let Bo(Q) signify the potential associated wi®, where the
subscript denotes the associated cluster, and the argument inside “()” represents tt
domain of the potential. When there is no confusion, the subscript will be dropped.

Each cluster in (b) is associated with a potenBgh, b) = P(a, b), B(a, c) =
P(a, c), andB(b, c, d) = P(b, c, d), respectively. It is assumed that the potentials
satisfy

> Ba.b)=>) B(a.c). Y B(ab)=>) B(b.cd),
b c a cd
Y B(a,c)=) B(b,c,d),
a b,d

andH is said to bdocally consistentln general, if two adjacent cluste@@andQ’
satisfy

> B(Q) = const) _ B(Q),
Q\Q Q\Q
where const stands for a positive constant, QeendQ’ are said to beonsistent
If every pair of adjacent clusters is consistent, the cluster grdpbadly consistent
The cluster graph representation is denotedHb¥ecauseH is locally consistent,
if any clusterQ with an adjacent clustep)’ passes a potential over their separator,
the message cannot charggQ’).
Suppose that = d; is observed and each potential is to be updated to the cor-
responding posterior:

B(a,b) — P(a, bld =dy), B(a,c)— P(a,cld = do),
B(b, c,d) — P(b, c,d|d = do).

For Q,, the method in Section 2.3 (treatirg(b, c, d) as a JPD) can be used to
obtainP(b, c, d|d = dg) locally. For Qg andQ,, belief updating must rely on the
messagdP (b|d = dp) sent byQ, to Qg and the message(c|d = dp) sent byQ
to Q1. In the following discussion, we show that in general it is impossiblefer
and Q; to update their potentials correctly based on these messages.
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Before presenting the general result, we illustrate with a particular JPD over
V. From Theorem 2.3, we can independently speéifg), P(bla), P(c|a), and
P(d|b, c). AJPD is thus specified as follows, where, for simplicRyb = bgla =
ap) is written asP (bg|ap):

P(ag) = 0.26
P(bolag) = 0.98  P(bglay) = 0.33
P(cplag) = 0.02 P(cola) = 0.67
P(do|b0, Co) =0.03 P(d0|b0, Cl) = 0.66
P(dolby, co) = 0.7 P(dolby, ¢1) = 0.25

Denote the JPD defined according to the preceding distributiojmsib¥ he cluster
potentials are assigned as follows:

B(a, b)=P(a)P(bja), B(a,c)=P(a)P(cla), B(b,c,d)=P(b,c)P(d|b, c),

whereP(b, c) = )", P(a)P(bja)P(c|a). This initial state ofH is referred to as
and is detailed below:

B(a,b): P(ap, bpg) = 0.2548 P(ap, b1) = 0.0052
P(as, bp) = 0.2442 P(az, b)) = 0.4958
B(a,c): P(ag, cg) = 0.0052 P(ag, ¢;) = 0.2548
P(a1, co) = 0.4958 P(az, ¢;) = 0.2442

B(b,c,d): P(bo, Co, do) = 0.0050613  P(by, Co, di) = 0.16364871
P(bo, C1, do) = 0.21799143  P(by, ¢y, di) = 0.11229861
P(by, Co, do) = 0.23260301 P(by, Co, di) = 0.09968701
P(by, 1, do) = 0.042177506 P(by, c1, di) = 0.12653252.

Clearly, H is locally consistent undes. Supposal = dy is then observed. The
message from, to Qg is computed using the method in Section 2.3, Bioldy) =
(0.448,0.552) is obtained. Similarly, the message fr@a to Q; is P(c|dg) =
(0.477,0.523).

Now consider a different JPD that differs frgpd by replacingP(d|b, ¢) with
the following:

P/(d0|b0, Co) = 0.533604 P/(do|bo, Cl) = 0.115431
P'(dolby, Co) = 0.14 P'(dolby, ¢1) = 0.66.

Denote this JPD byjpd’. If cluster potentials are assigned accordingly,
B'(b, ¢, d) # B(b, ¢, d) butB’(a, b) = B(a, b) andB’(a, c) = B(a, c). This initial
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state ofH is referred to as’ andH is locally consistent ad’. Now afterd = dy is
observed, if the messagBqb|dy) andP’(c|dg) are computed, they will be identical

to those obtained from stad€see Exercise 3). That is, the messages are insensitive
to the difference between the two initial states. Because the initial states are

B'(a,b) = B(a,b), B'(a,c) = B(a,c),
and messages are
P’(bldo) = P(bldo), P’(cldo) = P(c|dp),

the posterior distributions i@y and Q1 will be identical in the two cases.

One may ask whether this should be the case. To find out, the chain rule can b
used to obtairP(a, b, ¢, d) andP’(a, b, c, d), and then the belief updating method
in Section 2.3 can be applied. Fr@nP(a;|dy) = 0.666 is obtained, and froms,
P’(a;|dy) = 0.878 is obtained (see Exercise 4). The difference is significant.

We now show that the phenomenon above is not accidental. Without losing
generality, it is assumed that the JPDs involved are strictly positive. Lemma 3.2
says that, for infinitely many different initial potentials @&, the messages from
Q210 Qg (Qq) are identical.

Lemma 3.2 Let jpd be a strictly positive JPD over V and s be a locally consistent
state of H derived from jpd.

Let jpd be another JPD identical to jpd in @), P(bja), and P(c|a) but distinct
in P(d|b, c). Let s be the locally consistent state of H from jpdhe jpd and s
are such that the messagd€lfd = dy) (P(c|d = dp)) produced from sis identical
to that produced from s.

Then, given jpd, the number of distinct jpdootentials that satisfy the above
conditions is infinite.

Proof: The message componeR(by|dy) can be expanded as

P(by, do)]_l

P (| do) = P (o, do)/(P (bo, do) + P(by, do)) = [1+ P(bo, do)

_ [1 . Pby, o, do) + P(by, ¢, do)]_l
P(bo, Co, do) + P(bo, C1, do)
[1 P (dolbs. o) P (b, o) + P(dolby. c1) P(bs. cl)}l
P (do|bo, Co) P(bo. Co) + P(dolbo, c1)P(bo, €1) |
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Similarly, the message componddfcy|dp) can be expanded as

P(c, do)}_1

P (co. do)

_ [1+ P(do|bo, 1) P(bo, ¢1) + P(do|b1, 1) P(by, cl)}—l
P (dobo, Co) P(bo, Co) + P(dolby, Co)P(by, Co) |

According to the assumptios,ands’ agree onP(a, b), P(a, c), and P(b, c)
but differ in P(d|b, ¢). If messages frong’ are identical to that frons, namely,
P’(b|dg) = P(b]dp) andP’(c|dg) = P(c|dp), thenP’(d|b, ¢) must be the solutions
of the following equations:

P’(dolb1, co)P(b1, Co) + P’(dolbs, €1)P(by, €1) _ P(b1, do)

P’(do|bo, co) P(bo, Co) + P’(dolbo, c1)P(bo, c1)  P(bo, do)

P’(dolbo, ¢1)P (o, €1) + P'(dolby, €1)P(by, €1) _ P(c1, do)

P’(do|bo, co) P(bo, Co) + P’(do|b1, Co)P(b1, Co)  P(Co, do)
BecausdP’(d|b, c) has four independent parameters but is constrained by only two

equations, it hamfinitely many solutions. Each solution defines an initial stte
of H that satisfies all conditions in the lemma. O

ww%r=ﬁ+

Lemma 3.3 says that, with such difference in initial states as specified in
Lemma 3.2, correct belief updating will produce distinct posteriors.

Lemma 3.3 Let jpd be a strictly positive JPD over V and jpde another JPD
identical to jpd in Ra), P(bla), and F(c|a) but distinct in Rd|b, c).

Then Ra|d = dy) produced from jpdis distinct from that produced from jpd in
general.

Proof. Fromjpd, it follows

P(aldo) = ) _ P(alb, c)P(b, c|do). (3.1)
b,c
Fromjpd’, it follows
P'(aldo) = ) _ P(alb. ¢)P'(b. cldo). (3.2)
b,c

whereP(alb, ¢) has been used becaypd’ is identical withjpd in P(a), P(bla),
and P(c|a). If P(b, c|dy) # P’(b, c|dg) (which is shown below), then in general
P(aldo) # P’(aldo).
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The following hold:
P(dolb,c)P(b,c)  P(dolb, c)P(b, )

P(b, c|dy) = = ,
(b el P(do) 5 P(dolb, (b, )
/ P’(dolb, c)P(b, c) P’(dolb, c)P(b, c)
P’(b, c|dg) = = .
(b cico) P/(do) e P(clb. 9P, )
Because P(d|b, c) # P'(d|b,c) by assumption, in generalP(b, c|dy) #
P’(b, c|do). O

Theorem 3.4 Belief updating cannot be achieved using the cluster graph H in
general no matter how message passing is performed.

Proof: By Lemma 3.2, messages (e.B(b|d = dy) andP(c|d = dp)) from H are
insensitive to the initial states dfl, and hence the posterior distributions (e.qg.,
P(ald = dp)) computed based on these messages cannot be sensitive to the initi
states either. However, by Lemma 3.3, the posterior distributions should be differen
in general given different initial states. Hence, correct belief updating cannot be
achieved inH. O

Note that the preceding difficulty is due to the nondegenerate cytle@bserve
in Egs. (3.1) and (3.2) that correct belief updating requirés c|dy). According to
the message-passing conventions (Section 3.3), to pass such a message, a separ
must contain{b, c}, the intersection betwee@, and Qg U Q;. The existence of
the nondegenerate cycle signifies the splitting of such a separator (into separatol
{b} and{c}). The result is the passing of marginals®fb, c|dy) (the insensitive
messages) and ultimately incorrect belief updating.

This analysis can be generalized to an arbitrary, strong nondegenerate cycle ¢
length 3 (the length of the cycle iH), where each o&, b, ¢, dis a set of var-
iables. The result in Lemmas 3.2, 3.3, and Theorem 3.4 can be similarly derived
(Exercise 5).

This analysis can be further generalized to an arbitrary, strong nondegenerat
cycle of lengthK > 3. By clumpingK — 2 adjacent clusters into one big clus@r
the cycle is reduced to length 3. Any message passing amortg the clusters
can be considered as occurring in the same way as before the clumping but “inside
Q. Now the analysis above for an arbitrary, strong nondegenerate cycle of length 2
applies.

Furthermore, the result can be generalized to an arbitrary, weak nondegenerat
cyclep of lengthK > 3. Let

p = (Qo, Q1, ..., Qx-1, Qo),
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the separator betwedd; andQ; ;1 be§ (0 <i < K — 1), the separator between
Qk_1andQg be S¢_1, andR = NF'S. Let the potential of each cluster be

Bo, (Qi) = constPq, (Qi \RIR)Pg, (R).

Note thatPg,(R) and Pg, (R) may be different due to, say, an observation on
r e R available toQ; but not toQ;. Message passing in can be considered as
independent passing of two message streams, one determiffie{Q/\ R|R) and
one determined b¥q, (R). For example, the message frapg to Q1 is

Bqu(S0) = constPq,(S\RIR)Po,(R).

wherePq,(S\ RIR) can be obtained by marginalization B,(Qo\ R|R).
The first message stream accordin®tp(Q; \ R|R) is equivalent to the message
passing in a strong nondegenerate cycle

,0/ = <Q/Ov Qél_v R Q/K—l’ QE))’

where each clusteQ; = Q;\R. According to the preceding analysis, belief up-
dating cannot be achieved by message passing ihhe second message stream
according toPq, (R) is straightforward. It in general has no impact on the first mes-
sage stream. Therefore, belief updating cannot be achieved by message passing
p in general.
To summarize, the difficulty will arise whenever a cluster graph contains nonde-
generate cycles. This is stated in the following corollary.

Corollary 3.5 In general, belief updating cannot be achieved in a cluster graph
with nondegenerate cycles no matter how message passing is performed.

3.6 Message Passing in Degenerate Cycles

Can a cluster graph with only degenerate cycles support belief updating? We cor
sider the strong and weak degenerate cycles separately, for they behave differentl

Consider a cluster graph witk clustersQ; (i =0, 1, ..., K — 1) forming a strong
degenerate cycle where every separatot {see Figure 3.13). Suppose that
HQi\X, X, Qj\X)

holds, and each cluster potential is seBig (Q;) = P(Q;). If a € Qo is observed
to beag, we can updat®q,(Qo) to P(Qolag) and then send a message

P(X]ag) = ) P(Qolao)
Qo\ X
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Figure 3.13: A cluster graph with a strong degenerate cycle.

to an adjacent cluster, sa@,, as shown by the arrow in Figure 3.13. The cluster
potentialBo, (Q1) can then be updated to

P(Q1la0) = P(Q1\X|X)P(X]ag) = P(Q1)P(X[a0)/ P(X),

where bothP(Q:) and P(X) are locally available iMQ;. Message passing is re-
peated along the cycle uni@, receives what it sent and terminates the process.
Hence, we conclude that a strong degenerate dassupport belief updating.

Is the cyclic structure of a strong degenerate cycle necessary for belief updating’
The answer is no. Clearly, belief updating can be performed if the cycle is broken
at any separator into a cluster chain, as shown in Figure 3.14. The distam
then send the preceding message to adjacent cl@stevhich in turn passes on to
the next adjacent cluster. The arrows in Figure 3.14 illustrate this process. Wher
the message is received by the clusgr_1, it has no one to send the message to
and the process halts.

Next, consider a weak degenerate cycle which separators are not all identical
but there exists a separat®that is contained in each other separator. Let the cycle
be

p = (QO’ le ey QK—ls Q0>7

whereK > 3. Let the clusters connected Bybe Qg andQ;. There are two paths
()
" \

Qs ()

e

Figure 3.14: Breaking a strong degenerate cycle into a cluster chain.
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betweenQg and Q4

(QO’ Ql) (QO’ QK—l’ QK—Z’ ceey QZ’ Ql)

The message that can be passed f@gio Q; alongSis a potential
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and

B, (S) = constPq,(S).

Because the message passed along any sep&afos can be expressed as a
potential

B(S) = constP(S\S|SP(9),

which containsP(S), the path(Qo, Q1) is redundant:the same information can
be propagated through the other path. Therefore, whether or not belief updating i
achievable by message passing in a weak degenerate cycle can be determined us
the cluster chain obtained by breaking the cycl&.at

For example, whether belief updating is achievable by message passing in th
cluster graphs in Figure 3.15(a) and (c) can be determined by deleting the separat
{x} in (a) to obtain (b), and deleting any separafo} in (c) to obtain, say, (d).
Belief updating by message passing is achievable in (b), and we will show how in
Section 5.5. On the other hand, belief updating by message passotgchievable
in (d), and we will explain why in Section 3.7. The key conclusion is that the cyclic
structure of aweak degenerate cycle isinsignificant just as that of a strong degenera
cycle is. Hence, a cluster graph with only degenerate cycles can always be treate
by first breaking the cycles at appropriate separators. The resultant is a cluste
tree.

Given a connected graph, its connected subgraphs with the same nodés as
and the minimum number of links are trees. Thatis, trees are the simplest subgrapt

b.x-(b,cx)

cx

Cdex)-[ax-Cedx

(@)

b.x-(b,ex)

Cc,X

Cdiexo-{dxiCedx)

(b)

Caby){x 1 edx)

Cdexo [x }Cbex)

(€)

Cabpo-{xFCedx)

(d)

Figure 3.15: Weak degenerate cycles in (a) and (c) are broken into chains in (b) and (d).
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that retain connectedness. Simplicity is conducive to efficiency. For message pass
ing, a cluster tree is more efficient to maintain than the corresponding cluster grapt
with degenerate cycles. There are less separators to maintain at the least.

Because a cluster graph with nondegenerate cycles cannot support correct belit
updating, whereas a cluster graph with degenerate cycles can always be substitute
with a simpler cluster tree, we will focus on using cluster tree structures to support
belief updating through message passing.

3.7 Junction Trees

We have identified cluster trees as the general cluster graph structure for belie
updating by message passing. We now consider if additional restrictions to the tree
structure are necessary. In Section 3.5, we introduced the notion of consistenc
between a pair of adjacent clusters and that of a locally consistent cluster graph
First we extend the notion of consistency to a larger scale.

Consider a cluster trag over adomaifV. Pick avariable € V thatis contained
in two or more clusters. From each such clusgewith a potentialBo(Q), the
distribution Po(v) of v can be obtained as

Po(v) = const )~ Bo(Q).
Q)

Suppose = vg is observed. After belief updating, we would exp&¢v = vg) =

1.0 in each cluster that contains|f v is not observed, we would expect the prior
distribution P(v) to be identical in those clusters. If other variables are observed,
we would expect the posterior distributid®(v|obs) to be identical after belief
updating, where obs denotes the observation.

We expect the preceding results becabB¢e) represents the belief of a single
agent no matter which cluster it is associated with, and a rational agent should no
contradict itself. Such a state of belief is formally defined as follows: If each pair
of clustersQ; andQ, (Q1 N Q2 # @) in a cluster treeH satisfies

>~ Ba.(Q1) =const ) Bo,(Qo),

Q1\Q2 Q2\Q1

H is globally consistentNote that global consistency is applicable to both prior
and posterior potentials.

Does local consistency ensure global consistency? The answer is no, as illustrate
in Figure 3.16. Suppose each variable is binary with sg@c#&}. The potential
of each cluster has the value 1.0 for one configuration as shown and 0 for the
other configurations. The cluster tree is locally consistent bed@us@dQ, have
identical P(b) and Q. and Qs have identicalP(c). However, it isnot globally
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p(b=1,c=0)=1.0

p@=1b=1)=1.0 O P =0,a =0)=1.0

Figure 3.16: A locally consistent but globally inconsistent cluster tree.

consistent, folPg,(a = 1) = 1.0 butPg,(a = 1) = 0. The same problem can also
occur in the cluster tree of Figure 3.15(d).

Local consistency can be achieved effectively by message passing in a cluste
tree. On the other hand, global consistency is required by the semantics of a cluste
tree. The preceding example illustrates that message passing along the separat
of an arbitrary cluster tree does not ensure global consistency. In order to achiev
global consistency through local consistency, the cluster trees myshbion
trees, as we will show in Definition 3.6.

Definition 3.6 A cluster tree is gunction tree (JT) if for every pair of clusters @
and Q and the pathp between them, Q0 Q. is contained in each cluster gn

Two representative junction trees are shown in Figure 3.17. In (a), the intersectior
between nonadjacent clustefg and Q3 is empty and hence the cluster tree is a
JT. In (b), the intersection betwe€)y andQ4, namely{e}, is contained iMQ3, and
so is the intersection betwe&) and Q.

The importance of JT structures is established in the following theorem:

Theorem 3.7 Let H be a cluster tree representation of a domain V.

1. If H is ajunction tree, H is globally consistent whenever it is locally consistent.
2. If H is not a junction tree, then there exist potentials for clusters such that H is locally
consistent but not globally consistent.

Proof:

(1) We prove by induction on the length of the longest path itH. Let H be a locally
consistent JT. IL = 1, H is globally consistent. Assume thidtis globally consistent
whenL = k.

Q Q Q d.e '
1 2 3 (a) @ Q2 (b)

Figure 3.17: Two junction trees.
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Z
@@ (T
@ (b)

Figure 3.18: lllustration of proof for Theorem 3.7 (1).

ConsiderL = k + 1. Let the two end clusters of a longest pathite Q andZ, and
let C be the cluster adjacent # on the path, as shown in Figure 3.18(a). The relation
among the three se, C, andZ is shown in the Venn Diagram in (b). Note ti@tn Z
is contained irC becauseH is a JT.

The length fromQ to C is k. By assumptionQ andC are consistent, and we have

Bo(QNZ)= )  Bo(QNC)=const »  Bc(QNC)

QNC\z QNC\z
= const Z Z Bc(C) = const Z Bc(C).
QNC\Z C\Q C\(QN2)

BecauseH is locally consistentC andZ are consistent, and we have

B2(QNZ)= > Bz(CNZ)=const Y  Bc(CN2Z)

CNnz\Q CNZ\Q
=const » ) Bc(C)=const Y  Bc(C).
CNZ\QC\Z C\(Qn2)

Hence, we have
Bo(Q N Z) = constBz(Q N Z).

(2) SupposeH is not a JT. Then there exist two clusté@sand Z and a third cluster
W on the path between them such tiean Z is not contained i'W. That is, we have
X =(QN Z)\W # . LetC be the cluster adjacent¥ on the path betwee@ andW,
as shown in Figure 3.19. Note that it is possible tbat Q. Denote the subtree rooted
atC by Tg and the subtree rooted\at by Tz, as shown by the dashed dividing line in
Figure 3.19.

We now construct a potential for each clusteHnA variable may occur in more
than one cluster. First, we assign a value for each occurrence of each variable. Fc
eachv € V\ X, assignv = vg to each of its occurrences. For eacle X, assign

Co e w2
/ To SN T \

Figure 3.19: lllustration of proof for Theorem 3.7 (2).
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X = Xo to each of its occurrencesiy, but assigrx = x; to each of its occurrences
in Tz. Note that eack has at least one occurrencdig(e.g.,Q) and one occurrence
in Tz (e.g.,Z), but it does not occur in clustéy.

Next, we set the potential in each cluster. For each clisterd each configura-
tion y, if there existas € Y such that its value iy differs from the value assigned
to the occurrence af in Y, then setBy(y) = 0. Otherwise, seBy(y) = 1. Note
that only a single configuration in each cluster has the nonzero potential value.

We claim that with potentials thus determindd,is locally consistentTq is
locally consistent because, for each pair of adjacent clusters, their configuration:
with nonzero potential values are compatible. The same is trugézfo€lusters
W andC are consistent becau¥¢ N X = @; henceW N C c (V\ X). Therefore,
their configurations with nonzero potential values are compatible.

Clearly, H is not globally consistent because, for each X, Po(Xg) = 1 and
Pz(Xo) =0. 0

Theorem 3.7 formally states that, in order to perform belief updating by message
passing, the domain variables must be organized into a junction tree. Given that
JT structure must be used in general in order to achieve global consistency throug
local consistency, we investigate in Chapter 4 how to convert a BN into a suitable
JT representation for inference.

3.8 Bibliographical Notes

A preliminary study of message passing in degenerate and nondegenerate cycles
found in Xiang and Lesser [92] in the context of cooperative multiagent systems.
The analysis presented there has been extended significantly in this chapter fc
justifying cluster-tree-based message passing. Theorem 3.7 (1) is taken from Jense
Lauritzen, and Olesen [30]. A special case of Theorem 3.7 (2), which has beer
generalized here, was presented in Jensen [29].

Using message passing in junction tress for belief updating has been studie:
by many, including Spiegelhalter [67]; Lauritzen and Spiegelhalter [37]; Shafer
etal. [64]; Jensen et al. [30]; and Madsen and Jensen [39]. The use of junction tree
in database management can be found in Maier [40], where they are referred to ¢
join trees.

3.9 Exercises

1. Describe the cluster graph in Figure 3.5 using ¥ecE, E) notation.

2. Compare the computation performed in Table 3.1 and that in Tables 2.2, 2.3,and 2.4. |
the intermediate results in Table 3.1 were represented as probability distributions, wha
would be the normalizing constants?
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10.

11.

12.
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. For the example in Section 3.5, verify that messa@gsd,) and P(c|dy) on the non-

degenerate cycle computed frgpd are identical to those computed frgpd’.

. For the example in Section 3.5, verify tHta|dy) computed fronjpd by correct belief

updating should be different from that computed frigpak’.

. Generalize Lemmas 3.2 and 3.3 and Theorem 3.4 on strong nondegenerate cycles:

the case in which each af b, c, d is a set of variables.

. Demonstrate that belief updating by message passing is not possible in general in th

cluster graph of Figure 3.15(d).

. Let the domain of a BN b¥ = {a, b, ¢, d}. Find all cyclic junction graphs of three

clusters such that none of the clusters is a subset of another. Determine the ratio betwee
those junction graphs with degenerate cycles and those with nondegeyetase c

. Determine if the cluster graphs in Figure 3.15 are junction trees.
. From the generating s€t= {a, b, c,d, e, f, g, h,i, j} construct a cluster tree that has

five clusters and is not a chain.

Check if the cluster tree created in Exercise 9 is a JT. If not, modify the membership of
clusters to make it a JT.

Assign potentials to clusters in the JT created in Exercise 9 such that the JT is locally
consistent. Verify its global consistence.

Prove that after several adjacent clusters of a JT are merged, the resultant cluster gray
is still a JT.
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Junction Tree Representation

Chapter 3 has shown that, in order to use concise message passing in a sing
cluster graph for exact belief updating with a nontree BN, one must reorganize
the DAG into a junction tree. Graphical representations of probabilistic knowledge
result in efficiency through the exploration of conditional independence in terms of
graphical separation, as seen in Chapter 2. Therefore, the reorganization needs
preserve the independence—separation relations of the BN as much as possible. Tl
chapter formally describes how independence is mapped into separation in differer
graphical structures and presents algorithms for converting a DAG dependenc
structure into a junction tree while preserving graphical separation to the extent
possible.

Section 4.2 defines the graphical separation in three types of graphs commonl
used for modeling probabilistic knowledge:separationin undirected graphs,
d-separationin directed acyclic graphs, artdseparationin junction trees. The
relation between conditional independence and the sufficient content of amessage
concise message passing is established in Section 4.3. In Section 4.4, the concept
theindependence mag I-map, which ties a graphical model to a problem domain
based on the extent to which the model captures the conditional independence «
the domain, is introduced. The concept aharal graphis also introduced as an
intermediate undirected graphical model to facilitate the conversion of a DAG model
to a junction tree model. Section 4.5 introduces a class of undirected graphs know
aschordal graphsand establishes the relation between chordal graphs and junction
trees. It is shown that a moral graph model must be converted to a chordal graph i
order to construct a junction tree model. The expressiveness of chordal graphs ar
junction trees in representing conditional independence is shown to be equivalent i
Section 4.7. Section 4.6 presents an algorithm knoweliasnationfor converting
amoral graph into a chordal graph, and Section 4.8 describes algorithms to conve
a chordal graph into a junction tree.

61
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S

Figure 4.1: (a) An undirected graph. (b) A DAG. (c) A junction tree.

4.1 Guide to Chapter 4

The essential benefit from graphical representation of probabilistic knowledge is the
ability to specify only what is directly relevant. Graphs provide this ability through
graphical connection and separation. What is directly connected is directly relevant
What is separated is irrelevant given the separating variables. Although graphica
connection is explicitly indicated by links in the graph, graphical separation is less
obvious. Section 4.2 specifies the criteria of graphical separation for three types o
graphs. For undirected graphs such as Figure 4.1(a), separation is determined t
path blocking. For example, the nodés said to be separated frdmby e because
e blocks the path betweemandb. Separation can occur between groups of nodes
as well. For instance, nodesg; are separated from nodésgs by noded, d. The
separation criterion for undirected graphs is termesgparation

For directed acyclic graphs such as Figure 4.1(b), separation is determined b
path analysis that takes into account the directions of arcs. In Figure 4ali®),
separated frorb by e. However,a is notseparated frorb by h. The reason is that
the path betweea andb has arcs pointing dt. The rationale is that represents
an effect or consequence of the causesidb. Once the effect is known, the two
causes compete to explain the effect and hence become relevant. The separati
criterion for directed acyclic graphs is termédeparation

For junction trees such as that of Figure 4.1(c), separation is defined betweer
elements of clusters. The elemeatandb are separated tg/because is the sep-
arator between the clust€p (containinga) and the cluster€, andC, (containing
b). The separation criterion for junction trees is terrheseparation

Having defined criteria for graphical separation, we move to the issue of relevance
and irrelevance among variables (represented by nodes in the graph) in Section 4..
which is concerned with the following question: When a message is to be passe«
between two groups of variables, what is the necessary and sufficient message f
update the belief atthe destination group? A necessary and sufficient message wou
make additional information about the source group irrelevant. The irrelevance car
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be described using the terminology of conditional independence. The conclusior
drawn is the following: If the variables shared by the two groups render them
conditionally independent, then the belief in the shared variables is the sufficient
message. Otherwise, the belief in the shared variables is an insufficient message

Section 4.4 ties graphical separation and conditional independence together. A
ideal graph for encoding the knowledge about a problem domain is one in which
graphical separation always implies conditional independence. That is, the graphii
so connected that whenever two groups of nodes are separated by a third group, t!
two corresponding groups of variables become irrelevant once the value of the thirc
group of variables is known. Hence, passing the belief of the third group betweer
the two groups is sufficient for belief updating. Such a graph for a given problem
domain is called afrmap, which allows effective representation of probabilistic
knowledge and effective belief updating by concise message passing.

Chapter 3 has established that belief updating in nontree BNs can be achieve
by concise message passing only in junction tree representations. As the first ste
in converting a BN into a junction tree, Section 4.4 also presents the procedure fo
converting a DAG I-map (the structure of a BN) into an undirected I-map called
amoral graph. The conversion essentially connects parents of each node and the
drops the directions of arcs. For example, if the DAG of a BN is that of Figure 4.1(b),
then its moral graph is that of Figure 4.1(a).

Section 4.5 investigates the next step of conversion. It raises the issue tha
for some moral graphs, no junction trees can be found. Therefore, to ensure th
conversion of a given moral graph into a junction tree, additional processing callec
triangulation has to be performed on the moral graph. The process essentially
adds some links to the moral graph, and the resultant is caltbalal graph.
Figure 4.1(a) is a “lucky” moral graph that is already chordal. Figure 4.2(b) shows
an “unlucky” moral graph obtained from the DAG in (a). After a link is added, as
shown in (c), the moral graph becomes chordal. Intuitively, the square in (b) has
been turned into triangles, and hence the n&maagulation.

Section 4.6 explains a simple method caltedie eliminatiorto triangulate any
moral graphs. The method removes nodes in the moral graph one by one. Befor
removal of each node, it makes sure that nodes in the neighborhood are pairwis
connected. For example, if the nodes in Figure 4.2(b) are removed in the orde

a o{\ a d a d

[ e e

b ./C( b c b c
@ (b) ©

Figure 4.2: (a) A DAG. (b) The moral graph of (a). A chordal graph obtained from (b).
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(a, b,d, c, €), then a link{b, d) needs to be added, which gives rise to the chordal
graphin (c).

Adding links during the conversion from DAGs to moral graphs and then to
chordal graphs exacts a price. The conversion destroys some graphical separatio
and makes some conditional independence invisible. Before going into the last ste|
of the conversion, from the chordal graph into a junction tree, Section 4.7 tells us
that this last step is free from such expense.

Section 4.8 deals with the details of the last conversion step. The clusters of
the junction tree are first defined. Each cluster comes from a group of pairwise-
connected nodes in the chordal graph. For instance, the junction tree in Figure 4.1(c
is converted from the chordal graph in (a). The elements of cl@gen (c) are
pairwise connected in (a). Afterwards, each pair of clusters sharing some elementsi
connected to form a cluster graph. Finally, some connections are deleted to turn th
cluster graph into a tree. The graphical structure of the junction tree representatiol
is then completed.

4.2 Graphical Separation

The fundamental property of graphs for effective probabilistic inference is graphical
separation. Graph separation is based on a path analysis, YeandZ be disjoint
subsets of nodes in a gra@(directed or undirected). A path between nogles X

andy € Y is renderectlosed(or blocked, or open(or active by Z. If every path
between every pair of andy is closed, therX andY are said to beseparated

On the other hand, if there exists one open path between axpaid y, then

X andY are not separated. What condition renders a path closed or open differs
between directed and undirected graphs. These concepts are presented precisely
the paragraphs that follow.

Let G = (V, E) be an undirected graph. A pathbetweenx € X andy € Y is
closed byZ if there existz € Z on p. Otherwisep is rendered open b¥.

Intuitively, each node on a path is like a valve in a pipe. The default state of
the valve is open. A set of valves whose default states are reversed (from open t
closed) is denoted by. If one valve on a pipe is closed, then the pipe is closed.

Two nodesx andy areseparateddy a setZ of nodes if every path between
andy is closed byZ; X andY are said to beeparatedy Z if for everyx € X and
y € Y, x andy are separated b¥; (X|Z|Y)g is used to denote that andY are
separated by in G. When there is no confusion, we writX|Z|Y). When a set
is a singleton, sayX| = 1, we write(x|Z|Y) instead of({x}| Z|Y) for simplicity.

In Figure 2.4(a), we havéss|vs|vs) and{vs|{v,, vi}|vs), but—=(vs|vi|vs).

When G is a DAG, (X|Z|Y)¢ takes into account the direction of arcs. The

corresponding criterion is callettseparation The criterion defined above will be
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Figure 4.3: The node; is tail-to-tail in (a), head-to-tail in (b), and head-to-head in (c).

referred to asi-separation, where stands forundirected. Before we proceed to
d-separation, the u-separation is summerized as follows:

Definition 4.1 Let G be an undirected graph and X, Y, Z be disjoint sets of nodes
in G. A pathp between nodes & X and ye Y isclosedby Z if there exists £ Z
on p. Otherwiseyp is renderecbpenby Z.

Nodes x and y are-separatedby Z if every path between x and y is closed
by Z.

X and Y areu-separatedby Z if for every xe X and ye Y, x and y are
u-separated by Z.

In a directed acyclic graph, when two arcs meet in a path, the node shared b
the arcs can be described &asi-to-tail, head-to-tail, or head-to-head, as shown
for the nodev, in Figure 4.3. The d-separation criterion fof| Z|Y) is identical to
that for u-separation if each path betweenxasnd ay contains no head-to-head
nodes. A slight complication arises when some paths have head-to-head nodes. T!
d-separation is defined precisely in the paragraphs that follow.

A path p between nodes andy is closed byZ whenever one of the following
two conditions is true: (1) There exists Z that is either tail-to-tail or head-to-tail
on p. (2) There exists a node that is head-to-head op, and neitherw nor any
descendant of is in Z. If both conditions are false, thenis rendered open b¥.

From the standpoint of the pipe and valve analogy, each tail-to-tail or head-to-tail
node on a path is like a valve whose default state is open. Each head-to-head no
is like a valve whose default state is closed. A set of valves whose default states ar
reversed is denoted 3/ For a head-to-head node, if either it or a descendant is in
Z, the state of the valve is reversed.

Two nodesx andy are d-separated by if every path betweer andy is closed
by Z; X andY are d-separated b¥ if for everyx € X andy € Y, x andy are
d-separated b¥. In Figure 4.4(a|{ f, d}|h) holds becaus¢ is head-to-tail in both
paths froma to h. It is also true(b|@|d) because the upper path frdmto d has a
closed valvee and the lower path has a closed valizeThe statementc|d|e) is
false because, although the path froro e through f is closed, the other path is
open. The d-separation is summarized as follows:
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Figure 4.4: lllustration of d-separation.

Definition 4.2 Let G be a directed acyclic graph and X, Y, Z be disjoint sets of
nodes in G. A patlp between nodes & X and ye Y isclosedby Z if one of the
following two conditions holds: (1) There exist€ ZZ that is either tail-to-tail or
head-to-tail onp. (2) There exists a nodethat is head-to-head op and neither
v nor any descendant afis in Z. If both conditions fail, thep is renderedopen
by Z.

Nodes x and y aré-separatedy Z if every path between x and vy is closed
by Z;

X and Y ared-separatedby Z if for every xe X and ye Y, x and y are
d-separated by Z.

Because the JT representation of BNs is used for inference, we @&fideY )
inaJTH overV,whereX, Y, Z c V; (X|Z]Y)y willbe referred to ak-separation
Letx e X andy € Y be contained in distinct cluste@, andQy, respectively, and
no cluster inH contains bothx andy. BecauseH is a tree, the path betweenQy
andQy is unique. Itis closed by if there exists a separatérC Z onp. Otherwise,
o is rendered open b¥. The following proposition shows that jf is closed by
Z, then every path between a cluster contaimngnd a cluster containing is
closed.

Proposition 4.3 Let H be a JT over V. Lgi}, {y}, Z be disjoint subsets of V so
that x and y are contained in distinct clusters @d Q,, and no cluster contains
both x and y. If the patlp between Q and Q is closed by Z, then every path
between a cluster containing x and a cluster containing y is closed.

Proof: We prove by contradiction. Suppose that there exist two clu€¢rand
Qj such that (1x € Q) andy € Q{ hold, (2) itis not the case that bo@{ = Qx
andQy = Qy, and (3) the path’ betweenQ; andQ; is rendered open b¥. By
definition, (3) means that there exists no separ&texists onp’ such thatS C Z.
Hence,p cannot be part of’. This leads to the possible relations betwgeand
o', as shown in Figure 4.5.
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Figure 4.5: Relatiotetween paths andp’ in proof of Propositiord.3.

The pathse andp’ may be noncrossing as in (a), (b), and two other symmetric
cases (not shown), or they may cross each other at a clQsisiin (c), where; +
p2 = p andp; + p, = p’. Each dashed line signifies possible additional clusters
on the path. Note that it is possib@y = Qy in (a). OtherwiseQy and Qj are
connected in (a) outsideandp’ becauseH is a tree, and)y andQ; are similarly
connected in (b). Consider case (a). Denote the path bet@geand Q, by w.
Becausep is closed byZ andp is part ofw, there exists a separat8rC Z in w.
Becaus« ¢ Z, a separato$ has been found betweépy, andQ; suchthak ¢ S.
This implies thatH is not a JT, which is a contradiction. The same can be shown
similarly for case (b).

Next, consider case (c) in Figure 4.5. Becapse closed byZ, there exists a
separatolS C Z in p. Becausep; + p2 = p, Sis either inp; or in p,. If Sis in
p1, definew = p1 + p;. A separatolS has been found on betweenQy and Q;
suchthak ¢ S.If Sisin py, definew = p2 + p;. A separatoShas been found on
o betweenQy and Q| such thaty ¢ S. Either way, it implies that is not a JT,
which is a contradiction. O

On the basis of Proposition 4.3, when the pathetweenQy andQy is closed
by Z, it is said thatx is h-separatedrom y by Z, or (x|Z]y), and X and Y
areh-separatedy Z if (x|Z|y) for every pair ofx andy. In Figure 3.17(b), we
have(alb|d), —(a|@|d), and({a, f}|{b, e}|g). The h-separation is summarized as
follows:

Definition 4.4 Let H bea JT over V, and X, Y, Z be disjoint subsets of V such that
noxe X and ye Y are contained in the same cluster in H. FoexX contained

in cluster Q and ye Y contained in cluster Q x and y areh-separatedy Z if
there exists a separator S Z exists on the path between @nd Q,. Otherwise,

x and y are not h-separated by Z.
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Moreover, X and Y arb-separatedy Z if for every xe X andye Y, x and y
are h-separated by Z.

Note that if there existg € X andy € Y that are contained in the same cluster
in H, thenX andY are not h-separated [&. In fact, they cannot be h-separated at
all. The h-separation could have been defined over general cluster graphs instee
of over junction trees, as in Definition 4.4. Such generality, however, is not needed
for the purposes of this book.

4.3 Sufficient Message and Independence

To perform effective probabilistic inference in junction trees, we pass con-
cise messages over separators between adjacent clusters. Under what conditi
are the messages sufficiently informative to ensure correct inference? Conside
two adjacent cluster€ = XU Z andQ =Y U Z, whereX, Y, and Z are dis-
joint and Z is the separator. Suppose each cluster is associated with a potentia
Pc(X, Z) =)y P(X,Y, Z)andPq(Y, Z) = Y « P(X.,Y, Z).If 1 (X, Z, Y)holds,
then P(X, Y, Z) = Pc(X, Z)Pqo(Y, Z)/Pc(Z), where Pc(Z) = )" Pc(X, Z) =
>y Pa(Y, Z) = Po(2).

Suppose some variables @ are observed. Using the method in Section 2.3,
update belief inC to get Pc(X, Z|obs). To update belief iQ, pass the message
Pc(Z|obs)= )y Pc(X, Z|obs) fromC to Q and replace the belief i by

Po(Y|Z) % Pc(Z|obs)= Pq(Y, Z|obs)

The message passing is correct because
Pc(X, Z|obs)Po(Y, Z|obs)
Pc(Z|obs) ’

What if 1 (X, Z, Y) does not hold? Consider the graghin Figure 3.12(a). If a
BN is defined with the dependence structGandP(a, b, c, d) is constructed by
chainrule, then in generdl(a, b, {c, d}) does not hold (see Exercise 3). It has been
shown in Lemma 3.2 that passing a message b¥am cluster{b, c, d} to {a, b}
cannot produce a correct posterior in general. This is summarized in the following
proposition:

P(X,Y, Z|obs)=

Proposition 4.5 Let X, Y, and Z be disjoint sets of variables witli>X®Y, Z)
defined. Let C= X U Z be associated withd?X, Z) = >, P(X, Y, Z)and Q=
Y U Z be associated with@Y, Z) = ), P(X,Y, 2).

1. If I(X, Z,Y) holds, then belief updating can be performed correctly by passing a po-
tential over Z between C and Q.
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2. If1(X, Z, Y)does not hold, then belief updating cannot be performed correctly in general
by passing a potential over Z between C and Q.

To conclude, in general, whdr(X, Z, Y) holds, the sufficient amount of mes-
sage to be passed betwe€nand Q is the potential ovelZ. Hence, to orga-
nize message passing effectively, the graphical structure should encode the col
ditional independence explicitly. To use a JT representation of a BN for inference,
the JT must preserve the conditional independence as much as possible in tt
original BN.

4.4 Encoding Independence in Graphs

The idea of encoding conditional independence in graphs is formally described by
the following notion of independence map [52]:

Definition 4.6 A graph (directed or undirected) G is andependence majpr
I-map of a domain V if there is a one-to-one correspondence between nodes of C
and variables in V andX|Z|Y)g implies I(X, Z, Y) for all disjoint subsets X, Y,

and Z of V.

By definition, adding additional links to an I-map does not change its I-mapness.
Such links make some conditional independence graphically invisible and hence
should be avoided. Aninimal I-map G= (V, E) is an I-map such that no subgraph
G = (V, E)) (E’ C E)is also an I-map. Equipped with these concepts, we can re-
state what is required in a graphical structure: To organize concise message passi
effectively, a graphical structure should be a minimal I-map.

Consider the DAG structur@ in Figure 2.6(b), which is a minimal I-map with
respect to our knowledge about the circuit in (a). The agcH{) represents the
direct causal dependence of outpuin the state of gatg,. The absence of an arc
from c to f and the d-separatioft|d| f) signify that, once we know the value of
d, our belief on the value of is unaffected by our knowledge of the valuemf
orl(c,d, f). Note thatd is a head-to-tail node on the path framo f. Similarly,
the d-separatiore|{b, d}| f) expresses that, once we know the valud aindd,
knowing in addition the value & does not change our belief in the valuefgfor
I (e, {b, d}, f). Note thatb andd are tail-to-tail nodes on their paths froano f.

The absence of an arc betweeandg, and the d-separatioft|?|g,) signify that
normally the value of input and the state of gaigy are irrelevant to each other,
or I (c, ¥, g4). However,—(c|d|g,) does not allow us to infefr(c, d, g4). In fact,
I(c, d, g4) is false because once we know the outbithe knowledge abouwtwill
allow us to infer the state aj,. Note thatd is a head-to-head node on the path
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Figure 4.6: Moral graph for the DAG in Figure 2.6(b).

from c to g4. The dependence betweemandg, after knowingd is calledinduced
dependencéPearl [52]).

Alternatively, the knowledge about the same circuit may be represented througt
an undirected graph. Examine the relationship between the preceding DAG I-may
G and an undirected I-ma’ of the same circuit. One candidate f& is a
graph G* obtained from the DAGG in Figure 2.6(b) by dropping the direc-
tion of each arc. Grapls* is called theskeletonof G. However,G* is not an
I-map. For example{c|d|gs) holds in G*, whereasl (c, d, g4) is known to be
false. This is because, without directions, an undirected graph is unable to repre
sent(c|¥|gs) and—{c|d|gs) simultaneously. To negate|d|gs), connecic andg,
with a link in G’. For the same reason, for each child nod&ofdd a link inG’
between each pair of its parents. The resul@hnis shown in Figure 4.6. In gen-
eral, the graph resulting from such processing is calletbeal graphas defined
below:

Definition 4.7 Let G be a DAG. For each child node in G, connect its parent nodes
pairwise and drop the direction of each arc. The resultant undirected grapk G
themoral graphof G.

The graphin Figure 4.6 is the moral graph for the DAG in Figure 2.6(b). In Theorem
4.8 it is shown that, given a DAG as a minimal I-map, a minimal undirected I-map
is its moral graph.

Theorem 4.8 Let a DAG G be a minimal I-map over V and e its moral graph.
Then G is a minimal I-map over V.

Proof: Let G* be the skeleton 06. BecauseG is a minimal I-map and a link
(X, y) rendersx andy inseparable under both d-separation and u-separation, an
undirected I-map must contain at least linkgaf.
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Figure 4.7: JT structure for the DAG in Figure 2.6(b).

Cs

The only reason th&* is not an I-map is because, for every pair of nodesd
y that has a common childin G, if (X, y) is notinG (hence not irG*), then there
exists a set of node2 that includesc such that(x|Z|y)c- whereas-I (x, Z, y).
Becausgx|Z|y) no longer holds in5’, G’ is an I-map. Because each lifk, y)
added tdG* negatesx|Z|y) for all suitable instances &f and no addition of other
links does so, the additional links are minimal. 0

Because the JT representation will be used for message passing, we extend tl
concept of I-map to JTs in Definition 4.9.

Definition 4.9 A junction tree H over V is an I-mapifi Q; = V, where each Q
is a cluster in H, and X|Z|Y)y implies I(X, Z, Y) for all disjoint subsets X, Y,
and Z of V.

As an example, Figure 4.7 shows a JT for the circuit in Figure 2.6.

Assuming that the original (versus converted or compiled) knowledge represen
tation is in the form of a BN, we need to compile it into a JT representation. The
compilation, as discussed earlier in this section as well as in the preceding sectior
must preserve the I-mapness. How to perform such a compilation is the topic of the
next section.

4.5 Junction Trees and Chordal Graphs

A JT I-map can be derived from the moral graph of the DAG rather than from
the DAG directly. This is because a JT uniquely defines an undirected graphica
structure, and hence a moral graph (as a minimal undirected I-map) of the DAG
provides a more direct basis to work on than the DAG I-map itself. For example,
consider the JT in Figure 4.7. Construct an undirected g@plith the generating
set of the JT as the nodes. For each pair of nodes contained in a cluster in the J
connect the pair ils. The resultanG is the graph in Figure 4.6.

To construct a JT, the clusters must be determined. Which components of a mor
graph correspond to a cluster? In a JT, each cluster admits no graphical separatic
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Figure 4.8: (a) A DAG. (b) The moral graph of (a).

(Definition 4.4) and signifies no conditional independence internally. Similarly,
in an undirected graph, a set of pairwise-connected nodes admits no graphice
separation (Definition 4.1).

Asetofnodesinan undirected gralis completef they are pairwise connected.
A maximal set of nodes that is complete is callecigue (or maximal cliqué in
G. In other words, ifC is a clique inG, then no proper superset of nodegdris
also a clique. There are exactly four cliques in Figure 4.6:

Co={a,e g h}, Ci={b,d eag}, Co={bd, f g3}, C3={c,d, g}

Because a clique is a maximal set of variables without graphically identifiable
conditional independence, it should become a cluster in the JT representation. Th
JT in Figure 4.7 ha€, throughCs as its clusters.

Can we construct a JT from cliques of every moral graph? Unfortunately we
cannot. Consider the DAG in Figure 4.8(a) with its moral graph in (b). The cliques
are

Co={a,b}, Ci={a,d}, C,={b,c}, C3={c,d,e}.

No cluster graph made out of these clusters is a JT (Exercise 4). In Theorem 4.1(
we present the condition that ensures the existence of a JT made out of the clique
of an undirected graph.

Consider an undirected gra@ A path or cyclep has achordif there is a link
in G between two nonadjacent nodes @nG is chordal or triangulatedif every
cycle of length greater than or equal to 4 has a chord. A cycle of lengthithout
a chord is ahordlesscycle. Figure 4.6 is chordal, but Figure 4.8(b) is not because
the cycle(a, b, ¢, d, a) of length 4 does not have a chord.

Theorem 4.10Let G = (V, E) be a connected undirected graph afacbe the set
of cliques of G. Then there exists a junction tree whose clusters are eleméhts of
if and only if G is chordal.

To prove the theorem, the following lemmas are needed. We first introduce
necessary concepts for the lemmas.
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Figure 4.9: Two connected graphs on the left are “unioned” into the graph on the right.

Definition 4.11 Let G = (V;, Ej) (i =0, 1) be two graphs (directed or undi-
rected), G and G, are said to begraph consistentf the subgraphs of @and
G spanned by yN V; are identical.

Given two graphs &= (V;, Ej) (i =0, 1) that are consistent, the graph &
(Vo U V1, Eq U E,) is called theunion of Gy and G, denoted by G= Gy LI G1.

Although graph union does not require graph consistency in general, this book only
uses the operation for consistent graphs.

Definition 4.12 Given a graph G= (V, E), \pand \, suchthatyu V; =V, and
subgraphs Gof G spanned by{i = 0, 1) such that G= Gy LI G4, G is said to
besectionednto Gy and G;.

Although the definition allows the cadé N Vi = @, this book concerns mainly
the casevy N Vi # @. Note that if Gy and G; are sectioned from a third graph,
then Gy and G, are graph consistent. Figure 4.9 gives one example of directed
graphs. The union of multiple graphs or the sectioning of a graph into multi-
ple graphs can be similarly defined. An example is given in Figure 4.10 for un-
directed graphs.

b

unlon

é b h sectlon

T

Figure 4.10: The graph on the right is sectioned into three connected graphs on the left.
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Figure 4.11: lllustration of simplicial nodes.
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Lemma 4.13Let G= (V, E) (]V| > 3) be a noncomplete, connected chordal
graph. Then there exists a complete subset\ such that X Z is disconnected.

Proof: Let x andy be two nonadjacent nodes a#dbe a minimal set of nodes
such thatx|Z|y). Hence V\ Z is disconnected, an@d can be sectioned inlG, =
(Vx, Ex) and Gy = (Vy, Ey), wherex € Vi, y € Vy andV, N'Vy = Z. We show
below thatZ is complete.

If |Z| = 1, we are done. Otherwise, piokv € Z. Because is minimal, there
is a path fromx to y with only u € Z, and the same is true for Hence, there is a
path inGy betweeru andv that contains no other nodesZnand at least one node
outsideZ. The same is true iGy. Let px be the shortest such path betweeand
v in Gy, andpy be one of the shortest such pathsdp. Let x’ ¢ Z be a node on
px andy’ ¢ Z be a node omy. It follows that{x’, y'} is not inG.

The cycle joiningpx and py has a length greater than or equal to 4. Because
G is chordal, the cycle has a chord. Beca{sey'} is not inG, {u, v} must be a
chord. O

A node ina graph isimplicialif nodes adjacent to it are complete. Figure 4.11(a)
has no simplicial nodes, (b) has one simplicial nadand (c) has two simplicial
nodesb andd.

Lemma 4.14 A chordal graph G has at least one simplicial ndde.

Proof: Without losing generality, we assuniis connected. The lemma is true
if G is complete. Assume th& = (V, E) is incomplete. By Lemma 4.13 and its
proof, G can be sectioned intG, andG; with the intersectiorZ, c V complete.

If G, = (V4, E;) is complete, we have; € V1\Z;, which is simplicial. Other-
wise, G; can be further sectioned int6; and G, with the intersectiorZ, C Vq
complete. Continuing this process, eventually we ob@Gjn= (V;, E;) (i > 2),
which is complete with simplicial nodg € V;\ Z;. O

1 In fact, at least two simplicial nodes exist. For the purpose of this book, however, one suffices.
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Figure 4.12: lllustration of proof for Theorem 4.10.

We are ready to prove Theorem 4.10:

Proof: [Sufficiency] We show that ifG is chordal, then a JH exists. We use
induction on the numbg¥ |. The statement is true wheé¥ | = 2. Assume that it
holds whenV| = n.

SupposéV| =n+ 1. By Lemma 4.14, a simplicial nodee V exists. LetG’
be the graph obtained by removirgrom G. G’ is chordal becausé is chordal,
andx is simplicial. By the inductive assumption, a Bl exists whose clusters are
cliqgues ofG’. Because is simplicial inG, x and nodes adjacent to it form a clique
Q. If Q\{x} is a clusterQ’ in H’, let H be a cluster graph obtained by replacing
Q' with Q (see Figure 4.12 for an illustration &, G, H, andH’, wherex = c).
Otherwise, there exists a clus®fin H’ such that Q\{x}) ¢ Q’ (see Figure 4.13
for an illustration, wherex = e). Let H be the cluster graph obtained by adding a
clusterQ adjacent to the clustgp’. In either caseH is a JT.

[Necessity] We show that if a JA exists, thers is chordal. We use induction
on the numbe}V|. The statement is true whéyi| = 2. Assume that it is true when
V| =n.

SupposéV| = n+ 1. Becausd is a JT, there exists a clustérthat is adjacent
to a single cluste€. Consider anyk € Q\C. If Q\{x} c C, we removeQ from
H to getH’ (see Figure 4.13 for an example). Otherwise, we replace the cluster
Q by Q' = Q\{x]} to getH’ from H (see Figure 4.12 for an example). We also

d d
a 9 € a
b f G b f G’
ce (a) ce (b)

Figure 4.13: lllustration of proof for Theorem 4.10.
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removex from G to obtainG’. BecauseQ is the only cluster oH that contains
X, H’ is a JT. By the inductive assumptio®, is chordal. Because nodes adja-
cent tox of G are completex cannot be on a chordless cycle. HenGeis also
chordal. O

Theorem 4.10 implies that, in order to obtain a JT representation of a BN, the
moral graph of its DAG needs to be converted into a chordal graph. To maintain the
I-mapness, links can only lzaldedto the moral graph. The process of adding links

to a graph to make it chordal is call&@hngulation, which is the topic of the next
section.

4.6 Triangulation by Elimination

We introduce a conceptually simple operation callede eliminatiorthat can be
used for triangulation of a graph.

Let G be an undirected graph. A nodeis eliminatedfrom G by adding toG
links that makev simplicial and then removing. The necessary added links are
calledfill-ins. Figure 4.14 illustrates the elimination of nogeThe elimination
adds the fill-in{y, z). If y is subsequently eliminated, becaysie now simplicial,
no fill-in needs to be added.

G is eliminatableif all nodes can be eliminated in sequence without any fill-ins.
Nodes in Figure 4.11(c) can be eliminated in the ordbee(c, d, f) without fill-
ins; hence, the graph is eliminatable. Note that if the graph is eliminated in the order
(b, c, d, e, ),afill-in (d, ) needsto be added when eliminatm@onsequently, as
long as there exists one elimination order thatisfill-in free, the graph is eliminatable.
On the other hand, if no such order can be found, the grapbtisliminatable.
Figure 4.14 is not eliminatable (Exercise 6). When the graph is understood from
the context, we say that a subséf nodes isliminatableif elements ofX can
be eliminated from the graph in some order without fill-ins.

Elimination provides a conceptually simple way to check if a graph is chordal,
as established by the following theorem:

y W u y w u
_— \\
eliminatex A

X z \% ya \%

Figure 4.14: Elimination of node. The fill-in is dashed.
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Theorem 4.15An undirected graph G is chordal if and only if it is eliminatable.

Proof: [Sufficiency] We show by induction that® = (V, E) is eliminatable, then
it is chordal. The statement holds wh@f = 1, and we assume that it holds when
V| =n.

SupposdgV| = n + 1. Becausés is eliminatable, there exisise V, which is
simplicial. LetG’ = (V’, E’) be the graph obtained by eliminatingrom G. Given
thatG is eliminatable and is simplicial, G’ is also eliminatable. By assumption,
G’ is chordal.

[Necessity] We show by induction that@ is chordal, then it is eliminatable.
The statement holds whex | = 1, and we assume it holds whew| = n.

SupposeéV| = n + 1. Becaus& is chordal, by Lemma 4.145 has a simplicial
nodev and can be eliminated without fill-ins. L& = (V’, E’) be the resultant
graph. SinceG is chordal andv is simplicial, G’ is chordal. By the inductive
assumptionG’ is eliminatable. O

Theorem 4.15 suggests the following simple algorithm to teStig chordal:

Algorithm 4.1 (IsChordal)

Input: an undirected graph G (V, E).
Return: true if G is chordal; false otherwise.

fori =1to|V], do
search for a node that is simplicial;
if found, eliminatev;
else return false;

return true;

When G is not chordal, elimination of nodes i@ will have fill-ins. If these
fill-ins are added back t&, the resultant grapts’ will be chordal, as established
by the following theorem:

Theorem 4.16Let G = (V, E) be an undirected graph and F be a set of fill-ins
produced by eliminating all nodes of G in any order. Then=XV, EU F) is
eliminatable.

Proof: Lety be the elimination order used to produeelf nodes ofG’ are elimi-
nated according tg, each node is simplicial before it is to be eliminated. 0O
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Combining Theorems 4.16 and 4.15, we have the following corollary:

Corollary 4.17 Let G = (V, E) be an undirected graph and F be a set of fill-ins
produced by eliminating all nodes of G in any order. Theh=xV, EU F) is
chordal.

Corollary 4.17 suggests a simple modification of algorits@hordal for trian-
gulation: At each iteration of thfer loop, if a simplicial node cannot be found, elim-
inate a node and store thefill-ins. Atthe end offttrdoop, returnG’ = (V, EU F).
This is summarized as follows:

Algorithm 4.2 (GetChordalGraph)

Input: an undirected graph G= (V, E).
Return: a chordal graph G= (V, E’) where E O E.

F =0
fori =1to|V], do
search for a node that is simplicial;
if found, eliminatev;
else
select a nodev to eliminate;
add fill-ins produced to F;
return G = (V, EU F);

We have studied triangulation in order to convert the moral graph of a BN into
a chordal graph so that a JT representation can be constructed. Fill-ins added du
ing triangulation destroy some graphical separation relations and hence should b
kept minimal. Unfortunately, finding the chordal graph with the minimal fill-ins is
NP-complete (Yannakakis [97]). One useful heuristic can be incorporated directly
into the algorithmGetChordalGraph: When selecting a nonsimplicial node to
eliminate, select the one with the minimum number of fill-ins.

4.7 Junction Trees as |-maps

Before moving into the construction of a JT from a chordal graph of a BN, we

consider the issue of how good a JT representation is as an I-map. When a DAC
I-map is converted to its moral graph, we lose the marginal independence amon
variables that may incur induced dependence. When the moral graph is converted t
a chordal graph, we lose additional conditional independence by adding fill-ins. Do
we incur further loss of independence when the chordal graph is convertedinto a JT'
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The following theorem has good news and answers the question negatively. It show
that, through h-separation, a JT portrays exactly the same set of graphical separatic
relations as does the chordal graph, through u-separation, from which it is derived,

Theorem 4.18Let G= (V, E) be a connected chordal grapk be the set of
cliques of G, and T= (V, 2, F) be a JT. Then, for any disjoint subsets X, Y, and
Z of V,

(X|Z|Y) <= (X|Z|Y)7.

Proof: First, we show(X|Z|Y)c = (X|Z|Y)r. For eachx € X andy e,
(X]Z]Y)s means thatx, y) is not a link inG. Hence,x andy cannot be in the
same clique inG. Denote any two clusters ifi that containx andy by Q4 and
Qy. We prove by contradiction. Suppose that on the path betv@geand Qy no
separator is a subset @f Denote these separators@s. .., S, (n > 1).

If n=1, Qx and Qy are adjacent ifT. BecauseS, € Z, we can finds; € §
such thats; ¢ Z. This means that bottx, s1) and(sl, y) are links inG. Hence,
(X|Z|Y)g is false, which is a contradiction.

If n > 1 and no separator & (1 <i < n)is a subset o, then for each we
can finds € § such thats ¢ Z. Eithers = 51, in which case we have one less
node to consider, ofs, S1) is a link in G becauses ands ;1 are contained in
the same cluster ifi. We have thus found a patR, s, ..., S, ¥) on which every
nodes ¢ Z, which is a contradiction toX|Z|Y)g.

Next, we show X|Z|Y)g <= (X|Z|Y)1.Letx € X andy € Y bein clusterfy
andQy of T, respectively. Suppose that on the path betw@gandQy, there is a
separatoS C Z. We show thatx|S|y)s holds; hence, so do€g|Z|y)s. Assume
that(x|S]y)s does not hold. Then there exists a path= vo, v1, v2, ..., Un, Vpy1 =
y) in G not throughS. Thatis,v; ¢ Sforl <i <n.

Now considefT . If v _1, vj, andv;j ;1 are not contained in the same cluster so that
vi_1, vj arein clusteQ; _; andv;, vi,1 are inQ; 1, then on the unique path between
Qi_1andQ; 1 every separator must contain Hence, on the path froiQy to Qy,
every separator contains at least an& S. This contradicts the assumption, that
Sis a separator betwedd, andQy. O

Figure 4.15 shows the moral gragh(left) of the circuit in Figure 2.3, which is
chordal, and its JT (right). They are equivalent I-maps. That is, any conditional
independence portrayed I8y is also portrayed by . For example] (a, e, b) can
be read ofG because€a |e| b)g. Given that{e} is the separator betwe€ly andCy,
we have(a|elb)t.
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Figure 4.15: The moral graph and its JT for the circuit in Figure 2.3.

4.8 Junction Tree Construction

Once the moral grapts = (V, E’) of a BN is triangulated, in order to convert it
into a JT representation, the cliques of the chordal graph need to be identified. Fron
the sef2 of cliques, ajunction grapH = (V, 2, E) is defined. By removing some
separators fronk, a JTT can be obtained.

4.8.1 ldentifying Cliques

The following proposition shows that, given a chordal gré&plif the adjacency of
each node is saved just before it is eliminated, the resulting record will contain all
the cliques ofG.

Proposition 4.19Let G be a chordal graph eliminatable in the order=
(v1,...vn) and Q be a clique in G. Let ,C= {vi} Uadj(vi) (1 <i <n), where
adj(vi) is the adjacency of; when it is eliminated iry.

Then there exists j1(< j < n) such that Q= C;.

Proof: Let v be the node with the lowest index (. ThenCy 2 Q. On the other
hand, becaus@ is eliminatable iny, no fill-ins are added; henc& 2 Cx. O

Based on Proposition 4.19, cliquesd@tan be efficiently identified by removing
eachC; contained in som€;. What remains is the sél.

4.8.2 Constructing Junction Trees

LetH = (V, 2, E) be a junction graph, where
E = {(Q1, Q2)|Q1, Q2 € 2, Q1 N Q2 # ¥},
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Xe——eo Y | Xeo ey
o W

Ue sV | Use—" e V
T=(V,E) J=(V,F)

Figure 4.16: lllustration of Lemma 4.20. Each dashed line represents a number of links.

and each link Q1, Q») is associated with a separat®= Q1 N Q». Without con-
fusion, we will refer to a link inH and its separator interchangeably. TAeghtof
a separato8is its cardinalityw(S) = |S|. Theweightof H is the weight sum of all
separatorsv(H) = ) sw(S). The weight of a cluster graph is similarly defined.
A cluster treeT = (V, @, E’) of H, whereE’ C E is amaximalcluster tree if for
any cluster tredk of H we havew(T) > w(R).

In the following, we show that, given a junction graph, a JT can be obtained by
computing a maximal cluster tree.

Lemma4.20Let T = (V, E) and J= (V, F) be two trees andx, y) be a link in
E\F. Then there exists a linki, v) € F\E on the path between x and y in J such
that the path between u andn T contains(x, y).

Proof: See Figure 4.16. Becaugkis a tree, the path betweenx andy in J is
unique. Not all links orL are inT, for otherwise a cycle would be formed in
Hence, there exist links o that are inF\ E.

We prove the existence qfi, v) by contradiction. Suppose the link, v) as
stated in the lemma does not exist. Then for e@ch) that is onL and inF\E,
adding (u, v) to T forms a unique cycle that does not contéi) y). Because
deleting(x, y) from T will split T into two subtrees, it implies that each cycle
involves only nodes in one of the subtrees.

We deletex, y) from T to obtainT’ and add all links that are dnand inF\ E
to T’ to obtainT*. Nodesx andy are disconnected ili’. By the argument above,
they are also disconnectediri. Becausd * contains all links irL, L is not a path
betweerx andy in J, which is a contradiction. O

Theorem 4.211f a junction graph H has a junction tree, then any maximal cluster
tree of H is a junction tree.

Proof: Let T = (V, 2, E) be a maximal cluster tree ¢1. Let J = (V, 2, F) be
a JT ofH that has the maximal separator intersection WitiThat is, for any JT
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T=(V,Q,E)§ | J=(V.Q . F)
(Qa—(Qu

Figure 4.17: lllustration of proof for Theorem 4.21. Each dashed line represents a numbel
of clusters.

J=WV,Q2 F),FNECF NEimplieskFNE =F nE.WeproveT = J by
contradiction.

Supposd # J. Thenthere exists aseparat@n, Q2) € E\F (seeFigure4.17).
According to Lemma 4.20, there exists a separé&f@y, Q4) € F\E on the unique
path betweerQ; andQ, in J such that the path betwe&ys andQ,in T contains
(Q1, Qo). Becauseal is a JT, we hav&); N Qo € Qz N Qa.

We replace(Qq, Q,) by (Qs, Q) in T to obtain T’, which is a cluster
tree. Its weight isw(T") = w(T) 4+ |Q3N Q4] — | Q1 N Q2|. BecauseT is max-
imal, w(T) —w(T") = [Q1N Q2| — Q3N Q4] = 0. FromQ; N Q2 € Q3N Qq,
it follows |Q3 N Q4| — Q1N Q2| > 0. HenceQ3z N Q4 = Q1N Q2.

Next, we replac€ Qs, Q4) by (Q1, Qo) in J to obtainJ’, which is a cluster
tree. For any clusterQs and Qg in J’, if the path between them does not contain
(Q1, Q2), then it is identical to that ofl. If the path containgQ1, Q2), then
Qs N Qs € Q3N Q4 becausel is a JT. FromQ3 N Q4 = Q1N Q2, Qs N Qg C
Q1 N Q; follows; henceJ’ is a JT. Cluster tred’ has exactly one more separator
in common withT thanJ, namely,(Q1, Q). This contradicts the assumption that
J has the maximal separator intersection with O

From Theorem 4.10, iH is obtained from a chordal graph, then a JT exists.
Hence, Theorem 4.21 establishes that a JH afan be constructed by computing
a maximal cluster tree dfl. A greedy algorithm (commonly referred to as Prim’s
algorithm for a maximal spanning tree) can be found in textbooks on discrete
mathematics (e.g., Grimaldi [22]). The idea is simple: Start a JT with a single
cluster and add remaining clusters one at a time such that the new cluster has tf
maximal separator weight with a cluster in the current JT.

Figure 4.18 illustrates the greedy algorithm. The four clustgrhroughC; are
shownin (a). Suppose that the JT starts with a single cl@stérhe intersections of
C,witheach ofCy, Cy, andCs aref, {b, d}, and{d}, respectively. The weights of the
corresponding separators will be 0, 2, and 1, respectively. Héhds,connected
to C, as in (b). The remaining cluste® andC3 have the intersectiongand{d}
with C,, respectively, and have the intersectigasand{d} with C,, respectively.
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C3 C2| C3 Co

Figure 4.18: lllustration of junction tree construction.

At this point, three alternatives produce the equal total weight: conneCting
C,, connectingCy to C;, or connectindCs to C;. Suppose that the tie is arbitrarily
broken by connectin@s to C,, as in (c¢). Finally, the remaining clust€p has the
intersectionde}, @, and® with C,, C,, andCs, respectively. It is connected with
C, asin (d). The junction tree is complete.

The preceding example demonstrates that, in general, the construction of a junc
tion tree isnot unique. That is, given a chordal graph, multiple corresponding
junction trees exist in general. However, from Theorem 4.18, we know that, as far
as the I-mapness is concerned, they are equivalent.

4.9 Bibliographical Notes

The d-separation criterion was proposed by Pearl [50]. Pearl [52] also propose
the concept of the I-map. Theorem 4.10 on the relation between the chordality o
a graph and existence of a junction tree was proven by Beeri et al. [2]. Various
concepts and methods relating to chordal graphs and triangulation are contained |
Rose, Tarjani, and Lueker [58], Golumbic [21], Yannakakis [97], and Tarjan and
Yannakakis [74].

The sufficiency for Theorem 4.18 on I-mapness of chordal graphs and junction
trees,(X|Z|Y)e = (X|Z|Y)7, is excerpted from Pearl [52], and the necessity,
(X]Z|Y)e <= (X|Z]|Y)T, is from Xiang [85]. Proposition 4.19 on identification of
cliques was formulated by Jensen [29]. Theorem 4.21 on construction of junctions
as maximal cluster trees is attributed to Jensen [28].
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4.10 Exercises

1. Determine if each of the following graph separation relations holds in the DAG in

Figure 4.19:

(a) (alilb)

(b) (algic)

() ({a, c}if f, g}li)
(d) (elfa, b}|g)

Figure 4.19: A DAG.

2. Determineif each of the following graph separation relations holds in the JT in
Figure 4.20:
(a) (al{c, e, g}lk)
(b) ({i. kilfe, fi{a, h})

Figure 4.20: A junction tree.

3. Consider the grapt in Figure 3.12(a). Define a BN with the dependence strudBure
by specifying the conditional probability distribution at each node. FBi(a, b, c, d)

by chain rule. Test if (a, b, {c, d}) holds by Definition 2.1.
4. Consider the DAG in Figure 4.8(a) with its moral graph in (b). The cliques in the moral

graph are
Co={a,b}, Ci={ad}, C,={b,c}, C3={c,d, e}

Show that no cluster graph made out of these clusters is a JT.
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5. The minimal I-map of a domain is given as the DAG in Figure 4.19.
(a) Doesl (b, {d, €}, { f, h}) hold in the domain?
(b) Doesl (a, ¥, b) hold in the domain?
(c) Doesl (g, ¥, h) hold in the domain?
(d) Find a minimal undirected I-map of the domain.
(e) FromG only, decide whethek(a, ¢, b) holds.
6. Demonstrate that Figure 4.14 is not eliminatable.
7. Determine if the two graphs in Figure 4.21 are chordal using the algor&@imordal.
If any graph is nonchordal, triangulate it using the algoritBetChordalGraph.

@] ()
Figure 4.21: Two undirected graphs.

8. Let the DAG of a BN be that in Figure 4.19. Construct a JT for the BN.
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Belief Updating with Junction Trees

Chapter 4 discussed the conversion of the DAG structure of a BN into a junction
tree. Ina BN, the strength of probabilistic dependence between variables is encode
by conditional probability distributions. This quantitative knowledge is encoded
in a junction tree model in terms of probability distributions over clusters. For
flexibility, these distributions are often unnormalized and are terpwdntials.

This chapter addresses conversion of the conditional probability distributions of a
BN into potentials in a junction tree model and how to perform belief updating by
passing potentials as concise messages in a junction tree.

Section 5.2 defines basic operations over potentials: product, quotient, anc
marginal. Important properties of mixed operations are discussed, including asso
ciativity, order independence, and reversibility. These basic and mixed operation:s
form the basis of message manipulation during concise message passing. Initializ
ing of potentials in a junction tree according to the Bayesian network from which
it is derived is then considered in Section 5.3. Section 5.4 presents an algorithm fol
message passing over a separator in a junction tree and discusses the algorithn
consequences. Extending this algorithm, Section 5.5 addresses belief updating
message passing in a junction tree model and formally establishes the correctne:
of the resultant belief. Processing observations is described in Section 5.6.

5.1 Guide to Chapter 5

Given a BN, its DAG structure provides tlygialitative knowledge about the de-
pendence among domain variables. The BN’s JPD in the form of a conditional
probability distribution at each node of the DAG providpsantitativeknowledge
about the strength of the dependence. Chapter 4 presented the conversion of tl
gualitative knowledge into a JT dependence structure. Before belief updating car
be performed, the quantitative knowledge in the BN needs to be associated witt

86
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habit cavity toothache Q S C
o 00— 0 ( )+C ( : )
P(h) P(dh)  P(tlc) P(/h)P(h) . P(t|c)
(a) (b)

Figure 5.1: (a) The cavity BN. (b) Its JT representation.

the JT structure. Section 5.3 presents a method to assign the conditional probabilit
distributions in the BN to the clusters in the JT. The method works as follows:

For each node in the DAG, find a cluster in the JT such that the cluster contains
both v and its parent nodes in the DAG. After the cluster is found, assign the
conditional probability distribution associated witho the cluster. As an example,
consider the cavity BN shown in Figure 5.1(a) and its JT in (b). The ihduis no
parent, and it is contained in the clust@r Therefore,P(h) is assigned t®. The
nodec and its parenh are both contained i@. Hence,P(c|h) is also assigned to
Q. Similarly, P(t|c) is assigned to the clustér. After the assignment is completed,
for each cluster in the JT, the product of its assigned distributions is computed. Fo
instance P(c|h) P(h) is computed forQ.

The product of a number of probability distributions assigned to a cluster may
not be a well-defined probability distribution (e.€.(a|b, c) P(b) for some cluster
{a, b, c}). In Section 3.3, we introduced the notionmtential, an unnormalized
probability distribution that allows convenient representation of such an intermedi-
ate result. Section 5.2 presents rules for computing the product of potentials as we
as rules for other operations on potentials, including quotient (similar to division)
and marginal. These operations are applied to message passing over a JT repl
sentation in subsequent sections. The rules for these operations help to simplif
message passing and to improve efficiency.

Section 5.4 presents the basic operation for concise message passing in a J
which is calledabsorption. For the example in Figure 5.1, the clu§€eabsorbs
from the cluste@Q as follows: The potentidP(c|h) P(h) atQ is reduced (through the
marginaloperation) to a potentid?(c) over the separatd = {c}. The message is
then sent to the clusté, which updates its own potential to the prodB¢t|c) P(c).

Note that before the absorption, neith¥(c) nor P(t) can be obtained at the cluster
C. However, after the absorption, both of them can be computed locally. at
Several other desirable properties of absorption are also presented.

Section 5.5 considers belief updating in ageneral JT structure through a sequent
of absorptions. Figure 5.2 demonstrates how the absorptions are performed. Eac
arrow illustrates an absorption and the passing of a concise message. The humb
beside each arrow indicates the order of the absorption. It can be seen that messac
flow from C, and C3 throughC; towardsCy and then flow fromCy throughC;
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Figure 5.2: Organizing several absorptions performed over a JT.

towardsC, andCs. We show that after the message passi?gl) can be obtained
locally from any one ofZ4, C,, andCs, andP(e) can be obtained locally from any
one ofCy andC;. The same is true for every other variable, thatH§y) can be
obtained locally from any cluster that contains

What we are more interested in is, sayd|e = &), after an observatioa = e,
is made. Section 5.6 presents how the observation can be entered into the JT by
simple product operation in any cluster that cont&nEhen, after the absorptions
shown in Figure 5.2, agai,(d|e = &) can be obtained in any cluster that contains
d. The goal of exact belief updating for BNs of nontree structures by concise
message passing in a single graph structure has thus been attained.

5.2 Algebraic Properties of Potentials

Recall from Section 3.3 that a probability distribution over a cluster can be repre-
sented in terms of potential Potentials allow intermediate results during belief
updating to be non-normalized and hence have computational advantage over prol
ability distributions. Potentials will be used for belief updating in a junction tree
representation of a BN. Potential algebra is introduced in this section.

Formally, apotential B(X) over a setX of variables is a function from the
domainDy of X to the nonnegative real numbers such that for at leaskan®
B(x) > 0. Subscripts may be used to differentiate potentials over the same set
of variables such aB;(X) and B,(X). For discrete variables, a potential can be
expressed as a table. Considere {u, v} with D, = {0, 1} andD, = {0, 1, 2}. A
potentialB,(X) is shown in Table 5.1.

Table 5.1:A potential B(x)

(U, l)) Bl() (U, U) Bl()

(0,00 02 (1,00 34
0,1 12 (1,1 0
(0,2 09 (1,2) 56
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Table 5.2 (Left) A potential B(x); (Right) The product Bx) = Bi(X) * Bx(x)

(U, v) B2() (u,v) B2() (u,v) Bs() (u,v) Bs()

(0, 0) 0.3 (1,0) 3.0 (0, 0) 0.06 (1,0) 10.2
©, 1) 2.0 1,1) 1.0 ©, 1) 2.4 (1,1) 0
©, 2) 4.0 1,2 5.0 ©, 2) 3.6 1,2) 28

5.2.1 Product

Let B;(X) and B,(X) be potentials oveX. Their product, denoted by, (X) *
B»(X), is a potentiaBz(X) such that for eack € Dy,

Bs(X) = Ba(X) * Ba(X).

For example, giverB:(X) (Table 5.1) andB,(X) (Table 5.2 (left)), their product
Bs(X) is shown in Table 5.2 (right).

Products of potentials over distinct sets of variables are often useful. We introduce
projectionto facilitate the definition. Let be a configuration of a sét of variables.
The value ofv € X in x, denoted byw'*, is theprojectionof x ontov. Similarly,
we can define the projection afonto a subseZ € X. A configurationz is the
projection of x onto Z, denoted byz = Z*, if for eachv € Z, its value inz
is identical to that inx. For example, leiX = {a, b, c,d}, Z = {a, c}, andx =
(ag, bz, ¢y, d5). Then,d¥* = ds andZ¥* = (ap, Cy).

We now define the potential product over distinct sets.

Definition 5.1 Let X, Y be distinct sets of variables and WX U Y. Let BX)
and B(Y) be two potentials. Thproduct B(X) x B(Y) is a potential EW) such
that for eachw € Dyy,

B(w) = B(X*"W) % B(Y'"W).
Table 5.3 show84(x, y), Bs(y, z) andBg(X, Y, 2) = Ba(X, ¥) * Bs(y, 2), where all
variables are binary.
The product of potentials satisfies tmmmutativityandassociativityas follows.
The proof is straightforward.

Theorem 5.2 Let B(X), B(Y), and B(Z) be potentials. The following hold:

1. Commutativity: BX) x B(Y) = B(Y) % B(X).
2. Associativity] B(X) = B(Y)] * B(Z) = B(X) = [B(Y) = B(Z)].
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Table 5.3:Bs(X, Y, Z) = Ba(X, y) * Bs(Y, 2)

x.y)  Ba) (Xy) B0 (y.2) BsO) (v.2 Bs()
(0,00 02 (1,00 3.4 (0,00 04 (1,00 2.0
01 12 (1,1) 0 0,1 08 (1,1) 01

(X’ \2 Z) BG() (X’ Y, Z) BG()

(0,0,0) 0.08 (1,0,0) 1.36
(0,0,1) 016 (1,0,1) 272
(0,1,0) 2.4 (1,1,0) O
(0,1,1) 012 (1,1,1) 0

5.2.2 Quotient

Next, we define theuotientof two potentials. To handle dividing by zero, we
introducezero-consistency et B(X) and B(Y) be potentials anilV = X U Y. If
for each configuratiom of W, we have

B(X'") =0,
whenever
B(Y'W) =0,

then B(X) is said to bezero-consistentvith B(Y). The potentialB;(Xx, y) in the
Table 5.4 (left) is not zero-consistent witBg(y, z) (right), for Bg(y =1,z =
0) =0butB;(x =1,y = 1) = 1.0; howeverB;(x, y) will be zero-consistent with
Bs(y,2)if B/(x=1,y=1)=0.

Intuitively, if B(X) is zero-consistent witB(Y), then whenever a configuration
w is impossible according t®(Y), it must be impossible according B(X).
Note that zero-consistency is hot commutative. WB€EK) is zero-consistent with
B(Y), B(Y) may not be zero-consistent wiB{( X). For instance, th8g(y, z) above
is zero-consistent witlB;(X, y) even thoughB;(Xx, y) is not zero-consistent with
Bs(y, 2).

Table 5.4:(Left) Potentials B(x, y); (Right) Bs(x, 2)

xy) B0 (xy) B (y.2 Bs) (v.2  Bs()

(0,00 03 (1,00 20 (0,00 25 (1,0 0
0,1 0 (1,1) 1.0 ©0,1) 08 (1,1 0
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Table 5.5:Potential B(x, Y, 2)

(Xv Yy, Z) Bg() (Xv Y, Z) Bg()

(0,0,00  0.12 (1,0, 0) 0.8
(0,0,1) 0375  (1,0,1) 2.5
(0,1,00 0O (1,1,0) 0
(0,1,1) 0 (1,1,1) 0

Definition 5.3 Let B(X) be zero-consistent with (8) and W= XUY. The
guotientof B(X) over (divided by) BY), denoted by BX)/B(Y), is a potential
B(W) such that for eaclw € Dy,

B(X'¥)/B(Y®) if B(Y'") > 0,
B(w) = {o if B(Y‘*) = 0.

B(X) is referred to as theaumeratorand B(Y) as thedenominator.

Intuitively, wheneveB(Y ") = 0, w is impossible according to bo(X) and
B(Y), and henceB(w) = 0. As an example, we repla&(x =1,y =1)=0in
Table 5.4. The quotierBy(X, Y, z) = B7(X, y)/Bs(y, 2) is shown in Table 5.5.

The following theorem establishes tagsociativityfor the product and quotient
of potentials.

Theorem 5.4 The product and quotient of potentials aassociative. That is, if
B(Y) is zero-consistent with &), then

[B(X) * B(Y)]/B(Z) = B(X) = [B(Y)/B(Z)].

Proof: Letw be a configuration oV = XUY U Z,x = XV?, y = YW andz =
Z\v 1f B(2) > 0, then

(B(x) * B(y))/B(2) = B(x) * (B(y)/B(2)).

If B(Y) is zero-consistent witl(Z), thenB(X) x B(Y) is zero-consistent with
B(Z). Hence, wherB(z) = 0, each term in the equation is zero. O

The order of the product and quotient can be altered as shown below:

Theorem 5.5 The product and quotient of potentials areder independentThat
is, if B(X) is zero-consistent with &), then

[B(X) * B(Y)l/B(2) = [B(X)/B(2)] * B(Y).
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Proof:

(B(X) = B(Y))/B(2)
= (B(Y) * B(X))/B(Z) (commutativity of product)
= B(Y) % (B(X)/B(Z)) (associativity of product and quotient)
= (B(X)/B(Z)) * B(Y) (commutativity of product)

The following theorem establishes the reversibility of potentials.

Theorem 5.6 The product and quotient of potentials aexersible That s, if B X)
is zero-consistent with @), then

[B(X) x B(Y)]/B(Y) = [B(X)/B(Y)] * B(Y) = B(X).

Proof: Letw be a configurationdfV = X UY,x = X andy = Y. If B(y) >
0, then
[B(X) * B(y)l/B(y) = [B(x)/B(y)] = B(y) = B(X).

When B(y) = 0, becausa(X) is zero-consistent witlB(Y), we haveB(x) = 0.
From the definition of a quotient, each term in the equation is zero. O

In summary, product and quotient operations on potentials can be performed ir
the same way as the corresponding operations on real numbers if care is taken wit
respect to zero-consistency.

5.2.3 Marginal

Marginals of potentials are similar to marginal distributions.

Definition 5.7 Let B(X) be a potential and Y X. A potential BY) is amarginal
of B(X) if for eachy € Dy,
By)= Y BX).
x:YX=y
That is, BY) is obtained by summing(B) for each x such that the projection of x
onto Y equals y. Denote the marginal b¢YB = 3 .,y B(X).

Table 5.6 shows a marginBho(X, y) = ) _, Be(X, Y, 2).
The following theorem provides a useful rule to simplify the computation of
marginals.
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Table 5.6:B1o(X, ) = Y, Bs(X, ¥, 2)

(X’ y) B].O() (Xv y) BlOO

(0, 0) 0.24 (1,0) 4.08
0, 1) 2.52 (1,1) 0

Theorem 5.8 Let B(X) and B(Y) be potentials and Z Y\ X. Then

> [B(X) x B(Y)] = B(X) = > _ B(Y).
Z Z

Proof: See Figure 5.3, which illustrates a $t= X UY and its subsety =
UuZandV = XUU,whereU NZ =@andX NU = @. The figure also shows
a configurationw € Dy and its projectionsx = X¥¥, y =Y v = V¥ and
u=u'v.

The term on the left of the equation defines a potemil) such that for each
V€ Dv,

B)= > B(X'")xB(Y').

wiViv=y

The term on the right defines a potent&|(V) such that for eaclv € Dy and
u=ut

B'(v) = B(X'")x Y B(y).

y:Uy=u

] ‘
—

— X

Figure 5.3: lllustration for proof of Theorem 5.8.
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Because for eacty such thatv ‘¥ = v,

Xiw — x (v X,
we have

B)= > B(X")xB(Y"™)=B(X")x Y B(Y'Y).
w:Viv=y w:Viv=y
Consider a givem € Dy andu = U'?, as shown in Figure 5.3. For eagtsuch
that V¥* = v, there exists a uniqug such thaty+* = y andU*¥ = u. On the
other hand, for eacisuch that) V¥ = u, a uniquew exists such that ** = y and

V¥ = y. Hence,
Y BY™)= > By,

w:Viv=y y:U¥=u

which impliesB(v) = B/(v). O

Considet) _, Ba(X, y) * Bs(y. z). ComputingBgs(X, Y, z)first,asin Table 5.3, and
then) ", Bs(X, Y, 2), as in Table 5.6, takes eight multiplications and four additions.
Computing)_, Bs(y, z) = B'(y) = (1.2, 2.1) first and therBa(X, y) * B'(y) takes
two additions and four multiplications.

5.3 Potential Assignment in Junction Trees

To use a JT representation of a BN for belief updating, the JPD of the BN needs tc
be converted into the belief over the JT. As in a BN, we seek a concise and localizec
belief representation by exploring the independence encoded in the JT.

Let T be a JT over a s&t of variables. Assign each clust€rin T a potential
Bo(Q) and each separat@ a potentialBs(S). Let B denote the set of all such
potentials. We will calll” = (V, T, B) ajunction tree representatidrof the domain
V. When there is no confusion, we simply referficas a JT.

Section 3.5 defines the notion cbnsistencéetween two adjacent clustef®
andC. Now that a potential is associated with their separ&dadhe notion needs
to be extended to include a constraint for the separator potential. The concept o
local consistencef a cluster tree representation introduced in Section 3.7 needs
to be extended accordingly. These concepts are extended here in. For reader
convenience, the notion gflobal consistenceéefined in Section 3.7 is repeated
here.

1 Although the ternjunction tree representationas been used informally so far, this is how the term is formally
defined.
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Definition 5.9 Let 7 = (V, T, B) be a cluster tree representation. Let Q and C
be two adjacent clusters with the separator S and their associated potentials be
Bo(Q), Bc(C), and Bs(S), respectively. Clusters Q and C are said tadoasistent

if

> " Bq(Q) = const * Bs(S) = const  » _ Bc(C).

Q\S C\S
T is said to beocally consistentf every pair of adjacent clusters ifi are con-
sistent.7 is said to beglobally consistenif for any two clusters Q and C (not
necessarily adjacent), it holds that

> " Bq(Q) = constx Y _ Bc(C).
Q\C C\Q

The following theorem establishes the relation between the JPD of a domain an
the cluster and separator potentials of a JT representation. We have Writteh
in the theorem instead @ < 2 for convenience and used a similar notatida T
for a separatos.

Theorem 5.10Let7 = (V, T, B) be a JT representation such that T is an I-map
over V. For each cluster Q, &Q) = consi = P(Q), and for each separator S,
Bs(S) = const x P(S). Then the joint probability distribution over V is

P(V) = constx H BQ(Q)/ 1_[ Bs(9S).
SeT

QeT

Proof. Without losing generality, assume const consp = 1. We then only have
to show

P(v) = [] P@ / 1P
QeT ST

We prove this by induction on the numbreof clusters. Whem = 2, let the two
clusters beC andQ. We have

P(V) = P(C)P(V\CIC) = P(C)P(Q\SIC) = P(C)P(Q\S|S)
= P(C)P(Q)/P(S),
where the third equation is due to the I-mapness of
Assume that the statement is true whes: k > 2. Considen = k + 1. Pick a

terminal clusteQ with separatoR. Define a JT representatiod(, T', B’), where
V' = V\(Q\R), T’ is obtained by removin@ andR from T, andB’ is the set of
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potentials associated wiffY. By the inductive assumption,

P(V)=[] P(Q / [P
SeT’

QeT’

BecauseT is an I-map, we have

P(V) = P(V)P(Q\RIR) = P(V)P(Q)/P(R) = [ P(Q) / 1‘[ P(9).

QeT

On the basis of Theorem 5.10, we define $lggtem potentidbr 7 as

Br(v) = [ ] Bo(Q) / [T (9. (5.1)
QeT SeT

Next, we consider how to assign local potentials in a JT representation so that its

system potential is equivalent to the JPD of the corresponding Bayesian network

(V, G, P). One simple method is introduced below. Given a node G with its

parentst (v), we refer to{v} U 7 (v) as thefamily of v denoted byimly(v).

Let a BN be ¥, G, P) and a JT obtained fror® be T = (V, @, E). For each
clusterQ and each separat8in T, associate it with aniformpotential. A potential
B(Q) is uniformif for eachq € Dq, B(q) = 1. For each nodein G, find a cluster
Q. in T such thatfmly(v) € Q, and break ties arbitrarily. Updat®(Q,) to the
productB(Q,) * P(v|m(v)). As an example, consider the BN in Figure 2.6 and its
JT in Figure 4.7. Figure 5.4 illustrates the potential of each cluster.

Clearly, the preceding potential assignment satisfies

Br(V) = [ [ Pwlr(v)) = P(V). (5.2)
veV
That is, the system potential is equal to the JPD defined by the BN. Hence, a JT
representation has been obtained that is equivalent (in the sense of JPD) to th
original BN.

P@P(g)Phaeg )

o P(b)P(g)P(¢ b.d.g

P(c)P(% )P(d cg ) P(g3)P(flbdg)

Figure 5.4: The potential of each cluster in the JT of Figure 4.7.
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However, the JT representation is not locally consistent (and hence not globally
consistent by Theorem 3.7). In Figure 5.4, only the potential of one cl@ster
satisfiesBc,(C3) = P(Cs3) because

P(c)P(g4)P(dic, gs) = P(c, d, gs).

The potential of any other cluster is not equal to the probability distribution over the
variables of the cluster. Hence, for some variables (e.g., for the varfgbtbeir
marginal distributions cannot be computed from the potential of an arbitrary con-
taining cluster. In the next section we present a method for concise message passi
in a JT that will bring the JT to consistence and therefore allow the computation of
a variable marginal locally from any containing cluster.

5.4 Passing Belief over Separators

We present a method developed by Jensen et al. [30] for belief updating in a J
representation of a BN through concise message passing. The method is based
a primitive operation calledbsorption, which passes concise messages between
two adjacent clusters in a JIT.

Algorithm 5.1 (Absorption) Let C and Q be adjacent clusters with separator S
in a JT, and B(C), Bg(Q), Bs(S) be their potentials such thatJ&Q) is zero-
consistent with B(S). Then Cabsorbsfrom Q by performing the following:

1. Updating B(S) to By(S) = ZQ\S Bo(Q).

2. Updating B&(C) to B;(C) = Bc(C) * g53.

Absorption is well defined becausBg(S) is zero-consistent wittBs(S). Ab-
sorption is one form of message passing. Witabsorbs fronQQ, messages flow
from Q to Sand then tcC.

To illustrate Absorption, consider the cavity example from Section 2.5.
Figure 5.5 and Table 5.7 show its JT representation with potential assignment
where 1 denotes a uniform potential. Afterabsorbs fromQ, the new potentials
are shown in Table 5.8.

Q S C
( : : >+C ( : )
P(c|h)P(h) P(t|c)

Figure 5.5: Junction representation of the cavity BN.
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Table 5.7:Potential assignment to the cavity JT

(c,h) Ba() c Bs() (t,o) Bc()
(yes, good) 0.07 yes 1.0 (yes, yes) 0.85
(yes, bad) 0.24 no 1.0 (yes, no) 0.05
(no, good) 0.63 (no, yes) 0.15
(no, bad) 0.06 (no, no) 0.95

From Step 1 of Algorithm 5.1, it is clear that the separ&@nd the cluste)
are consistent after absorption. On the other h@nghay not be consistent witB
yet and hence may not be consistent wiihTo bringC and Q into consistence,
another absorption d from C is necessary, as will be seen. Theportiveness
of the separator is introduced next to ensure that absorption can be performed i
both directions.

A separatolSis said to besupportiveif absorption can be performed &ither
direction C can absorb fron® and vice versa). A JT representatibris supportive
if every separator is supportive. Clearly, if the separator potentials are assignec
according to the method in Section 5.3, thErs supportive. Although this initial
supportiveness ensures that an absorption can be performed over each separatol
any direction, after the absorption, the supportiveness may change and prevent tr
performance of the next absorption. Lemma 5.11 shows that this will not happen
and that the supportiveness of a JT is invariant under absorption.

Lemma 5.11 Let the separator S between two clusters C and Q be supportive.
Then S is supportive after C absorbs from Q.

Proof: It suffices to show thaB(C) is zero-consistent witlB(S). Because
Bs(S)
Bs(9)’

this is clearly true. O

Bc(C) = Bc(C) =

Table 5.8:Potentials after C absorbs from S

(c. h) Bo() c Bs() (t.c) Bc()
(yes, good) 0.07 yes 0.31 (yes, yes) 0.2635
(yes, bad) 0.24 no 0.69 (yes, no) 0.0345
(no, good) 0.63 (no, yes) 0.0465

(no, bad) 0.06 (no, no) 0.6555
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From Eq. (5.2), the initial system potential of the JT is equivalent to the JPD of
the BN. Itis important that the absorption does not alter the system potential while
bringing the JT into consistence. Lemma 5.12 shows that this is indeed the cas
and that the system potential is invariant under absorption.

Lemmab.12 Let7 be asupportive JT. ThentBV) is invariant after an absorption.

Proof: Consider cluster€ andQ and their separat@. Suppos€ absorbs fronQ.
Absorption updatesBc(C) and Bg(S) into B:(C) and Bg(S). According to
Eq. (5.1), it suffices to show

BL(C) _ Bc(C)
BYS) _ Bs(S)

as follows:

BL(C)/B4(S) = [Bc(C) * BY(S)/Bs(S)]/ BL(S)  (Algorithm 5.1)
= [Bc(C)/Bs(9)] * Bg(S)/Bg(S) (Theorem 5.5)
= Bc(C)/Bs(9) (Theorem 5.6)

The purpose oAbsorption is to bring adjacent clusters in a JT representation
into consistence. Proposition 5.13 shows that this effect is indeed achieved. The
is, two clusters areonsistentfter an absorption is performed over the separator at
each direction.

Proposition 5.13 Let the separator S between two clusters C and Q be supportive.
Clusters C and Q are consistent if C absorbs from Q followed by absorption of Q
from C.

The result holds even if the potential in C changes between the two absorption:
as long as S remains supportive.

Proof: After C absorbs fronTQ, denote updated potentials as follows:

Bc(C)  By(S =) Bo(Q)  By(Q) =Bqo(Q)
Q\S

After Q absorbs fronC, denote updated potentials as follows:

BE(C)=Be(C)  BYS=) Be(C)  BY(Q) = Bo(Q) * BYS)/B(S)
C\S
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Because
Y B5(Q) =) Bo(Q) x B&S)/B(S)
Q\S Q\S
= [B5(9)/B&(9)] * ) _ Bo(Q) (Theorems 5.4 and 5.8)
Q\S
=[Bs(S)/Bg(S)] * Bg(9)
= B(S). (Theorem 5.6)

C andQ are consistent. Inasmuch as the proof depend3 d€) but notB¢(C),
the result holds even B (C) changes after the first absorption. O

When C absorbs fromQ, each value inBo(Q) is summed, and each value
in Bc(C) is updated. Hence, the complexity of absorption is exponential on
max(Q], |C|). In other words, the complexity ©(2m2(Ql.ICD),

5.5 Passing Belief through a Junction Tree

Proposition 5.13 suggests that, to makdocally consistent, absorptions need to
be performed along every separator in both directions. These absorptions can b
organized into two rounds of concise message passing, as illustrated in Figure 5.€
To start with, select a cluster arbitrarily, s&g, and direct links off away from
C (white arrows). NowCy becomes the root of the junction tree abglandC;
become leaves. Next; absorbs fronC, and fromC; followed by absorption of
Co from C;. This is aninward message passing from leaves towards the root (along
black arrows). FinallyC; absorbs fronC followed by absorption o€, from C;
and absorption o€3 from C;. This is anoutwardmessage passing from the root
towards leaves (shown by white arrows).
The message passing can generally be described in an object-oriented fashion :
follows. The outward message passing is specifiddigtributeEvidence.

Figure 5.6: lllustration oCollectEvidenceandDistributeEvidence.
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Algorithm 5.2 (DistributeEvidence) Let Q be a cluster ir7". A calleris either
an adjacent cluster of . When the caller calls in Q, it does the following:

1. If caller is a cluster, Q absorbs from it.
2. Cluster Q callDistributeEvidencen each adjacent cluster except caller.

In Figure 5.6,7 callsCy to startDistributeEvidence. In responseC, callsC;.
ClusterC, absorbs fronCy and then call€, andCs. After C, (C3) absorbs from
C,, it terminates. The inward message passing is specifi€dllectEvidence.

Algorithm 5.3 (CollectEvidence) Let Q be a cluster ir/ . A calleris either an
adjacent cluster o7 . When the caller calls in Q, it does the following:

1. Cluster Q callCollectEvidencen each adjacent cluster except caller.
2. After each called cluster has finished, Q absorbs from it.

In Figure 5.6,7 calls Cy to startCollectEvidence. In response;, calls Cq,
which in turn callsC, andCsz. WhenC; (Cg) is called, it has no adjacent cluster
except the caller and hence returns immediately, caling absorb fronC, (Cs).
After C, finishes,Cy absorbs fronC,; and terminate€ollectEvidence. The two
rounds of message passing are combinddriifyBelief.

Algorithm 5.4 (UnifyBelief) 7 selects a cluster Q and cal(SollectEvidencen
Q. After it finishes7 calls DistributeEvidencen Q.

The following theorem establishes thatifyBelief renders/ locally consistent.
Theorem 5.14 Let7 be supportive. Then afteémifyBelief, 7 is locally consistent.

Proof: We prove the theorem by induction on the numbkef clusters in7. The
theoremiis trivially true fok = 1. Assumethatitistrue fde = n > 1, and consider
k =n+ 1. SupposeéJnifyBelief is performed inZ7” with a root Q*. Let Q # Q*
be a cluster with a single adjacent clusterSuch aQ exists becausk > 1 and
7 is atree. Letl’ be the JT withQ removed from7 . BecauseQ is a leaf in7,
UnifyBelief can be viewed as follows:

1. C absorbs fromQ.
2. 7' callsUnifyBelief in Q*.
3. Q absorbs fronC.
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Becaus& = nfor7”’, 7" islocally consistent after the second step by assumption.
According to Proposition 5.13) andC are consistent after the third step. O

From Theorems 5.14 and 3.7, we derive the following result on the global
consistency.

Corollary 5.15 Let 7 be supportive. Then aftetnifyBelief, 7 is globally
consistent.

Theorem 5.16 tells us that the marginal distribution of any variable can be com-
puted from any cluster iff . In fact, the marginal over any subset of any cluster can
be computed effectively using the cluster potential.

Theorem5.16Let7 = (T, By(V)) be alocally consistent JT representation. Then
for each cluster X,

Bx(X) =) _ Br(V).

VX

Proof: We prove by induction on the numbkrof clusters in7. The statement
holds ifk = 1. Assume that it holds whdn=n > 1. Considek = n + 1. LetQ
be a cluster with a single adjacent clusteand their separator b&

Let7" be aJT obtained by removi@andSfrom7, andV’ = V\(Q\S). Then
7 = (T, Br(V')). From Eq. (5.1), it holds that

Br(V) = Br(V') x Bo(Q)/Bs(S). (5.3)
Because/ is locally consistent, we have

Y Bo(Q) =Bs(S) =Y _ Bc(C), (5.4)

Q\S C\S

where we have assumed a unit value of all the constants for simplicity. Furthermore

Y Br(V) =) Br(V)xBg(Q)/Bs(S) (Eq.(5.3))

Q\S Q\S
= [Br(V')/Bs(9)] * ) Bo(Q) (Theorems 5.4,5.2 and 5.8)
o\ (5.5)
= [Br/(V')/Bs(9)] * Bs(9) (Eq. (5.4))

= Br/(V). (Theorem 5.6)
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Hence for every clusteX in 7'/, we have

Z Br(V)= Z Z Br(V)

VX VX Q\S
=Y Br(V)  (Eq.(55)
V/\ X
= Bx(X). (inductive assumption)
For X = Q,
D Br(V) =) Br(V)xBo(Q)/Bs(S) (Eq.(5.3))
V\Q V\S
= [Bo(Q)/Bs(S)] * ) Br(V') (Theorem5.8)

V\S
By recursively marginalizing out variables contained in each terminal clust’, of

we have
> Br(vV)=) Bc(C).

VS C\s
Using Eg. (5.4) and Theorem 5.6, we obtain

> Br(V) =[Bo(Q)/Bs(S)] * Bs(S) = Bo(Q)-
ViQ O

Letn be the number of clusters i andg be the cardinality of the largest cluster.
UnifyBelief performs two absorptions over each separator. Hence, its complexity is
linear om (there ara — 1 separators) and exponentialptusing theO() notation,
we state the complexity a®(n2%). This implies thatUnifyBelief is efficient as
long as the largest cluster is reasonably small.

The value ofy depends on both the connectivity of the original DAG dependence
structure as well as the conversion process from the DAG to the JT structure. The
connectivity of the DAG affectg in two ways: Because for each variahigits
family fmly(v) is completed during the moralization we have

g = max|fmly(v)|.
veV

Thatis,q is lower bounded by the size of the largest family in the DAG. Furthermore,
the number of cycles and how they are connected also affect the vadue of

Next, consider the conversion process. The moralization step in the conversiol
process is deterministic. Once the chordal structure is obtained, the number o
clusters in the JT and their cardinalities are fixed. The only step that can make
a difference is then the triangulation, where as few as possible fill-ins should be
added. Although heuristics can be used to keep the fill-ins minimal in many cases
the general problem of finding the chordal graph with the minimal fill-ins is NP-
complete, as discussed in Section 4.6.
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To keep the valug small, another opportunity that can be explored is to keep
the original DAG structure sparse by notincluding arcs that correspond to the wealk
dependence. Loosely speaking, the dependence between a parent yaaiathle
child variablex is weakif P(x|y) is close toP(x). In other wordsy does not have
a strong influence oRr, or, alternatively, knowing the value gfdoes not change
one’s belief inx significantly.

5.6 Processing Observations

When the values of a subs¥tof variables are observed, it is desirable to compute
P(v|X = x) for somev € V. From Sections 2.3 and 3.3,

P(VIX) = P(V, x)/P(x)

can be computed by settif®(v) = 0 for each configurationof V such thafX+? £
x and themormalizingthe resultant potential. Formally, we defineabservation
onx € X as a function

1 if x =x¥

0 otherwise.

obgx) = {

We have

P(V|X) * P(x) = P(V) x ] | obg(x).

xeX
Under the JT representation (Eq. (5.1)), this becomes
P(V|x) * P(x) = Br(V) [ ] obs(x).
xeX

This equation suggests the following effective way of entering observations:

Algorithm 5.5 (EnterEvidence) Given observations X x, for each xe X, find
acluster Q in7 such that xe Q and replace B(Q) by Bo(Q) * obg(x).

After EnterEvidence, is performed the system potential will be

Br(V) * [ ] obg(x).
xeX
If UnifyBelief is performed next, according to Theorem 5.B§Q|x) can be ob-
tained from each cluste&p by normalizing its potentiaBg(Q).

To summarize, given a BN, it can be converted into a JT representation by moral-
ization, triangulation, JT construction, and cluster potential assignment. Before any
observation is availabléJnifyBelief can be performed in the JT. The prior proba-
bility distribution of any variable can then be obtained by marginalization of the
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potential of any cluster that containsAfter any observatiolXX = x is made, it can

be entered bfznterEvidence. By performindJnifyBelief once again, the posterior
probability distribution of any variable can be obtained from any containing clus-
ter. Our goal of exact belief updating for nontree BNs by concise message passin
in a single graphical structure has now been achieved.

5.7 Bibliographical Notes

A special case of Theorem 5.8 is presented in Jensen [29] (Proposition 4.1). Anothe
special case of Theorem 5.8 is presented in Shafer [62] (Section 1.2, Property 2
Absorption, CollectEvidence, andistributeEvidence were proposed by Jensen

et al. [30].

Alternative methods for exact belief updating with nontree BNs by concise mes-
sage passing in a single graphical structure include Shafer—Shenoy propagatic
(Shafer [62]), laze propagation (Madsen and Jensen [39]), and propagation of be
lief functions by Shafer et al. [64].

5.8 Exercises

1. Calculate the product of the following two potentials.

Two potentials for Exercise 1

(X? Yy, Z) Bl() (Xv Y, Z) Bl() (Xs w, Z) BZ() (X’ w, Z) BZ()
0,0,00 008 (1,0,0) 15 0,0,00 52  (1,0,0) 62
0.0,1) 016 (1,0,1) 26 0,0,1) 48 (101 12
0.1.0) 24  (L1,0) O 0,1,00 04  (1,1,0) O
0.1.1) 012 (11,1 05 ©0,1,1) 36 (L11) 25

2. Forthe potentialB; (X, y, z) andB,(X, w, z) given in question 1, determinel (X, vy, 2)
is zero-consistent witlB, (X, w, z).

3. Compute the quotienBs(X, Y, z)/Bs(X, w, Z) with the potentialsBs(X, Yy, z) and
B4(X, w, ) given below:

Two potentials for Exercise 3

x,y,2) B:) (x,¥.2 Bs() (X, w, 2) Bi) (X,w,2) Ba()
(0,0,0) 008 (1,0,0) O (0,0, 0) 5.2 (1,0,0) 0
(0,0,1) 016 (1,0,1) 26 (0,0, 1) 4.8 (1,0, 1) 1.2
(0,1,0) 2.4 (1,1,0) 0 (0, 1,0) 0.4 (1,1, 0) 3.6

(0,1,1) 012 (1,1,1) 05 ©, 1, 1) 0.2 (1,1, 1) 2.5
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4. For the potentials given in question 3, compute

> Ba(X. Y. 2) * Ba(x, w. 2).

(Hint: What is the most efficient method of computation?)
. The topology of a digital circuitis shown in Figure 5.7. Each AND gate has a 0.01 failure
rate. The failure rate for an OR gate is 0.015 and the one for a NOT gate is 0.005. Wher
an AND gate fails, it produces correct output 10% of the time. When an OR gate fails,
it produces correct output 40% of the time. When a NOT gate fails, it outputs correctly
70% of the time.

Construct a BN for the circuit. Use its JT representation to compifiea = 1,
b =0, h = 0) for each variable that is unobserved.

b e [0 |

Figure 5.7: A digital circuit.

6. Proposition 5.13 allows the potential @1to change between the two absorptions but

requires that the separatSremain supportive.
Under what situations, can a change in the potenti& oénder the originally sup-
portive S unsupportive? Demonstrate with an example.
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Multiply Sectioned Bayesian Networks

Chapters 2 through 5 studied exact probabilistic reasoning using a junction tree
representation converted from a Bayesian network. The single-agent paradigm i
followed in the study. Under this paradigm, a single computational entity, an agent,
has access to a BN over a problem domain, converts the BN into a JT, acquire
observations from the domain, reasons about the state of the domain by concis
message passing over the JT, and takes actions accordingly. Such a paradigm has
limitations: A problem domain may be too complex, and thus building a single agent
capable of being in charge of the reasoning task for the entire domain becomes to
difficult. Examples of complex domains include designing intricate machines such
as an aircraft and monitoring and troubleshooting complicated mechanisms suc
as chemical processes. The problem domain may spread over a large geographic
area, and thus transmitting observations from many regions to a central location fo
processing is undesirable owing to communications cost, delay, and unreliability.

This and subsequent chapters consider the uncertain reasoning task under tl
multiagentparadigm in which a set of cooperating computational agents takes
charge of the reasoning task of a large and complex uncertain problem domair
This chapter deals with the knowledge representation. A set of five basic assumg
tions is introduced to describe some ideal knowledge representation formalism:
for multiagent uncertain reasoning. These assumptions are shown to give rise to
particular knowledge representation formalism termedtiply sectioned Bayesian
networks(MSBNSs). This places MSBNs at a prominent position in implementing
multiagent distributed uncertain reasoning systems.

Section 6.2 defines the task of multiagent distributed uncertain reasoning
Section 6.3 introduces basic assumptions on agent belief representation, interage
message content, and agent organization preference. The logical implications ¢
these assumptions for agent communications structure is derived by applying
several results in earlier chapters to the multiagent context. Section 6.4 introduce
a basic assumption about causal modeling and derives the implication for ager

107
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communications interface. Section 6.5 combines and extends the results fron
Sections 6.3 and 6.4 to derive the dependence structure of a multiagent systen
Section 6.6 introduces a basic assumption about agent knowledge complement ar
consistence. Multiply sectioned Bayesian networks are shown to be the logical
consequence of the five basic assumptions. How to construct an MSBN, how tc
compile it for effective multiagent belief updating, and how to perform such belief

updating by concise message passing will be presented in subsequent chapters.

6.1 Guide to Chapter 6

Inthis chapter we consider large and complex uncertain problem domains populate
by multiple autonomous agents. The task of agents is to determine what is the trut
state of the domain so they can act upon it. To illustrate the ideas without getting into
complex details, considertdvial digital system (Figure 6.1) of three components:
Co, C1, andC,. Note thatCy andC; are interfaced by signalsandk and thatC;
andC; are interfaced by signals b, andc. Suppose that three agemts, A1, and

A, are each assigned to one component. Their task is to monitor and troubleshoc
the digital system. Each agent’s knowledge is limited to one particular component
(e.q.,Aq knows only the gates and their input and output relatior&ibut knows
nothing about the internal workings @f; beyond its sharing the signajsand

k; Ag does not even know the existence®@f). Each agent’s perspective is also
limited so that it can only observe local events at the corresponding component
For instance Ag can observe the input and outputgf with a cost, but it cannot
observe the input and output gf (it does not even know the existencegpj. The

state of each gate is unobservable. The input or output of some gates may also k
unobservable. To determine the states of gates and unobservable signals, each ag
must make inferences from its local observations. Because connections betwee
components impose constraints on their signals, an agent may benefit from the
knowledge and observations of other agents. For examglés finobservable and

Ap observek = 0 andl = 1, then whatA; thinks about the value of (perhaps

g1 Jg
d10 92 a a h
f — o] —1 )
e
b—e -
. 04 d g3 ° % 97 i
J D e
k ¢ ¢
CO C]_ CZ

Figure 6.1: A trivial digital electronic system of three components.
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from observations od andk, andA;’s belief on the state af,) would be helpful

for Ap to determine the state g§. Section 6.2 elaborates on the task of distributed
uncertain reasoning by multiple agents. In the remaining part of the chapter, we
study how agents reasoning in such an uncertain environment should be organize
in their knowledge representation and communication.

The approach taken is not to offer knowledge representation formalism as &
solution that is to be taken for granted. Any such formalism must impose some
constraints so that a given representation can be verified as legal or rejected &
illegal. This is no different than the syntax of a programming language, which can
be used to accept a given program as syntactically correct or to reject it as containin
syntactic errors. A constraint, by definition, will restrict freedom in knowledge
representation and hence may be considered undesirable for some reasons. Hen
the necessity of a constraint or a formalism cannot be determined by itself but need
to be judged by what it can deliver (i.e., what inference can be performed once the
constraint is observed or the formalism is followed). The approach we take is ther
to lay out a set of seemingly desirable requirements (terbasit assumptions)
and to derive a knowledge representation formalism as the logical consequence ¢
these requirements.

As in the single-agent case, we represent the environment by a set of variable
called atotal universe. Because each agent only has a limited perspective on the
environment, this implies that each agent only has knowledge over a subset 0
variables called aubdomain. For the preceding example, this meansAhanly
has the knowledge ovéfy = {j, k, I, m, n, 0, gs, g, Q10}-

Section 6.3 introduces three basic assumptions. The first of these stipulates th
each agent’s belief is represented by probability. This assumption not only require:
each agent to represent its belief using a probability distribution but also to perform
belief updatingexactly. For the example above, this means that the beliéfof
over the state o2y should be represented &5(Vp). After d = 0 is observed
by A; and communication betweefy, and A; takes placeAg’s belief should be
Po(Vold = 0).

The second basic assumption requires an agent to communicate directly witl
another agent only with eoncisemessage: its belief over the variables they share.
Hence,Ag can communicate directly witlh; only with Py(j, k), and Ag cannot
communicate directly withA, because the two share no common variables. This
basic assumption is consistent with the autonomy of agents. An agent needs to kno
nothing beyond its subdomain. Because each agent knows nothing beyond its sul
domain, the only thing that can be exchanged is the belief on the common variables

In Chapter 3, we have shown that exact belief updating cannot be achievec
with concise message passing in cluster graphs with nondegenerate cycles. If w
construct a cluster graph in which each cluster is the subdomain of an agent an
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Vo 8K FCVa D-ffaboli-C Ve O

Figure 6.2: A cluster graph modeling the three-agent system.

each link is a nonempty intersection of two clusters it connects, then this cluster
graph models the communication pathways of a multiagent system. For instance, th
cluster graph in Figure 6.2 models the communication pathways of the three-agen
system. The linkVp, V) signifies the direct communication path betwegand

A1, and the pathVy, V1, V,) signifies the indirect communication path between
andA,. Because cluster graphs model agent communication precisely, our analysi:
in Chapter 3 is directly applicable to multiagent communication. The third basic
assumption requires that a simpler agent organization is preferred in which agen
communication by concise message passing is achievable. According to the resu
from Chapter 3, it follows that a tree-organization for agent communication should
be adopted.

Section 6.4 introduces the fourth basic assumption. It requires each agent t
represent its subdomain dependence as a DAG. As demonstrated in Chapter 2,
DAG allows the agent’s belief over a subdomain to be encoded concisely (through
the chain rule). Hence, this assumption is a requirement about efficiency.

The first basic assumption requires each agent to represent its belief over it:
subdomain with a probability distribution. In theory, a JPD can also be defined over
the total universe. What should be the relation between the JPD and each agent
belief over its subdomain? Section 6.6 introduces the fifth basic assumption, which
requires the JPD to be consistent with each agent’s belief over its subdomain. The
assumption enforces cooperation among agents and interprets the JPD thus defin
as thecollective beliebf all agents. In other words, the collective belief reflects the
expertise of each agent within its subdomain and supplements the agent’s limitec
local knowledge outside its subdomain.

From the five basic assumptions, Sections 6.3 through 6.6 derive stepwise the
constraints that logically follow from them. Collectively, these constraints specify a
knowledge representation formalism called multiply sectioned Bayesian networks
(MSBNs). We illustrate the MSBN constructed for the three-agent example of
Figure 6.2. Like a BN, an MSBN has its structural part. Each agent represents
the dependence structure in its subdomain as a local DB& G, andG; in
Figure 6.3). The union of these local DAGs should be a connected DAG, as is the
casein Figure 6.3 (although the union operation will never be performed in practice).
The local DAGs should be organized into a tree such as the one in Figure 6.2 with
eachV, replaced byG;. This tree organization dictates the pathways of agent
communication. A node shared by multiple local DAGs may have parent nodes in
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Figure 6.3: Local DAGs of the three-agent system.

several of them. All these parent nodes should be contained in at least one of th
local DAGs. For instance, nodehas parenk in Go and parentg, d, andg, in G;.

All of them are contained iG;. The numerical part of the MSBN is very similar

to that of a BN. To quantify the strength of probabilistic dependence, each node ir
the graphical structure is associated with a probability distribution conditioned on
its parent variables. The exception is that, for each node shared by multiple agent:
only one of its occurrences is associated with a conditional probability distribution.
Figure 6.4 shows the conditional probability distributions associated with the local

DAGs. Note that only one of the two oc

currences of npaeassigned a conditional

o Pao) . P@) P@)
| g
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Figure 6.4: Conditional probabilities associated with local DAGs.
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probability distribution. The collective belief of the multiagent system, the JPD, is
then defined by the product of all such distributions.

6.2 The Task of Distributed Uncertain Reasoning

So far, we have considered modeling and inference using Bayesian networks unde
the single-agent paradigm. That is, a single reasoner holds a centralized knowl
edge representation, gathers observations about the domain, and reasons about
domain through a centralized inference computation. As discussed in Section 1.4
the larger and more complex the problem domain considered becomes the mor
difficult it is to use the single-agent paradigm. In the context of BNs, these prob-

lems include difficulty in constructing and maintaining a very large network as a

single unit, the cost of transmitting observed variable values to a central location
and the associated time delay and unreliability (due to communication failures),
and the computational expense of belief updating in the large network. One solutior
is to explore the natural distribution of knowledge and sensors, and to distribute
modeling and inference accordingly using the multiagent paradigm.

First, let us rephrase the uncertain reasoning task under the multiagent paradign
Consider a large uncertain domain populated by multiple autonomous agents. Th
agents’ task is to determine the true state of the domain so they can act upon it
We can still describe the domain with a set of variables, as in the single-agent
paradigm. However, owing to the knowledge distribution and sensor distribution,
each agent only has knowledge about a subset of variables, can only observe ar
reason about variables within the subset, and can only act to control variables withir
the subset. Clearly, to benefit from the knowledge and observations of others, agent
must communicate. How can agents cooperate to accomplish the task with the lea:
amount of communication?

To make the task concrete, consider a system of five components that may b
remotely located. As shown in Figure 6.5, each component is interfaced with one ol
more additional components. The system may be mechanical, electrical, or chem
ical. It may be natural or man-made. We consider here a digital electronic systermr
because no special domain knowledge from readers is required to comprehend tr
details. Figures 6.6 through 6.10 depict each of the five compointisrough

Figure 6.5: A system of five components.
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Figure 6.6: Componer@, of a digital system.
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Figure 6.8: Componert,.
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Figure 6.9: Componer@s.
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W2

Figure 6.10: Componei@,.

C4, and Figure 6.11 presents an integrated view of the entire system in which
components are shown in dashed boxes.

Our purpose is to use this digital system to illustrate many issues arising in
uncertain reasoning in multiagent systems. By making all devices in the system
explicit, readers can better appreciate the technical issues to be presented and ¢
verify the results manually. This will not be possible if, instead, a huge system is
used with many details omitted. On the other hand, in practice, a digital system on
the scale of the preceding example can easily be handled by a centralized monitorin
agent. For instance, Bayesian networks with hundreds of variables have been bui
(e.g., Pradhan et al. [56] and Pfeffer et al. [53]). A multiagent system should be
capable of handling problem domains of even higher complexity. Therefore, the
foregoing example is not a reflection of the scale of the problems that we set out tc
deal with. Readers should keep this in mind because many of the examples used |
the remaining chapters of the book apply the same compromise.

Each component can be associated with a computational agent responsible fc
monitoring and troubleshooting a given component. The agent can acquire loca
observations from sensors and reason about the values of unobservable variables
the component. Because components are interfaced with each other, observatiot
obtained by other agents may be valuable to a given agent in reasoning about it
local component. For instance, consider the part of the digital system depicted ir
Figure 6.12, which involves three compone@is C,, andCs. Let the components
be monitored by agent&,, A,, and Az, respectively. Normally, the state of each
gate is unobservable. That is, whether or not a gate is normal or faulty cannot be
directly observed and can only be inferred from its input and output. Suppose that
the outputwg of the AND gated; and the outpug, of the NOT gatdg are also
unobservable (or cannot be observed under an affordable cost) AN@wnable
to determine whether the gatdeis functioning correctly after the inpuss andug
are observed. However, suppose that aggrtan observiey andng and that agent
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Figure 6.11: The integrated view of tlgital system.
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___________________________________

Figure 6.12: The agent f&, may benefit from the observations of other agents whgn
andz, are not observable.

Az can observe;. Then, by communicating with; and Az, agentA, will be able
to reduce its uncertainty about the gdteand can sometimes reach a high level of
certainty.
As a concrete scenario, suppose thatobservesy = 0 andug = 1, where 0
and 1 are logical signal levels (see Figure 6.13). Based on the knowledge abou

Figure 6.13: Agentg\;, A, and A3 make observations at the corresponding components.
Each arrow goes from an observable variable to an observing agent. The observed logicz:
value is labeled beside the arrow head.
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AND gates, A, expectswg to be 0 andz, to be 1 if gatesd; andtg are normal.
Agent A, cannot confirm the state df andtg becausevy andz, are unobservable.
Suppose tha#\; observesy = 1 andng = 0. If gategy is normal,A; will expectz,
(also unobservable fok,) to be 0: a belief in conflict with that of,. Suppose that
Az observeg); = 0. If gateds is normal, Az will expectwg (also unobservable for
Az) to be 1, which is another belief conflicting with that Af. However, without
communication among the three agents, the conflicts will not be realized.

Now suppose tha#, communicates with the other two agents about their indi-
vidual belief on shared variableg; betweenA; and A, andwg betweenA, and
As. The conflicts will now be perceived. Clearly, the observations imply that it is
impossible for all gates to be functioning normally, as originally believed. Several
hypotheses, however, exist. One hypothesis isa¢h& hormal and produces &,
is normal and produces 1, but gatesandds are both faulty. Another hypothesis is
thatd, is faulty and produces 1 and all other gates are normal. If gates break dowr
independently with small probabilities, as is usually the case, the second hypothes
(one faulty gate) is much more likely than the first one (two faulty gates). Therefore,
unless there are observations in the rest of the digital system that provide additions
support to the first hypothesis, the agents should believe the second hypothes
much more than the first. On the basis of that belefperhaps would either sound
an alarm about;, (which requires little additional hardware resources), or activate
a backup circuit (which requires significantly more additional resources) to replace
d;.

Our objective is to develop a computational framework that will allow such
multiagent uncertain reasoning to be performed. In the following sections, we
specify several basic assumptions about the multiagent reasoning task and derive
representation formalism, MSBNSs, as the logical consequence of these assumption
The termcommunicationvill be used to refer to any exchange of messages, directly
or indirectly, between two or more agents.

6.3 Organization of Agents during Communication

Following Bayesian probability theory, we assume that each agent represents it
belief about the problem domain in terms of a probability distribution.

Basic Assumption 6.1Each agent’s belief is represented by probability.

We also interpret Basic Assumption 6.1 as requiring belief updating to be performec
exactly (versus approximately).

We consider a total univer&éof variables over which a multiagent system made
of n > 1 agentsA,, ..., An_1 is defined. Eacl?; has knowledge over ¥ C V,
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called thesubdomairof A;. Note thaty; V; = V. From Basic Assumption 6.1, the
knowledge ofA; is a probability distribution oveY; denoted byP, (V;).

We take it for granted that for agents and A; to communicatelirectly they
must share some variables, thatVs,N V; # #. We will refer toV; NV, as the
interfacebetween agentd; andA;. To minimize communication, we allow agents
to exchange only their belief on the interface. Although an agent can communicate
directly only through an interface, it can influence another ageimdiyect com-
munication through a sequence of direct communications over a set of intermediat
agents. In a multiagent system, each agent’s belief should potentially be influentia
in any other, directly or indirectly; otherwise, the system can be split in two. We
express these considerations in the following basic assumption.

Basic Assumption 6.2An agent Acan in general influence the belief of each other
agent through direct or indirect communication but can communidattly to
another agent Aonly with R(V; N'V;) where VNV # 0.

Basic Assumption 6.2 requirencise(versusmassiv¢ messagesp (Vi NV;),
to be passed between agents. Note that it is implied Mpatan also commu-
nicate directly withA; by receiving P;(V; N V;j) from the latter. To distinguish
this communication from the message sent between nodes or clusters in earlie
chapters, we refer to it as anternal messager simply i-messageand we re-
fer to B (N; N N;) as anexternal messager simply e-messageAccordingly, we
term direct communication between ageertmessage passinglote that both
i-messages and e-messages @rcisemessages (versumassivemessages in
Section 2.8).

Consider the digital system example. According to the physical division of com-
ponents, the subdomain for agef is

Vo = {ao, bo, Co, €, fo, 01, 92, U3, 04, S1, V1, V4, We, X3, Z2},

and the subdomain for ageAt is

V1 = {ep, 9o, Us, 97, Us, 9o, i0, Ko, No, O, Po, o, o, t1, t2, Us, w7,
Y1, Y2, 21, 22, Z3, Z4}.

The two subdomains share variables
Vo N V1 = {&p, 2},

because they are the output of compon€pntinto componenCy. Such subdo-
main division, entirely determined by the physical component division, although
sometimes preferred, is less general and inflexible.
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Figure 6.14: Virtual componeti, of the digital system.

Subdomain division does not have to be bounded by the actual physical division
Some physical devices (gates in the example) in one component can be “virtually’
represented in subdomains associated with other components. This more genel
representation is sometimes preferred because it is desirable to share certain va
ables among agents beyond the physical input or output. It may also help to achiev
certain technical properties, as will be seen in the later chapters (e.g., Section 10.6
We will demonstrate this more general subdomain division with the understanding
that one can always apply the more restrictive physical division if such generality is
not needed. Figures 6.14 through 6.17 depict the “virtual” compot&tisrough
Us.

The virtual component)y is identical to the physical compone@t. For the
convenience of comparison with, we reproducé)y here. The virtual component
U, however, differs from its physical counterp&t. The “virtual” devices are
indicated by a dashed box. Similarly, virtual compondstsandU3 also contains

XsL !
€ ! C |
gi: Og 0 : 9 0 3 !
' aO [ bo f
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Figure 6.15: Virtual component; of the digital system.
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Figure 6.16: Virtual componeti,.

virtual devices. The virtual componebh, is identical to the physical component
C4 and hence is not shown. Note that an agent cannot observe a virtual signal. |
a signal is represented in more than one component, only its physical occurrenc
may be observable. For example, the signalk physically present in component
C, but is represented in both virtual componddisandUs. Only the agenf, (but
not Az) may observe the value af if the signal is observable. The subdomain
division using the virtual components is summarized in Table 6.1. The resultant
agent interfaces are summarized in Table 6.2.

Pathways for e-message passing can be represented by a junction grap
(Section 3.2H = (V, 2, E), where2 = {V;]i =0,...,n—1}, and

E = {(V1, V2)|V1, Vo € Q, V1 # Vo, Vi NV, # ().

Figure 6.17: Virtual componetis.
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Table 6.1:Subdomains of digital system monitoring agents

Agent Component Subdomain
Ag Uo Vo = {ag, bo, Co, €, fo, 91, G2, U3, G4, S1, V1, Va, We, X3, Zo}
Aq U V1 = {ag, b, Co, &, fo, Jo, 91, U2, 5, 97, Gs, Jo. i0, Ko, No,
OO» po: q01 rOv tlv t23 Us, Wy, X37 YL y27 Zl» 221 231 24}
AZ UZ V2 = {.a21 b21 dls d21 d3, d4, eZa fl9 g7s 981 997 h29 i09 i19 i27

j2, Ko, K1, No, 0o, Po, do, o, So, 2, to, o, t3, t4, ts,
ts, 17, tg, g, Uo, ve, V7, wo, W2, ws, wg, Wy, Xo, X4, Xs,
yO» y2» Y4, 209 241 Z5}

Az Uz V3 = {ay, by, di, dy, d3, ds, dg, d7, dg, |1, N1, 01, P1, O, S0,
Uo, wo, Xo, Yo, Zo}

Ay Us V4 = {do, dy, €, O, N2, i2, j2, |2, My, N2, 02, O, 14, ts5, 7,
w2, X4, Y4, Zs}

Each separator iRl represents a pathway for direct interagent communication.
Each path of length greater than 1 represents a pathway for indirect communicatior
We will refer toH as acommunications graph. Figure 6.18 shows the communi-
cations graph for the digital system monitoring agents.

Although this graph turns outto be atree, itis not the case in general. For instance
the virtual componerit, may alternatively be defined &k shown in Figure 6.19.

The additional virtual device and signal are shown in the shaded area. This additiol
not only enlarges the interface betwe&nand A into

112 = {0, 97, Gs, Go. i0, Ko, No, 0o, Po. T, N0, t2, Y2, Z2, Za},

where the new elements are underlined, but also creates a new interface betwe
Ag and Ay,

Ié,z = {z2}.

The communications graph, aftep is replaced byJ;, is shown in Figure 6.20.

Table 6.2:Agent communication interfaces

Agents Interface

Ao vs Ay lo,1 = {@0, bo, Co, €0, fo, G1, G2, X3, Z2}

Ay vs Ay l1,2 = {097, O8, Go, i0, Ko, No, 0o, Po, Qo, ro, t2, Yo, Za}
As vs Az 123 = {ap, by, dy, da, d3, So, Uo, wo, Xo, Yo, Zo}

Ao vs Ay I2.4={&, hy, iz, j2, 4, t5, t7, wo, X4, Ya, Z5}
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Figure 6.18: The communications graph for digital system monitoring.

Because each agent's belief can potentially be influential in any other agent'’s
belief, directly or indirectly,H is connected This analysis is summarized in
Proposition 6.1.

Proposition 6.1 Let H be the communications graph of a multiagent system that
observes Basic Assumptions 6.1 and 6.2. Then H is connected.

The communications graph of a multiagent system is graph-theoretically equiv-
alent to the cluster graph we investigated in Chapter 3 for single-agent i-messag
passing, as summarized in Table 6.3. This equivalence is important, for it makes
several results on cluster graphs in earlier chapters directly applicable to commu
nications graphs, as we shall see later. On the other hand, communications grapt
and cluster graphs are semantically different. A subdomain in a communications
graph is at the abstraction level of an agent, but a cluster in a cluster graph is a
the subagent abstraction level. This difference leads to several new opportunitie:

Figure 6.19: An alternative virtual componeusy.
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Figure 6.20: The communications graph for digital system monitoring after the virtual
component); is redefined ab);.

as well as issues that are unique for multiagent systems, which will be explored ir
this and subsequent chapters.

First, the graph-theoretical equivalence allows us to apply Corollary 3.5 directly
to the multiagent communication and arrive at the following conclusion: In general,
belief updating of multiple agents cannot be achieved in a communications grapt
with nondegenerate cycles, no matter how e-message passing is performed. A
though communications graphs with strong degenerate cycles and some with wez
ones admit belief updating by e-message passing, these communications grap
can be substituted by cluster trees. Section 3.6 shows that substitution of cluste
trees for cluster graphs with degenerate cycles do not affect belief updating. This
implies that multiagent belief updating can be achieved by organizing e-messag
passing in a cluster tree of the communications graph. Because the cluster tre
is the simplest subgraph retaining connectedness, computation is more efficien
Hence, we prefer a simpler organization of agents when degenerate cycles exist |
the communications graph.

Basic Assumption 6.3A simpler agent organization (as a subgraph of the com-
munications graph) is preferred.

From the equivalence of communications graph and cluster graph and the ana
yses in Sections 3.5 and 3.6, it follows that agents and their subdomains should b
organized into @ee, as summarized in Proposition 6.2.

Proposition 6.2 Let a multiagent system be one that observes Basic Assump-
tions 6.1 through 6.3. Then a tree organization of agents must be used for commu
nicating of beliefs.

Table 6.3:Correspondence between a
cluster graph and a communications graph

Cluster graph Communications graph
domain total universe
cluster subdomain

separator interface
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Figure 6.21: Junction tree organizations for agent communication.

Theorem 3.7 in Section 3.7 has established that local consistence in a cluste
tree ensures global consistence if and only if the cluster tree is a junction tree. The
i-message passing in a cluster tree can be used to achieve local consistence betwe
adjacent clusters (over their separator belief). Similarly, e-message passing can
used to achieve consistence between adjacent agents (over their interface belief)
their tree organization. Given the equivalence of communications graph and cluste
graphs, the result from Theorem 3.7 implies that consistence between adjacer
agents ensures consistence among all agents if and only if the agents are organiz
into a junction tree. This is summarized in Proposition 6.3.

Proposition 6.3 Let a multiagent system be one that observes Basic Assumptions
6.1 through 6.3. Then a junction tree organization of agents must be used for
communicating beliefs.

The junction tree organization of agents for monitoring the digital system is
shown in Figure 6.21 with subdomains and interfaces specified in Tables 6.1 anc
6.2. The junction tree in (a) corresponds to virtual compondgthiroughU,, and
the one in (b) corresponds to virtual components Witlreplaced byJ,. Note that
(a) is isomorphic to the communications graph in Figure 6.18 because it is itself a
junction tree. On the other hand, (bnistisomorphic to the communications graph
in Figure 6.20. Note that the cycle in Figure 6.20 is a weak degenerate cycle anc
must be broken at the separator betw&gandV,, which produces Figure 6.21(b).
When agents are organized into a junction tree, we refer to a pair of agents as bein
adjacentaccording to their topological locations on the junction tree. For instance,
agentsA; and A, are adjacent in the organization of Figure 6.21.

6.4 Agent Interface

Each link in a tree splits the tree into two subtrees. Given our commitment to
a junction tree agent organization (Proposition 6.3), it follows that the interface
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between each pair of adjacent agents forms the uniqgue communications chann
between the two groups of agents each located in one subtreg. demote any
interface, X represent the union of all subdomains of one subtree induced by the
interface excluding, andyY signify the union of all subdomains of the other subtree
excludingZ. By Basic Assumption 6.22(Z) is the only information that can be
directly communicated betweefiandY . Note that because we are concerned with

Z as the interface betweeX andY, we can safely ignore the distribution &f
(orY) among multiple agents. This abstraction makes Proposition 4.5 immediately
applicable. Itimplies that, with other conditions satisfied (namely, WitK, Y, Z),

P(X, Z), andP(Y, Z) properly defined, which will be discussed in Section 6.6), in
order to perform belief updating by e-message passing over interface, the interfac
Z must rendeiX andY conditionally independent, that is(X, Z, Y) must hold.

This is summarized in the following proposition.

Proposition 6.4 Let a multiagent system be one that observes Basic Assumption:
6.1 through 6.3. Then each interface in the tree organization must render subdo-
mains in the two induced subtrees conditionally independent.

Proposition 6.4 essentially imposese@manticconstraint on how to divide the
total universe into subdomains among agents. Although satisfaction of the restrair
cannot be guaranteed entirely through syntactic means, it does imply certain syn
tactic constraints, as will be seen.

In a complex domain, each subdomain can still be large, and hence the represel
tation using a graphical model is justified. We assume that a DAG is used to structurt
the agent’s knowledge about a subdomain. In other words, we are committed tc
causal modeling of the agent’s knowledge.

Basic Assumption 6.4A DAG is used to structure each agent’s knowledge.

Note that this assumption is not essential. For example, a JT representation of th
subdomain knowledge can also be used. In Chapter 7, the local DAG representatic
of each agent will be converted into a JT representation for effective inference in
a way similar to the conversion studied in Chapter 4. Because knowledge acquisi
tion can be performed more compactly using the DAG structure, we will use this
approach here.

A DAG model admits a causal interpretation of dependence. Once we adopt i
for each agent, we must adopt it for the joint representation of all agents.

Proposition 6.5 Let a multiagent system be one that observes Basic Assumption:
6.1 through 6.4. Then each subdomajnd/structured as a DAG over; Vand the
union of these DAGs is a connected DAG over V.
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Proof: If the union of subdomain DAGs is not a DAG, then it has a directed
cycle. This contradicts the causal interpretation of individual DAG models. The
connectedness is implied by Proposition 6.1. O

To avoid confusion, we refer to a DAG defined over a subdomairn@sadDAG
and to the union of local DAGs as tiBAG unionof the multiagent system.

We are committed to conditionally independent agent interfaces and DAG sub-
domain modeling. As interface variables are embedded in subdomain DAGs, wha
topological constraint must they satisfy, if any? Recall from Section 4.4 that the
graphical dependence structure should be an I-map of the problem domain. Tc
encode the conditional independence induced by each agent interface, that i
I (X, Z,Y), the interface variables should graphically sepaxatedY in the DAG
union, that is{X, Z, Y). For directed graph structures, the criterion for graphical
separation is d-separation (Section 4.2). It then follows Zhsttould d-separat®
andY. We define the concept othsepsebelow and show that each agent interface
should be a d-sepset.

Definition 6.6 LetG = (Vi, E;) (i =0, 1)betwo DAGs suchthat& Gou G;is
aDAG. Anode x | = VN Vywith its parentsr(x) in G is ad-sepnodédetween
Go and G, if eitherr (x) € Vp or w(x) C Vi. If every xe | is a d-sepnode, then |
is ad-sepset

Figure 6.22 illustrates the d-sepset concept. The agent interfggefis For the
shared variabld , we haver (f) = {c, e} andr (f) C V. Hence,f is ad-sepnode.
Fore, we haver (e) = {a, d},7(e) ¢ Vpoandr(e) ¢ Vi. Hencegis notad-sepnode
and{e, f} is nota d-sepset. If, however, the am&, €) in Gy were reversed, then
{e, f} would be a d-sepset.

Note also that the condition

eithert(X) S Vo or n(X) SV,

Figure 6.22: An agent interfade, f} that is not a d-sepset. Each box represents the DAG
of one agent. Dots represent additional variables not shown explicitly.
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in Definition 6.6 defines disjunctionand is true if
7(X) S Vo and m(X) C Vi.

For instance, if the arac( f) in Figure 6.22 were reversed, then we would have
w(f)={e}, n(f) Cc Vo, andx(f) C V1. The nodef would still be a d-sepnode.
Similarly, if the arcs 4, €) and @, €) were both reversed, we would hawée) = ¢,
m(€e) C Vo andrx(e) C Vi. The nodes would become a d-sepnode.

The following proposition establishes that each agent interias@ould be a
d-sepset.

Proposition 6.7 Let G = (V;, Ej) (i = 0, 1) be two DAGs such that & Ggu G,
is a DAG. Then W\V; and V{1 \Vp are d-separated by & Vo N V; if and only if |
is a d-sepset.

Proof: [Sufficiency] Suppose is a d-sepset. Let be a path betweeY\V; and
V1\Vo such that all nodes in one side pfbelong toVp\ I, all nodes on the other
side belong tov;\I, and one or more adjacent d-sepnode$ @re in between.
It suffices to show that every such path is closed b¥every p has at least one
d-sepnode. By Definition 4.2, if one d-sepnodeois tail-to-tail or head-to-tail,
thenp is closed byl .

Consider the case in whighhas only one d-sepnoaeWe show thak cannot be
head-to-head op. Supposex is head-to-head with parengsandz on p. Because
x is the only d-sepnode op, neithery nor z is shared by, andVi, say,y € Vp
andz € Vi. This meangy, z} ¢ Vp and{y, z} ¢ Vi, which implies thak is not a
d-sepnode: a contradiction. Heneeis either tail-to-tail or head-to-tail op.

Next, consider the case in whighcontains at least two d-sepnodes. We show
that one of them cannot be head-to-heagoPRick two d-sepnodes andy on p
that are adjacent. Such d-sepnodes do exist because of theiwdgfined. The
andy are connected either by ,(y) or by (y, x). In either case, one of them must
be a tail.

[Necessity] Suppose there exists | with distinct parentsy andz in G such
thaty € Vo buty ¢ Vi, andz € V; butz ¢ Vy. Note that the condition disqualifiés
from being a d-sepset, and this is the only way thatay become disqualified. Now
y andz are not d-separated byand hencé/y\V; andV;\V, are not d-separated
by I. O

Proposition 6.7 gives us a syntactic rule to detect if an agent interface doe:
not conform to the conditional independence requirement. The d-sepset constrait
disallows interface variables such @@ Figure 6.22. This can be understood as
follows: When the value of or any descendant ef(e.g.,h) is observed, it induces
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dependence betweenandd. Now knowing the value ofl can change an agent’s
belief ona. That is, the information on the interfa¢e f} is no longer sufficient
for one agent to inform the other.

In summary, the d-sepset constraint is necessary (and syntactically sufficient
to ensure correct e-message passing in all possible observation patterns. This co
straint may be relaxed if certain observation patterns will never occur. We will leave
this possibility for speculation.

6.5 Multiagent Dependence Structure

So far, we have made four basic assumptions about agent belief, interagent messa
passing, preference of simpler agent organization, and causal modeling. We hav
shown that several representational constraints follow logically from these assump
tions, including connectivity of agent communications graph, junction tree agent
organization, and d-sepset agent interface. These basic assumptions and logic
consequences collectively dictate a multiagent dependence structure at two level:
the agent level modeling and the society—system level organization. We introduce
the hypertreenotion to describe the relation between the two levels.

Definition 6.8 Let G= (V, E) be a connected graph sectioned into subgraphs
{Gi = (Vi, Ej)}. Let the Gs be organized as a connected tewhere each node

is labeled by a Gand each link between Gand G, is labeled by the interface
Vk N Vi such that for each i and j, V1 V; is contained in each subgraph on
the path between Gand G; in W. ThenW is a hypertreeover G. Each Gis a
hypernode and each interface is hyperlink.

An example hypertree is shown in Figure 6.23.

A node inG may be shared by more than two subgraphs. To ensure d-separatior
by interfaces, we need to extend the d-sepset definition in Section 6.4, which is
based only on @air of subgraphs. Consider Figure 6.24 in whiéhs sectioned
into {Gj|i =0,...,4}. Each hyperlink in¥ satisfies Definition 6.6 for a d-sepset.
However, letX = {q,r}, Z = {j, k,I},andY = V\{j,k,1,q,r};then,(X, Z, Y)g
does not hold according to d-separation, because the pajhq) is rendered open
by Z aswellasthe patfi, j, g). Such agentinterfaces are problematic. Forinstance,
the message thak, can send toAz is P4(j, k, 1) by Basic Assumption 6.2. If,

k, |, andqg are all observed by, then the message is identical no matter what
value ofq is observed. However, becauisandq are not d-separated % and
hencel (i, Z, q) does not hold,Ay’s belief oni should in general be different
when a different value of] is observed byA;. The agent interfaces fail in this
case.
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(b) 0
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Figure 6.23: Herel in (a) is a hypertree oves in (b), which is sectioned into subgraphs
in (c).

To avoid such failure, we may extend Definition 4.2 in an obvious manner and
require the agent interface to satisfy the following condition:

Condition 6.9 Let G be a directed graph such that a hypertree over G exists. A
node x contained in more than one subgraph in G must be such that for every pai
of subgraphs Gand G; that contain x with the parents;; (x) in G; U Gj, either

mij (X) € Vi or mij (X) € V.

Apply this condition to the example in Figure 6.24. AlthoughandG, are not
adjacent on the hypertrek, they are now subject to the test of whether

moa(j) S Vo or moa(j) S Va

holds. Becauseos(j) = {i, p, q}, neitherroa(j) S Vo normos(j) € V4 holds, and
hencej is not a valid interface node.

Although problematic agent interfaces such as those in Figure 6.24 are invali-
dated by Condition 6.9, the condition is too strong and disallows some valid agen
interfaces. Consider the hypertree DAG union in Figure 6.25. The xagishared
by all three subgraphs. Its parentsGg and G, aremoi(X) = {y, z}, and neither
mo1(X) € Vo hormpi(X) € Vi holds. That isx does not satisfy Condition 6.9.
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(b) 0
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Figure 6.24: Heral in (a) is a hypertree oves in (b), which is sectioned into subgraphs
in (c).

On the other hand, the agent interfage = {x, z} d-separated/;\I;, and
(Mo U W)\I12, and the agent interfacéy, = {X, y} d-separates\p\lo, and
(V1 U V)\lg2. BecauseG; — G, — Gy is the only possible hypertree given the
graph sectioningfg can only communicate indirectly with; throughA,. Hence,
the agent interfaces are valid with respect to Proposition 6.4 (if the graph depen:
dence structure is an I-map).

To avoid invalidating agent interfaces such as those in Figure 6.25, Condition 6.9
needs to be weakened. The following Proposition 6.10 establishes a necessal
condition of Condition 6.9, which turns out to define the d-sepset on a hypertree
properly.
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Figure 6.25: Grapls (a) is sectioned into subgraphs (b) with the hyper@gee- G, — Go.

Proposition 6.10 Let G be a directed graph satisfying Condition 6.9. Then for each
node x contained in more than one subgraph, there exists a subgraph that contain
all the parentsr(x) of x in G.

Proof: We prove by contradiction. Suppose that Condition 6.9 hold, ibut for a
givenx, there exists no single subgraph containir{g). Theny, z € 7 (x) and two
subgraphss; andG;j exist such thay € Vi, ze V;, y ¢ V;, andz ¢ V;. Clearly,
Yy, Z € m;j (X). Hence, we have found a pair of subgra@h®ndG; such that neither
mij (X) € V; normij (X) € Vj, which contradicts Condition 6.9. O

Using the weaker condition in Proposition 6.10, we extend the d-sepset in a
hypertree as follows:

Definition 6.11 Let G be a directed graph such that a hypertree over G exists.
A node x contained in more than one subgraph with its parefit9 in G is a
d-sepnodeif there exists one subgraph that contaimgx). An interface | is a
d-sepseif every xe | is a d-sepnode.

Definition 6.11 classifies the two representative hypertree DAG unions above
correctly. According to the definition, not all agent interfaces in Figure 6.24 satisfy
the d-sepset condition, for there is no subgraph containing all parents of nOde
the other hand, the agent interfaces in Figure 6.25 satisfy the d-sepset condition b
causes; contains all parents ofin G, Go contains all parents gf, andG; contains
all parents ot. The following theorem establishes in general that Definition 6.11 is
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both necessary and sufficient. Itis a generalization of Proposition 6.7 to a hypertree
DAG union.

Theorem 6.12Let ¥ be a hypertree over a directed graph&(V, E). For each
hyperlink | that splitsd into two subtrees over U= V and WC V, respectively,
U\l and WA\ | are d-separated by I if and only if each hyperlinkdnis a d-sepset.

Proof: [Sufficiency] Assume that each hyperlink is a d-sepset. We show that for
any given hyperlind , U\l andW\ I are d-separated hy.

Let p be a path betwedn\ | andW\ | such that all nodes on one sideaxdbelong
toU\I, all nodes on the other side belongAb, I, and one or more adjacent nodes
in | are in between. It suffices to show that every such path is closédibyery p
has at least one d-sepnode. By Definition 4.2, if one d-sepnogei®tail-to-tail
or head-to-tail, them is closed byl .

Consider the case in whighhas only one d-sepnodeWe show thak cannot be
head-to-head op. Suppose is head-to-head with parengsandz on p. Because
x is the only d-sepnode om, neithery nor z is shared byJ andW, say,y € U
andz € W. This meangy, z} ¢ U and{y, z} ¢ W. Given thatx is a d-sepnode,
there exists a subgragby that containsr (x). Inasmuch a&y is either located in
the subtree oved or the subtree oveWw, eitherz(x) C U or = (x) ¢ W holds.
Becausdy, z} C n(x), it follows that either{y, z} ¢ U or{y, z} ¢ W must hold,
which is a contradiction. Hencs,is either tail-to-tail or head-to-tail op.

Next, consider the case in whigltontains at least two d-sepnodes. We show that
one of them cannot be head-to-headeorPick two d-sepnodes andy on p that
are adjacent. Suchandy do exist owing to the way is defined. Thex andy are
connected either b( y) or by (y, x). In either case, one ofthem must be atail node.

[Necessity] Assume that every hyperlink d-separates the two subtrees. We shov
that each hyperlink is a d-sepset by contradiction.

Suppose that there exists a shared nodech that no subgraph contaimnéx)
(hence not every hyperlink is a d-sepset). Then there exists a hypérbnkd,
wherex € |, and there are nonempty subsets

au(X) Cc 7 (X) and mw(X) C 7 (X),

such thatry (x) ¢ U and rw(x) € W, my(X) is incomparable withry(x), and
7y (X) U mw(X) = 7 (X). Becausery (X) is incomparable withry(x), there exist
y € my(X) buty & mw(x) andz € mw(x) but z ¢ my(x). The pathp = (y, X, 2)
betweenJ andW is rendered open bl because is head-to-head op. Hence,
U\I andW\I are not d-separated By which is a contradiction. O

Using the hypertree concept, we define typertree multiply sectioned DAG
(or hypertree MSDAG). We show in the remainder of this section that it is the
multiagent dependence structure logically implied by the basic assumptions.
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Definition 6.13 A hypertree MSDAGG = Lj; Gj, where each = (V;, Ej) is a
DAG, is a connected DAG such that (1) there exists a hypedrewer G, and
(2) each hyperlink inV is a d-sepset.

Because the DAGs in Figure 6.23(c) form a hypertree and each interface is «
d-sepset, they collectively form a hypertree MSDAG, whereas Figure 6.24(c) is
not a hypertree MSDAG. The following proposition establishes the necessity of a
hypertree MSDAG as the multiagent dependence structure:

Proposition 6.14 Let a multiagent system be one that observes Basic Assumption:
6.1 through 6.4. Then it is structured as a hypertree MSDAG.

Proof. The requirement forindividual DAGs and the connected DAG union follows

from Proposition 6.5. The hypertree organization follows from Proposition 6.3.
The d-sepset condition follows from Proposition 6.4, Proposition 6.12, and our
commitment to encode dependence relations graphically through I-maps.C

6.6 Multiply Sectioned Bayesian Networks

By Propositions 6.14, the dependence structure of a multiagent system is a cor
nected DAGG. Hence, a JPD ové&f can be defined by specifying alocal distribution
for each node and applying the chain rule. Each nodg is either internal to an
agent (non—d-sepnode) or is shared (d-sepnode).

The distribution for an internal node can be specified by the corresponding agen
vendor. On the other hand, when a node is shared, its parent set within each age
may differ. In Figure 6.23(c)j has no parent i3, one parent irG,, and two
parents inG,. Because each shared nodis a d-sepnode, by Definition 6.11 there
exists an agent that contains all paren(g) of x in G.

When agents that containare developed by the same vendor, oRix|x (x))
needs to be specified. For each ag@pthat containsri(x) C (X), Pc(X|mk(X))
is implied (see Exercise 5) and can automatically be derived, as will be seen ir
Chapter 8. If agents are built by different vendors, then itis possiblétiiatry (X))
and Py (x|mTm(X)) are inconsistent for a pair of agemg and Ap,. This may occur
whenmy(X) = mm(X). Forinstance, in Figure 6.23(d¥;(glh) by A; may be incon-
sistent withP,(g|h) by A,. Inconsistence may also occur whegfx) # mm(x). For
instance, in Figure 6.23(cho may havePy(j = joli = i1, p = po) = 0.7, whereas
A, may specifyP,(j = joli =i1) = 0. We make the following basic assumption
to integrate independently built agents into a coherent system.

Basic Assumption 6.5Within each agent’'s subdomain, a JPD is consistent with
the agent’s belief. For shared variables, a JPD supplements an agent’s knowledg
with others’.
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The key issue is to combine agents’ beliefs on a shared vanatdearrive at
a common belief. A simple but less desirable method is to adopt the belief of the
agentthat contains(x). A more reasonable method (Poole et al. [55]) interprets the
distribution from each agent as obtained from equivalent sample data. For example
consider a distributiof (v|y), wherev, y € {0, 1}:

Pw=0y=0)=04 and P(v=0ly=1)=02
It can be interpreted as
P(v =0]y =0)=48/120 and P(v =0y =1)=24/120

That is,v = 0 in 48 out of 120 cases, wheye= 0. The equivalent sample size
120 encodes how confident the vendor is about the distribution. The distribution
P(x|m(x)) can then be obtained from the combined data sample. The exact proce:
dure to obtain the combindel(x| (X)) is not as important to the current discussion.
The essence is that it is always possible (at least the simple method mentione
above can be used) for agents to combine their beliefs for each sheredrive at
P (x| (x)). With P(x|x (X)) thus defined for each shar&gdand defined indepen-
dently by the corresponding vendor for each intemhahe Basic Assumption 6.5
is fulfilled.

We now introduce MSBNs and show that the representation is implied by the
basic assumptions.

Definition 6.15 An MSBN M is a tripletV, G, P): V = U;V, is thetotal universe
where each Vis a set of variables called aubdomain G = 1j;G; (a hypertree
MSDAG) is thestructurewhere nodes of each subgraph &e labeled by elements
of ;. Let x be a variable ane (x) be all parents of x in G. For each x, exactly
one of its occurrences (in a;&ontaining{x} U (X)) is assigned Px|x (X)), and
each occurrence in other subgraphs is assigned a uniform potential. IR P, is

the JPD, where each Pis the product of the potentials associated with nodes in
Gi. Each triplet $= (V;, Gi, P) is called asubnetof M. Two subnets;&nd §

are said to beadjacentif G; and G; are adjacent in the hypertree.

As an example, Figure 6.26 shows an MSBN based on the hypertree MSDAG
in Figure 6.23. Eaclt() denotes a uniform potential. For simplicity, the subscript
in eachP;() andC;() has been omitted. For subn& = (Vo, Go, Po), we have
Vo ={f,1,j,0, p} and Py(Vo) = P(jli, p)P(p| f)C(i| f)P(o| f)C(f). Note that
P(p|f) andP(o| f) are specified by the vendor &, whereasP(j|i, p) may be
the result of combining(j |i, p) from Ao, Px(j|i) from Az, and P5(j) from As.
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Figure 6.26: A simple MSBN. (a) Subnets. (b) The hypertree.

The JPD of the MSBN is
P(V) = Po(Vo) Pr(V1) P2(V2) P3(Va).

Given that for each variable € V, exactly one occurrence of is assigned
P(x|m (x)) and the uniform potential() assigned to other occurrenceskdias no
effect on the final product, we have

Po(Vo) P(V1) Pa(V2) Pa(Va) = [ | P(vlm (v)),
veV

which is equivalent to the JPD obtained in a single-agent Bayesian network
(Theorem 2.3).

Note it is possible that, for some shared nagéhere exist multiple local DAGs
each of which contains(x). For example, in Figure 6.26f) = {g}, 7(g) = {h},
andx (h) = . Both G; and G, contain each of these parent sets. In these cases,
which occurrence of the shared naoxés assigned?(x|z (x)) can be determined
arbitrarily because the assignment makes no difference to the resultant JPD. |
Figure 6.26, the occurrence 6fin G, is assigned( f |g), the occurrence gj in
G, is assignedP(g|h), and the occurrence &fin G; is assigned(h).

Combining Proposition 6.14 and Basic Assumption 6.5, Theorem 6.16 estab-
lishes that, if one is committed to the basic assumptions, the representation of a
MSBN must be adopted.

Theorem 6.16 Let a multiagent system be one that observes Basic Assumptions 6.
through 6.5. Then it is represented as an MSBN or equivalent.

Proof: By Definition 6.15, an MSBN is defined by a hypertree MSDAG struc-
ture and a JPD. By Proposition 6.14, the hypertree MSDAG is implied by Basic
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Assumptions 6.1 through 6.4. Hence, it suffices to show that Basic Assumptions 6.
through 6.5 imply the JPD as defined in Definition 6.15.

Assume that for each varialbdnternal to a subgrapt® (v|z (v)) is specified by
the corresponding agent and for each shared varigl®{v |7 (v)) is specified by
combining beliefs from all agents involved. Then Basic Assumption 6.5 requires
that the JPD of the univerd®' (V) satisfies

P'(V) =[] PIr ().

veV

wherer (X) denotes the parents gfin G. According to Definition 6.15,

PV)=]]]] flm@)).
i veV
wherer; (X) denotesthe parents»in G;, f (v|zi(v)) = P(v|mi (v))if 7 (v) = 7 (v)
and the occurrence ofin G; is assigned(v|m (v)), and f (v|7; (v)), is a uniform
potential otherwise. Because a one-to-one mapping exists betweerRtéarmsv))
in P’(V) and nonuniform-potential terms iA(V), and the uniform potentials do
not affect the value oP(V), we haveP’(V) = P(V). O

As another example, consider the multiagent system for monitoring the digital
system. Figures 6.27 through 6.31 show the subnet structure of each agent in th
MSBN representation based on the virtual componbigtthroughU, defined in
Section 6.3. The figures were generated using the WebWeavr toolkit. Each vari-
able in the subnet is labeled by its variable name followed by the variable’s index
(which readers may ignore) separated by a comma. The hypertree of the MSDAC
is isomorphic to Figure 6.21(a).

Figure 6.27: The subn& for virtual component.
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Figure 6.28: The subn&; for virtual component;.

6.7 Bibliographical Notes
6.7.1 On Multiagent Systems

The field of multiagent systems, started about two decades ago under the bann
of distributed artificial intelligencgDAl), has become very dynamic in both the

Q O o
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42,4 4.6 w8,48 °

Figure 6.29: The subn@&; for virtual component,.
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Figure 6.30: The subn&; for virtual components.

academic community and industry in recent years in response to the need to develo
intelligent systems in large, complex, and open problem domains and the rapic
development of the Internet and e-commerce. Numerous conferences are held ea
year such as the

¢ International Conference on Multiagent Systems (ICMAS),

¢ International Conference on Autonomous Agents,

¢ International Conference on Mobile Agents, and the

¢ International Conference on Cooperative Information Systems.

WEE t4,16

Figure 6.31: The subn&, for virtual components,.
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A classic collection of research articles in DAl is Bond and Gasser [5]. Amore up-
to-date introduction to the field of multiagent systems is provided by Weiss [77]. The
first journal dedicated in the field Sutonomous Agents and Multi-Agent Systems,
although several other journals publish research and advances in the field regular|
such as the following:

e Artificial Intelligence,
¢ |EEE Transactions on Systems, Man, and Cybernetics, and
e Al Magazine.

6.7.2 On MSBNs

The research on MSBNs started in 1990 as the backbone of the PainULim projec
(Xiang et al. [94] and Xiang et al. [95]) conducted through collaboration between

the University of British Columbia and Vancouver General Hospital. The practical

goal of the project was to develop a prototype system for diagnosis of patients
suffering from a painful or impaired upper limb due to diseases of the spinal cord,
peripheral nervous system, or both. The scientific goal of the project was to study
issues in developing Bayesian—network-based decision support systems in larg
and complex uncertain domains.

To allow a natural and modular representation of medical domain knowledge in
neuromuscular diagnosis as well as focused and effective inference computatior
the framework of MSBNs was proposed (Xiang [80]) initially under the single-agent
paradigm. In this framework, subnets for natural subdomains can be constructe
individually, and inference computation can be performed on one subnetatatime a
the diagnosing neurologist shifts his or her attention from one subdomain to anothel

At the 1994 UAI conference, Srinivas [69] independently presented his work on
hierarchical model-based diagnosis with Bayesian networks. Careful examinatior
revealed (Xiang [83]) that it was in fact an application of a special case of MSBNs
to hierarchical model-based diagnosis. Later, Koller and Pfeffer [35] advanced the
approach by Srinivas, proposetject-oriented Bayesian networfGOBNSs), and
showed that MSBNs can be applied to inference in OOBNSs.

At the same time, the modularity in MSBN representation and inference and
the increasing awareness of the importance of multiagent systems inspired rethin}
ing of MSBNs under the multiagent paradigm (Xiang [81] and Xiang [82]). The
marginal probability distribution at each subnet and the JPD of the MSBN were
given a multiagent interpretation. The sequential entering of observations and se
guential local inference at centrally located subnets were extended to simultaneot
local observations and asynchronous local inference by multiple distributed agent
(Xiang [84]).
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With the multiagent extension, MSBNs provide an effective framework for ex-
act and distributed belief updating in cooperative multiagent systems. However,
the representational restrictions of the framework were sometime questioned by
researchers on multiagent systems. For instance, while | was presenting a demoi
stration on equipment monitoring with MSBNSs at the First International Workshop
on Multi-agent Systems at MIT’s Endicott House in 1997, some participants ques-
tioned the necessity of the hypertree constraint for agent organization. In 1998
one of my colleagues at Aalborg University raised the issue of the necessity of
the d-sepset constraint while | was visiting Denmark. The underlying fundamen-
tal question concerns the possibility of relaxing the representational constraints
while preserving the desirable properties of MSBNSs. The result of this inquiry first
appeared in Xiang and Lesser [92] and formed the basis of this chapter.

6.8 Exercises

1. In Section 6.3 it was assumed that, for any two agents, natural or computational, to
communicate directly, they must share some variables. Discuss the validity of this as-
sumption.

2. Discuss the conditions under which a non-d-sepset agent interface is sufficient for
e-message passing between the relevant agents.

3. The figure below shows the sectioning of a gr&pfnot shown) into a set of subgraphs.
Determine if there exists a hypertree o@pgiven the sectioning.

Figure 6.32: Sectioning of a graph.
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. The hypertree shown in Figure 6.24(a) and (c) does not satisfy the d-sepset conditior
What is the minimum change to make in Figure 6.24(c) so that the resultant hypertree
will satisfy the d-sepset condition?
. LetV = U;V; be atotal universe in which eathis a subdomain and is associated with
an agenth;. Let G = 1J; G; be a hypertree MSDAG in which nodes of each local DAG
G; are labeled by elements f. For each node, if = (X) C V;, thenA; is responsible
for acquiringP (x| (x)) and ties are broken arbitrarily.

Show that if G is an I-map of the total universe, then for each nadand each
subdomainvi, P (x| (X)) is implied, wherery(x) denotes the parents gfin Gy.
. Construct a digital system with five components using AND, OR, and NOT gates such
thatthe components are interfaced as in Figure 6.5. Each compeheuntd have no
less than five gates. Represent the system as an MSBN in which each subnet models
physical component.
. Suppose five agents populate the digital system domain that you constructed in Exercise
Each agent needs to be informed about an additional gate in an interfacing componer
and its input and output. Define five virtual components accordingly and represent the
system as an MSBN in which each subnet models a virtual component.
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Linked Junction Forests

In Chapter 6, MSBNs were derived as the knowledge representation for multiagen
uncertain reasoning under the five basic assumptions. As in the case of single-agel
BNs, we want agents organized into an MSBN to perform exact inference effec-
tively by concise message passing. Chapter 4 discussed converting or compilin
a multiply connected BN into a junction tree model to perform belief updating
by message passing. Because each subnet in an MSBN is multiply connected i
general, a similar compilation is needed to perform belief updating in an MSBN
by message passing. In this chapter, we present the issues and algorithms for tt
structural compilation of an MSBN. The outcome of the compilation is an alter-
native dependence structure callelihizted junction forest. Most steps involved in
compiling an MSBN are somewhat parallel to those used in compiling a BN such
as moralization, triangulation, and junction tree construction, although additional
issues must be dealt with.

The motivations for distributed compilation are discussed in Section 7.2.
Section 7.3 presents algorithms for multiagent distributive compilation of the
MSBN structure into its moral graph structure. Sections 7.4 and 7.5 introduce
an alternative representation of the agent interface callatkage tree, which is
used to support concise interagent message passing. The need to construct linka
trees imposes additional constraints when the moral graph structure is triangulate
into the chordal graph structure. Section 7.6 develops algorithms for multiagent dis-
tributive triangulation subject to these constraints. After triangulation, each agent
has compiled its subnetinto a local chordal graph structure. The compilation of the
local chordal graph into a local junction tree plus several linkage trees is presentec
in Section 7.7. The resultant compiled structure for the multiagent system is a linked
junction forest. Belief updating in the linked junction forest will be addressed in
Chapter 8.

142
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7.1 Guide to Chapter 7

Recall from Chapter 4 that, to perform belief updating by concise message passin
in a nontree BN, the BN structure is converted into its moral graph, the moral
graph is then triangulated, and finally the resultant chordal graph is organized intc
a JT. The moral graph, the chordal graph, and the JT are each produced in suc
a way as to preserve the dependence relations in the BN. That is, each of them
an I-map. A similar process is needed to compile the structure of an MSBN, its
hypertree MSDAG, so that belief updating can be performed by multiple agents
through concise message passing. The motivations for cooperative compilation b
multiple agents, where each agent only has the access of its local subnet and r
agent has the perspective of the entire MSBN, are addressed in Section 7.2.

Section 7.3 presents the first step of the compilation, moralization, which we
illustrate in Figure 7.1. Three local DAGS;; (i = 0, 1, 2), of an (trivial) MSBN
are shown in (a). The hypertree in this case is a hyperchain®ytat the center
andGg andG; in terminal positions. Each local DAG is accessed by an agent
Note thatAg and A, share variablea, b, ¢, d and A; and A, sharea, b, d.

The moralization can be initiated at any agent, $&y,which first performs a
local moralization orG,. The links(a, c) and(c, d) are added, and the directions
of arcs are dropped. The resultant local moral graph is shown in (b). Agehen
calls one of the adjacent agents, sAy,

In responsef performs a local moralization dBg. The links{a, b) and(c, d)
are added, and the resultant local moral graph is shown in (c). After local moraliza-
tion, Ag sends toA; the added links among nodes shared whghnamely the links

Figure 7.1: lllustration of cooperative moralization by three agents.
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Figure 7.2: Result of cooperative moralization by three agents.

(a, b) and(c, d). Agent A, receives these links and adds them to its local graph if
the links are not already included. In this case, the liakb) is added taG,, as
shown in (c). AfterwardsA; calls the other adjacent ageft.

In responseA; performs a local moralization 0B;. The link (a, b) is added,
and the resultant local moral graph is shown in (d). Becéads is between nodes
shared withA;, Ag sends(a, b) to A,. Inasmuch as the link is already in the local
moral graph ofA,, no change will be made b, when the link is received. In
general, however®, may need to add some links received frém

Now each agent has performed the local moralization,Anand A; have sent
to A, added links among nodes shared with Next, it's A)'s turn to send added
links among shared nodes. Firgg sendsAg the added links among nodes shared
with Ag, except those thaky sent toA; earlier. Hencea, c) is the only link to send.
When receivedA, adds(a, c) to its local moral graph, and the result is shown in
Figure 7.2. Similarly,A, sends(a, ¢) to A;, which adds to its local moral graph.
The end result of cooperative moralization for each agent is shown in Figure 7.2.
The resultis identical to a centralized moralization (Exercise 1). The algorithms for
cooperative moralization in a general hypertree MSBN are presented in Section 7.3

Once the moral graphs of local DAGs are obtained, they need to be triangulatec
so that each can be compiled into a JT representation. Section 7.4 describes ho
the resultant local JTs can support effective interagent communication through &
derived data structure callediakage tree Figure 7.3 illustrates a linkage tree. The
local moral graphs of agen#s and A; in the preceding example are duplicated in
Figure 7.3(a). Each is a chordal graph, and the corresponding JT is shown in (b)
The linkage tred. for communicating between the two agents is shown in (c). It
is a cluster tree. Each cluster ity called alinkage has a corresponding cluster
in each of the two local JTS,, andT,. The linkage provides a communications
channel between them. Using the linkage tree, the belief of an agent over the ager
interface{a, b, c, d} can be decomposed into the belief over individual linkages.
Suppose that each variable in the agent interface is ternary. An agent’s belief ove
the interface then has a cardinality df3 81. Using the linkage tree, the belief
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Figure 7.3: (a) Two local moral graphs. (b) Local JTs compiled from (b). (c) Linkage tree
constructed from (b).

over{a, b, c} has a cardinality of 3= 27 and so is the belief ovéb, c, d}. Hence,
the e-message encoded using the linkage tree has a cardinality of 54 and is mo
concise than 81. The general definition of the linkage tree is given in Section 7.4.

Section 7.5 reveals several important properties of linkage trees. We show tha
a linkage tree is also a junction tree and preserves the dependence relations amo
shared variables. These properties legitimate the decomposition of agent belief ove
the interface, as described in the preceding paragraph. Section 7.5 also shows tt
a linkage tree can be constructed if and only if the local moral graph is triangulated
in a certain way. This imposes a requirement for cooperative triangulation to be
presented in Section 7.6.

Section 7.6 develops the algorithms for cooperative triangulation of the local
moral graphs. The technical requirements to be satisfied by the algorithms ar
enumerated in Section 7.6.1. Sections 7.6.2 through 7.6.5 develop the triangulatio
algorithms stepwise for the two-agent case, the hyperstar case (where a single age
is at the center and each other agent is adjacent to the center agent only), and t
general hypertree case. The cooperative triangulation has a form similar to that o
the cooperative moralization. It consists of local triangulations by individual agents
and the exchange of fill-ins between adjacent agents. Section 7.6.6 proves that tt
algorithms satisfy all the technical requirements and are efficient. Some nontrivial
examples are given to demonstrate the performance.

Section 7.7 discusses the construction of local JTs and linkage trees after cooy
erative triangulation. The construction of local JTs is similar to what is presented
in Section 4.8. We describe the construction of the linkage tree between @gents
and A; for the preceding example (see Figure 7.3). Consider the local bf
agentA,, which sharega, b, ¢, d} with Ag and has “private” variablege, f}. For
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Figure 7.4: lllustration of linkage tree construction.

d)

each private variable, if it is contained in a unique cluster, tARgremoves it from

the cluster. Figure 7.4(a) shows the resultant JT afteremoved from the cluster

{c, e}. The new clustefc} is now a subset of the adjacent clustbrc, d}. It is

then “merged” intdb, c, d}, as shown in (b). In (¢), the other private varialflés
removed because it is contained in a unique cluster. The new clastgris now

a subset of the adjacent cluster and is merged. The resultant JT is shown in (d)
which is the final linkage tree betwedy and Ag.

7.2 Multiagent Distributed Compilation of MSBNs

An MSBN is a knowledge representation for distributed multiagent uncertain rea-
soning. As in the single-agent paradigm, we want to perform exact inference ef-
fectively by concise message passing. The message passing includes i-messa
passing within an agent for local inference as well as e-message passing betwee
agents so that each can benefit from information maintained by others. We assum
that local inference is a more frequent activity of an agent than communication
with other agents. The analysis in Chapters 2 through 5 shows that, to make the
local inference effective, each subnet should be compiled into a junction tree rep-
resentation. Most steps involved in the MSBN compilation parallel those in the BN
compilation. However, to perform communication effectively in an MSBN system,
these steps are subject to further constraints and additional steps are needed, as v
be seen in this chapter.

Should the compilation be performed centrally or distributively? We argue for the
distributed compilation as follows: As elaborated in Basic Assumption 6.2, Propo-
sition 6.3, and Definition 6.8, an agent can directly communicate only its belief on
shared variables with an adjacent agent on the hypertree. Such a restriction is nece
sitated byefficiencyof communication because it minimizes e-messages, as argued
in Section 6.3. Additional advantages of the restriction can also be argued as follows

1. The restriction protects thmivacy of agents because they will not be required to reveal
the unshared variables, the dependence among these variables, and the belief over the
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variables. As an agent embeds the know-how of its vendor, and ultimately, the vendor’s
know-how is protected.

2. The restriction promotexfficiencyin agent development. To build a member agent for a
multiagent MSBN, only the d-sepsets with adjacent agents on the hypertree need to b
coordinated. The agent vendor has the freedom to determine the internal characteristic
of the subnet. Less coordination means better efficiency in development.

3. The restriction enhancesitonomyof agents. Because only the d-sepsets with adjacent
agents on the hypertree need to be coordinated, less coordination means more autonor
of each agent.

To preserve agent privacy, clearly it is desirable not to require subnets to be cen
tralized and then compiled. Hence, we will concentrate on compilation algorithms
that reveal no internal details of a subnet beyond the d-sepset.

An additional benefit of distributed compilation is that it facilitates dynamic
formation of a multiagent MSBN. With dynamic formation, agents may join or
leave the MSBN as the system is functioning. Recompilation may be necessar
when the system structure changes. Distributed compilation requires no collectiot
and redistribution of a large chunk of information (from and to diverse locations)
and will be more efficient to deploy than its centralized counterpart.

Throughout the chapter, we consider an MSBN whose hypertree is populated by
set of agents. Each agent is located at a hypernode and maintains the correspondi
subnet and d-sepsets. The hypertree structure plays an important role in supportir
the compilation algorithms and ensuring their correctness. It provides a tree organi
zation for agent interaction, a hypertree (Definition 6.8) decomposition of the total
universe, and a hypertree decomposition of the DAG dependence structure. As w
deal with different aspects of the compilation, we will switch from time to time
among different aspects of the hypertree. When itis clear from the context, we will
simply refer to the hypertree structure lagoertreeand leave its relevant aspect
implicit. During different activities, agents exchange different types of messages
over the hypertree. We will refer to any message passing directly related to belie
updating aszommunicatiorand refer to other message passing activities, such as
those during structure compilation, iméeractionamong agents. Just as the agent
communication over the hypertree maydigect or indirect, the agent interaction
may also be direct or indirect.

7.3 Multiagent Moralization of MSDAG

As in the single-agent paradigm, the first step in compilation is to convert the
structure of an MSBN, namely, the hypertree MSDAG, into its moral graph. Recall
from Definition 4.7 that the moral graph of a DAG is obtained by connecting parents
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Figure 7.5: Moralization cannot be performed by local computation only.

pairwise for each child node and dropping the direction of each arc. Also recall
from Theorem 4.8 that, given a minimal I-map in the form of a DAG, its moral
graph is an undirected minimal I-map.

Formally, given a hypertree MSDAG = Lj; Gj, each subgrap®; overV; needs
to be converted into a gragh; overV; such thaty; G| is the moral grapli’ of G,
and each pair d&{ andG] is graph-consistent. The requirement of equality between
L Gj andG' is one of maintaining minimal I-mapness. The requirement of graph-
consistence demands consistence among agents with respect to their representati
of dependence among shared variables. We reféf & thdocal moral graphand
the collection of local moral graphs as tmral graphof the hypertree MSDAG.

Due to the requirement of agent privacy as described in Section 7.2, the moralizatior
computation should not disclose the internal details of each agent.

Local computation by individual agents without interaction does not ensure
correct moralization of a hypertree MSDAG. Consider the two subnet structures
in Figure 7.5. The moral graph @, L G; contains a link(b, c) becausd andc
share the child). However, ifGo and G, are moralized independently by agents
Ao and A1, Ag would not include the link becauseandc do not share any child
in Gg.

We present recursive algorithms for each agent. The execution of each algorithn
by an agent is activated by a call from an entity known asctilker. We denote
the agent called to execute the algorithm Ay The caller is either an adjacent
agent of Aq in the hypertree or the system coordinator (a human or an agent). If
the caller is an adjacent agent, we denote iQylf Ag has adjacent agents other
than A;, we denote them by, ..., A,. The subdomains of, A, ..., A, are
Ve, Vo, ..., Vi, and their subgraphs afe., Go, ..., Gn, respectively. We denote
VeNVobylcandVonVibyli (i =1,...,n).

We also present algorithms to be executed by the system coordinator. The systel
coordinator can be a human or a computational agent. In these algorithms, e use
to denote the agent selected by the system coordinator to perform certain operation
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In algorithmCollectMlink, an agentAq performs local moralization, updates its
moral graph with links collected from adjacent agents, and then sends all relevan
added moral links to the caller. Given a $ewf links over a seiX of nodes, we
will call a subsett € F arestrictionof Fto Sc X if

E={(X,y)[xe S yeS (xvy) eF}

Algorithm 7.1 (CollectMlink) Let Ay be an agent with a local graph &initially

a DAG). Acaller is either an adjacent agentAr the system coordinator. Denote
additional adjacent agents ofby Ay, ..., An. When the caller calls on At
does the following:

set LINK = ¢;

moralize G and denote added moral links by;F

add Ry to LINK;

foreachagent A =1,...,n),do
call A to runCollectMlink and receive links Fover | from A when finished;
add F to Gg and LINK;

if caller is an agent A send A the restriction of LINK to {;

After CollectMlink is finished inAy, a set of moral links received from eaok
is defined, andLINK contains links added from local moralization and all received
links. Note that if a link is already i or LINK, then adding it has no effect.

In algorithmDistributeMlink, an agent Aq receives moral links from the caller,
updates its moral graph accordingly, and sends all relevant added moral links t
each adjacent agent.

Algorithm 7.2 (DistributeMlink) Let Ay be an agent with a local undirected
graph & and a predefined set LINK of links.caller is an adjacent agent £or
the system coordinator. Denote additional adjacent agentsgdbfyAA, ..., An.
When the caller calls on Ait does the following:

if caller is an agent A do
receive a set £of links over | from A;
add R to Gg and LINK;
foreachagent A(i = 1,...,n),do
send Athe restriction of LINK to il with links in i removed,;
call A to runDistributeMlink;

Algorithm CoMoralize is executed by the system coordinator to activate coop-
erative distributive moralization.
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Figure 7.6:The subgraphs (a) and hypertree (b) of an MSBN.

Algorithm 7.3 (CoMoralize) A hypertree MSDAG is populated by multiple agents
with one at each hypernode. The system coordinator does the following:

choose an agent Aarbitrarily;
call A, to run CollectMlink;
after A, has finished, call Ato run DistributeMlink;

As an example, consider the executionGfMoralize in the MSBN shown in
Figure 7.6. Supposéy is selected as thé.,. In Figure 7.7(b), the black arrows

,,,,,,,,,,,,,,,,,

Figure 7.7: (a) Moral graphs after local moralization duridgllectMlink . (b) During
CollectMlink , activation follows black arrows and link passing follows white arrows.
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Figure 7.8: Moral graphs aft&ollectMlink.

show the direction of activation @ollectMlink through the hypertree. The moral
graphs obtained after local moralization are shown in (a). Notejtlaatdk are
connected differently i5,, G3, andG4 and f andi are connected differently in
Go andG.,.

When A, finishesCollectMIink, it sends the link({j, k) to Az. The white arrows
in Figure 7.7(b) show the direction in which links will be sent (if any) between
agents. Whem; finishes, itin turn sendg, k) to A,. No link is sent fromA; to A,
or from A, to Ag. Hence, afteCollectMIink is finished atAy, the resultant local
graphs are as shown in Figure 7.8.

Agent Ag then executeBistributeMIink. It sends the link (f, i) to A, and call
A, to runDistributeMIink. The black arrows in Figure 7.9(b) show the direction
of activation ofDistributeMlink through the hypertree. No more links are sent
between other pairs of agents, and the final result is shown in Figure 7.9(a).

The following theorem shows th&@oMoralize produces the same moral graph
for the hypertree MSDAG as would be produced by a centralized moralization.

Theorem 7.1 Let G = 1J;G; be a hypertree MSDAG, '®e the moral graph of G,
and G be the local graph obtained by agent after execution oCoMoralize.
Then, each pair of Gand G; is graph-consistent and ‘G= L Gi.

Proof. Whatever links that an agent adds locally, it sends the relevant ones to eac
adjacent agents durir@ollectMlink andDistributeMlink. Hence, adjacent local
graphs are graph-consistent. BecaGse: Lj; G; is a hypertree MSDAG, any two
local graphs are graph-consistent.
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Figure 7.9: (a) Moral graphs aft@istributeMlink . (b) During DistributeMlink , both
activation and link passing follow black arrows.

Becauses is a hypertree MSDAG, each non-d-sepnode has all its parents in its
local subgraph, and each d-sepnode has all its parents in at least one local subgra
by Definition 6.11. Therefore, every node has all its parents in at least one local
subgraph and the corresponding agent will add the necessary moral links amon
the parents as a centralized moralization would. O

Another important feature d€oMoralize is that it does not reveal the internal
details of each agent as required. The only information exchanged between adjacel
agents are moral links that connect d-sepnodes. Hence, agent privacy is protecte

DuringCoMoralize, each of the agents on the hypertree is called exactly twice.
The local moralization dominates the computation at each agent. Each node in
subdomain is visited, and each pair of parents is processed degtote the cardi-
nality of the largest subdomain anddenote the cardinality of the largest parent
set of individual variables. The complexity of local moralization is ti@(s nv),
and this is also the time complexity @oMoralize for each agent. The overall
complexity ofCoMoralize for the entire multiagent system is th@{n s n7).

7.4 Effective Communication Using Linkage Trees

Each agent in an MSBN system needs to compile its subnet into a JT represente
tion for effective local inference. After moralization, the next step is triangulation.

Because the JT should also support communication, this need further constrain
how the JT should be constructed. Since a given JT has a unique correspondin
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chordal graph, this need ultimately constrains how the moral graph should be tri-
angulated. We consider such constraints with the following approach: Suppose the
an agent has constructed a local JT from its subnet. We uncover desirable stru
tural properties of this JT with respect to both local inference and communication.
In view of the relation between a JT and its corresponding chordal graph, these
properties become the constraints of triangulation.

To communicate between other agents, an agent needs to pass potentia
(e-messages) over d-sepsets (Section 6.3). Given that the JT representation of
subnet maintains the current belief of the agent over its subdomain, how should th
e-message over a d-sepset be obtained from the JT?

An obvious method is to construct the JT so that each d-sépgiét an adjacent
agent is contained in a single cluster The e-message will then be the potential
B(I) computed by marginalization of the cluster potenBal(Q).

Consider two subnets whose structures are shown in Figure 7.10(a). After mor
alization, the local graphs are shown in (b), and they are chordal. From the clique:
of the local graphs, the JTs in (c) can be constructed. However, no cluster in ei:
ther JT contains the d-sepsft, g, h}. This can be fixed by adding a link be-
tween f andh to each of the local graphs in (b). The resultant graphs are still
chordal and convert to the JTs in (d). By performing local inference with these
JTs, the potential over the d-sepgdt g, h} can be obtained directly from the
corresponding clusters.

ffffffffffffffffffffffffffffffffffffff

**************************************

Figure 7.10: (a) The structures of two subnets. (b) Their local moral graphs. (c) JTs con-
structed from local moral graphs. (d) JTs constructed after adding firtk to local moral
graphs.



154 Linked Junction Forests

The price paid is the increased complexity in the JT representation. The com-
plexity can be quantified in terms of the total number of potential values needed to
specify the JT representation. We define the-space complexitgf a JT repre-
sentation to be

> IB(Q)I,
Q

where the summation is over all clusters of the JT. For example, if all variables are
binary, the raw-space complexity ®f is 20 and so is that of,. Hence, the total
raw-space complexity of; andT, is 40, whereas that dfl; andH; is 56.

In large problem domains, the d-sepsets will be much larger. The preceding
method will increase raw-space complexity exponentially on the cardinality of
d-sepsets. The consequences are increased space for storing the JTs and gre:s
computational time for local inference at the same rate, not to mention the expo-
nential complexity of e-message passing.

Is it possible to obtain the e-message from the less compleand T,? The
answer is yes. From the moral graphs in (l{)f, g, h) can be derived because they
are I-maps. Therefore, an agent can compute the e-message

P(f.g.h) = P(f. 9)P(g. h)/P(9).

where each factor is available from a clusteifirandT,. The graphical structure

for computing the e-message is the cluster treghown in Figure 7.11. Each of
P(f, g) and P(g, h) is a potential over a cluster &f, and P(Q) is the potential

over the corresponding separator. Each clustér i connected to a cluster iy

and a cluster ifT, by a shaded link. The link indicates from which cluster in the
JT the corresponding cluster potentiallincan be obtained. Next we present the
idea above as a graphical structure callédlkage tredor effective computation of
e-messages while keeping the raw-space complexity of the local JT low. First, we
introduce a graphical operation callexdrgeto be used in defining the linkage tree.

Definition 7.2 A cluster C in a JT isnergednto another cluster Q if Q is replaced
by Q = QUC, C is removed from the JT (together with its separator with Q),
and the other clusters originally adjacent to C are made adjacent’'to Q

Figure 7.11: The cluster tree for computation of e-message.
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Figure 7.12: Cluste€ in (a) is merged intd, resulting in the cluster graph in (b).

An example is given in Figure 7.12. Using the merge operation, we define the
linkage tree as follows:

Definition 7.3 Let G be a subgraph in a hypertree MSDAG, | be the d-sepset
between G and an adjacent subgraph, and T be a JT converted from G. Repeat tt
following procedure in T until no removal is possible:

1. Remove ¥ | if x is contained in a unique cluster C.
2. After removal, if C becomes a subset of an adjacent cluster D, merge C into D.

Let L be the resultant cluster graph. Then L irkkage treeof T with respect to
| if

Ue=1

QinL

where each cluster Q in L is called lamkage. A cluster in T that contains Q
(breaking ties arbitrarily) is called thénkage hostof Q.

ConsiderT; in Figure 7.11, wheré = { f, g, h}. Elementa ¢ | is contained in
a unique clustefa, b} and is removable. Afterwards, the cluster becomes a subset
of the adjacent clustgb, g, h} and can be merged. The resultant cluster graph has
two remaining clusterfb, g, h} and{e, f, g}. Elementb is removable and so &s
After removal ofb ande, no more elements are removable. Because the generating
set of the resultant cluster graph (showrlLass I, L is a linkage tree oT;. It has
two linkages{g, h} and{f, g}. The linkage host ofg, h} is the cluster{b, g, h}
in Ti.

7.5 Linkage Trees as I-maps

We analyze the properties of linkage trees in relation to e-message passing and tl
constraints that they impose on triangulation. A linkage tree is constructed througt
the merge operation; hence, we analyze the property of this operation first. The
following proposition shows that, after a cluster merge in a JT, the resultant clustet
graph is still a JT.
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Proposition 7.4 Let C and Q be two adjacent clustersina JT T. After C is merged
to Q, the resultant cluster graph is still a JT.

Proof. Denote the newly created cluster By and the resultant cluster graph by
T’. First, we show thaf’ is a tree. This is true because the merge operation is
equivalent to deleting the link betweé&hand Q and then joining the two resultant
subtrees at the roo@ and Q.

Next, we show that the intersection of each pair of clustei®'iis contained in
every cluster on their path. We consider the following possible cases:

1. p does noinvolve Q'.
2. p ends withQ'.
3. p hasQ’ in the middle.

For case 1p is identical as ifil and the statement is true @n

Forcase 2,denoje= (X, ..., Y, Q). Itsufficesto showkK N Q' C Y. Consider
the path inT that starts fronX, ends aC or Q, and contains bot& andQ. Such a
path is eithef X, ...,Y,C, Q) or(X,...,Y, Q, C), depending on whethef and
Y are contained in the subtree rootedCabr at Q. For either case, becau$eis a
JT,wehaveXNQ CYandXNC CVY.HenceXNQ CY.

For case 3, denote = (X, ..., Q,...,Y). Consider the patp’ = (X, ...,Y)
in T. The paths andp’ have the same clusters exc€ptandQ on p’ is replaced
by Q' on p. BecauseT is a JT, we haveXNY C C and XNY C Q. Hence,
XNnYcCQ. O

The next proposition says that a linkage tree is also a JT.

Proposition 7.5 A linkage tree is a junction tree.

Proof: After removal of an element contained in a unique clu§&esf a JT, the
junction tree property is unaffected. Hence, the resultant cluster graph is a JT. By
Proposition 7.4, after merging a cluster into another, the resultant is still aldT.

Furthermore, the linkage tree preserves the I-mapness of the junction tree fron
which it was derived, as shown in Proposition 7.6.

Proposition 7.6 Let L be a linkage tree of aJT T and | be the d-sepset. If T is an
I-map over its generating set, then L is an I-map over I.

Proof: We showthat h-separation among elementgiartrayed byl is unchanged
during the construction df from T. That is, for any disjoint subsels, Y, andZ
of I, if (X|Z|Y)r, then(X|Z|Y)_.
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Referto Definition 7.3. Removal gfis irrelevant to h-separation among elements
of | because is not contained in any separatorin BeforeC is merged intaD,
we haveC c D. Hence, merging into D does not alter h-separation along any
path that include€ andD. O

Because alinkage treéeis a JT over the d-sepsktthe e-message can be obtained

as
P(l) = [1‘[ P(Q)]/]‘[ P(9).
Q ]

where eachQ is a linkage inL and eachS is a separator irk.. In the potential
representation, this is equivalent to

B(1) = [1;[ B(Q)} / 1;[ B(S).

Clearly, as long a$Q| is small, for each cluster the e-message can be efficiently
encoded and passed even tholigtis large.
So far, we have focused on the case in which

Ue=i

QinL
holds when the procedure in Definition 7.3 halts. Given a JT, it is possible that when
the procedure halts we have

Ueor

QinL
in which casd. is nota linkage tree. The following theorem identifies the condition
under which the linkage tree exists. The condition says that the local chordal grapl
from which the JT is constructed must be triangulated in a certain way.

Before presenting the theorem, we revisit the notion of node elimination intro-
duced in Section 4.6. There elimination was performed according to a total order
Here we extend the notion to partial orders. Gebbe a graph oveNp U N, where
No N N1 = @. The graptG is eliminatable in the partial ordeNg, N;) if itis possi-
ble to eliminate all nodes ihg one by one first and then eliminate all noded\in
one by one without any fill-ins. Denofe= |Ng| andm = |N;|. A total elimination
order (w, v, ..., vj-1, v}, ..., Vj+m—1) IS consistent with a partial ordeNg, N)
if y € Ngforalli =0,...,j —1andv; € Nyforalli =j,...,j+m—1. That
is, the firstj elements in the total order are thoséNpiand the remaining are iN;.

The partial order could in general bBl{, N1, ..., N). For simplicity, we write
({a}, {b}, {c,d}) as @, b, {c, d}).
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Figure 7.13: An eliminatable graph that is not eliminatable in the ofdegt, {b, e, f, h}).

Theorem 7.7 Let G be a graph over V from which a JT T is constructed. Let |
be a subset of nodes in G. Then a linkage tree of T exists with respectto | iff G is
eliminatable in the orde(V\I, I).

Proof: [Sufficiency] SupposeG is eliminatable in Y\I, ). Consider a node

x € V\ I that can be eliminated first without fill-ins. Th&mmust appear in a unique
clusterC in T, for otherwiseadj(x) is incomplete. Hences can be removed from

C. Repeating this argument for each nodé/igl, we will be able to remove all
elements ifv\| from T, and the resultant cluster graph corresponds to a linkage
tree relative td .

[Necessity] Suppos6 is not eliminatable in\1, 1). That is,V\I cannot be
eliminated without fill-ins in any total order that is consistent wkh\(, 1). This
means that no matter what total order we use, there exists a nonempty sibskt of
(the subset may differ for different total orders) such that each node in the subse
appears in at least two clustersiof By Definition 7.3, elements in this subset will
not be removed fronT, and the generating set of the resultant cluster graph will
be a proper superset bf Hence, the linkage tree does not exist. O

An eliminatable graph may not be eliminatable according to a given order. For
example, the graph in Figure 7.13 can be eliminated in the oedéx; €, f, g, h)
but not in the partial order4, g}, {b, e, f, h}). To triangulate the graph using the
order (a, g}, {b, e, f, h}), afill-in (f, h) must be added. Therefore, Theorem 7.7
shows that to allow an agent to communicate with an adjacent agent effectively
using a linkage tree, the agent must triangulate its moral graph in the partial orde!
(V\I, I before construction of its JT representation. Triangulation according to
this constraint incurs possible overhead of additional fill-ins. In the next section,
we consider the computation of multiagent triangulation.

7.6 Multiagent Triangulation
7.6.1 Problem Specification

After moralization, the next step is to triangulate the moral graph of the MSDAG
into a chordal supergraph. This is necessary for the same reason that triangulation
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used when compiling a BN: a junction tree of a graph exists if and only if the graph
is chordal (Theorem 4.10). A moral graph is a minimal I-map (if the MSDAG is a
minimal I-map). If it is not already chordal, to convert it into a chordal graph while
maintaining the I-mapness, links must be added to obtain a chordal supergraph. W
define the chordal graph from the MSDAG as the union of a set of local chordal
graphs, each of which is a supergraph of a local moral graph. Once the local chorde
graphis obtained, a JT I-map can be constructed from it for effective local inference

Formally, given the moral grap® = L;; G; of a hypertree MSDAG, we need
to convert each subgraph; overV; into a chordal supergrapB; overV; such
thatL;; G is a chordal supergrapB’ of G (the chordality requirement) and each
pair of G{ and G/, is graph-consistent (thgraph-consistenceequirement). As in
multiagent moralization, the requirement of graph consistence is one of consistenc
in representing dependence relations among variables shared by multiple agents. |
Theorem 7.7, for eacB; and its d-sepsdt relative to an adjacent subgraph on the
hypertree G; must be eliminatable in the orde¥;(I;, I;) (the elimination order
requirement). Furthermore, for agent privacy, interaction between agents during
triangulation should not reveal the internal dependency structure of each ager
beyond the structure over the d-sepset fitieacy requirement).

Next we present algorithms for cooperative multiagent triangulation subject to
the preceding four requirements. We proceed stepwise from the two-agent case |
the hyperstar case and eventually to the general hypertree case.

7.6.2 Cooperative Triangulation by Two Agents

The simplest case of cooperative triangulation involves only two agents.
Algorithm 7.4 performs the task.

Algorithm 7.4 Let \p and \, be two subdomains that form a total universe and
| =VoNnVy #0@. Let & and G, be consistent graphs ovep\and \, and be
associated with agentsp/and A, respectively.

. Ay eliminates nodes in @in the order(Vo\ I, I); denote the fill-ins by &

. Ag adds R to Go; denote the resultant graph by

. Ay sends Athe restriction of [ to [;

. A adds to G the restriction of j to | received; denote the resultant graph by;G
. A eliminates nodes in Gin the order(Va\ 1, I'); denote the fill-ins by £

. Ay adds F to G}; denote the resultant graph by;(

. A; sends Athe restriction of Fto [;

. Ag adds to G the restriction of Ir to | received; denote the resultant graph by;G

O ~NO O, WNPE

Figure 7.14 illustrates the algorithm, and graghsand G; are shown in (a).
The shared nodes ate= {a, b}. Elimination inGq is performed by agenty in
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Figure 7.14: lllustration of Algorithm 7.4: (a) Before cooperative triangulation. (b) After
cooperative triangulation.

the order {g, f, c, d}, {a, b}). Nodee can be eliminated without fill-in. No node
in { f, ¢, d} can then be eliminated without fill-ins. K is eliminated next, a fill-in
{a, d} isrequired. Node can then be eliminated without fill-in. To eliminadeext,
anotherfill-in{a, b} isneeded. Hence, elimination@y inthe orderé¢, f, c, d, a, b)
produces5; in (b), where the fill-ins are shown as dashed lines.

The fill-in {a, b} is sent fromAy to A; and added td5; to obtain G| (not
shown). Elimination irG) by A; inthe orderk, o, j, |, g, m, n, a, b) produces fill-
in {a, q}, and the resultant grapgB; is shown in Figure 7.14(b). For this example,
A1 has no fill-ins to send té\o; hence G; = G;,. However, this is not always the
case.

The need for steps 7 and 8 in Algorithm 7.4 is illustrated in Figure 7.15. The
graphsGo andG; are shown in (a), where= {a, b, c, d}. AgentAq eliminatesGq
in the order ¢, f, a, b, ¢, d), and obtaing’, as shown in (b). After the restriction
of fill-ins to | is sent toA;, A; obtainsQ’ in (b). AgentA; starts elimination in
Q' with k, which requires afill-ifa, b}. This is the only fill-in added to obtai@”
(not shown). Becaud@, b} is between nodes ih, A; sends it taAg, which in turn
adds it toG’ to obtainG” (not shown). Note that the last actions occur through the
steps 7 and 8 of Algorithm 7.4.

The following proposition shows that when Algorithm 7.4 terminates, the local
graphs are triangulated correctly with respect to all four requirements:

Figure 7.15: lllustration of the last two steps of Algorithm 7.4: (a) Before cooperative
triangulation. (b) After cooperative triangulation.
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Proposition 7.8 When Algorithm 7.4 halts, the following hold:

1. Graphs G and G| are graph-consistent.
2. Graph G is eliminatable iVo\I, 1) and G is eliminatable i1\, I). Namely, each
of Gy and G is chordal.
. The graphunion Gu G7 is eliminatable ir((Vo U V)\ I, 1). Namely, G L1 G is chordal.
4. No internal characteristics of either local graph beyond links among | are revealed to
the other agent.

w

Proof:

(1) The statement is true because of steps 4 and 8.

(2) GraphG] is eliminatable in the ordeMi\I, |) from steps 5 and 6.

Subsedo\| of nodes is eliminatable first fro@, because subgraphs@f andGy
spanned byo\ | are identical by step 8, arfd;, is eliminatable in the ordeM\ |, I)
by steps 1 and 2. The remaining graph is spannet. liyis eliminatable becauss’
is eliminatable in the ordeMg\ I, I).

(3) It suffices to show that nodes @y LI G are eliminatable in the ordeV{\I, Vo\I, I).
SubseW;\I is eliminatable, because the subgraplsgi G| spanned by is G7 by
steps 7 and 8, an@/ is eliminatable in the ordeng\I, |) from steps 5 and 6. The
remaining graph i&{ by step 8 and is eliminatable iV{\1, 1), as shown in (2).

(4) Agent privacy is protected as the result of steps 3 and 7. O

Proposition 7.8 justifies the correctness of Algorithm 7.4. It is also needed for
proving the more general case considered next.

7.6.3 Cooperative Triangulation in a Hyperstar

Next, we consider cooperative triangulation of the moral graph of an MSDAG when
the hypertree is restricted to a hyperstar populated by2 agents. In a hyperstar
structure, exactly one agent is located at the center of the structure and each oth
agent is adjacent to the center agent only. We denote the agent at the center of ti
hyperstar byA; and the agent at eachterminalAy(i = 1, ..., n— 1). We denote

the local graph associated with agewt(i =0, ...,n— 1) asG; overV;. Note

that because the local graphs are derived from a hyperstar MSDAG, they satisf
the conditionV; N'V; C V, for everyi andj (i # j). We denoteVo NV, by I;.

Two algorithms are presented below. Algorithm 7.5 is executed\pwt the
center, and Algorithm 7.6 is executed by eagh(i = 1, ..., n— 1) at a terminal.
Both algorithms are organized into two stages indicated by a blank line in between
It is assumed that if an existing link is added to a graph, there is no effect.

The triangulation starts byAo. In each iteration of the firsfor loop
(Algorithm 7.5), Ap performs a local elimination relative to dp, adds fill-ins
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locally, and sends them ;. When A; receives the fill-ins (Algorithm 7.6), it up-
dates its local graph, performs a local elimination relativig tadds fill-ins locally,
and sends them t8, for inclusion. After this process is completed with respect to
eachA;, A, finalizesGy, and starts the secoffior loop (Algorithm 7.5). It sends all
relevant fill-ins obtained in the first loop to eagh. In response, each; receives
the fill-ins and finalize<s; (Algorithm 7.6).

Algorithm 7.5 Let Ay be the agent at the center of the hyperstas. dves the
following:

set LINK= ¢;
for each terminal agent Ado
eliminate \§ in Ggq in the order(Vo\ i, |;) and denote the resultantfill-ins by F;
add F to G and LINK;
send Athe restriction of LINK to il;
receive a set Fof fill-ins over | from A;
add F to Gg and LINK;
denote the resultant graph by,

for each terminal agent /Ado
send A the restriction of LINK to il;

Algorithm 7.6 Let A (1 <i < n — 1) be an agent at a terminal of the hyperstar.
A does the following:

receive a set F of fill-ins over, from Ay;

add F to G;

eliminate VY in G; in the order(Vi\I;, |;) and denote the resultant fill-ins by ;F
add F to G;i;

send A the restriction of Fto |;;

receive a set LINKOof fill-ins over | from Ay;
add LINK to G; and denote the resultant graph by/;G

Figure 7.16 illustrates Algorithms 7.5 and 7.6. The hyperstar with three agents
is shown in (a), and the three local graphs are shown in (b). The d-sepsgsigre
and{j, k}, respectively. AfterA, iterates once in the firgor loop (relative toA;)
andA; completesits first stage, the resultant local graphs are those shown in (c). The
corresponding elimination orders arek, j,1, g, m, n,a,b)and g, f,c, d, a, b),
respectively. AfterA, iterates the second time in the firfstr loop (relative toAy)
andA, completesits first stage, the resultant local graphs are those shown in (d). The
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Figure 7.16: lllustration of Algorithms 7.5 and 7.6: (a) The hyperstar structure of a trivial
MSBN. (b) The three local graphs. (c) The local graph aftgiterates once in the firgor

loop andA; completes its first stage. (d) The local graphs afigiterates the second time

in the firstfor loop andA, completests first stage.

corresponding elimination orders ae, b,a, g, m,n, j,k)and {, h, g, j, k), re-
spectively. For this exampléyy has no fill-ins to distribute in the second stage of
Algorithm 7.5. This is not the case in the next example.

Consider the three local graphs in Figure 7.17(a) with the corresponding agent
organized into the same hyperstar as in Figure 7.16(a). The d-sepsgdstare)

Figure 7.17: Need for second-round fill-in distribution in Algorithms 7.5 and 7.6. (a) Three
local graphs of a trivial MSBN. (b) The local graphs aft®y iterates once in the firgor

loop andA; finishes the first stage. (c) The local graphs al{giterates the second time in
the firstfor loop andA; finishes the first stage. (d) The local graphs aftgcompletes the
second stage.
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and {a, b, c, d}, respectively. AfterA, iterates once in the firdbr loop and A,
finishes the first stage, the resultant graphs are those shown in (b). The eliminatio
orders areK, ¢, d, b, a) and {, d, b, a), respectively. AfterA, iterates the second
time inthe firsfor loop andA; finishes the first stage, the resultant graphs are shown
in (c). The elimination orders aré&,(d, c, b, a) and (f, e, d, c, b, a), respectively.
After Ag completes the second stage, the local graphs in (d) are obtained. Note the
without this stage, the fill-iga, d} cannot be added 13;.

Also note that in the second stage, there is no effect wheiterates through
the terminal agent involved in the last iteration of the ficstloop (i.e., A in this
example). This iteration is not excluded from Algorithm 7.5 to keep it simple.

Before trying to establish the correctness of Algorithms 7.5 and 7.6, we present
a useful property of a chordal graph in Theorem 7.9, which says that the subgrapl
of a chordal graph is always chordal.

Theorem 7.9 Let G be a chordal graph and ‘Ge a graph obtained by deleting
some nodes (and links incident to these nodes) from G. ThendBordal.

Proof: It suffices to show that, after the deletion of a single nedine remaining
graphG’ is chordal. We prove this by contradiction:

Suppose thab’ is nonchordal. Then there must be a chordless gydglength
greater than 3 iG’. Becausés is chordal, a chord must have been deleted fpom
whenx and links incident to it are deleted fro@. That each link deleted hasas
one of the end points implies thats in p: a contradiction to the assumption that
XisnotinG'. O

The following proposition shows that, when Algorithms 7.5 and 7.6 terminate,
the local graphs are triangulated correctly with respect to the requirements on graph
consistence, chordality, and privacy. We will address the requirement on elimination
order later.

Proposition 7.10 Let Algorithms 7.5 and 7.6 be applied to the moral graph of a
hyperstar MSDAG. When all agents halt, the following hold:

1. Gjand G are graph-consistentfor& 1,...,n— 1.

2. The graphu—;G| is eliminatable in the orde(U]_}(V;\1i), Vo). Namely,L" (G is

chordal.

G, is chordal and G is eliminatable in the ordefVi\I;, I;) fori =1,...,n—1.

4. No internal details of any local graph beyond links among its d-sepsets are revealed to
any other agent.

w
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Proof:

(1) For each, Gg and G; are graph-consistent due to moralization. All fill-ins over
during the entire process are added{p accumulated inINK, and sent toA; by Ao.
They are added tG] by A;. Hence G andG; are graph-consistent.

(2) Without losing generality, assume that the fifst loop in Algorithm 7.5 proceeds in
theordeli =1, 2,..., n— 1. The eliminations then occurs in the following sequence:

AO, A11 AO, A2 ﬂﬂﬂﬂ AO? Anfl-

EachA (i = 1,...,n—1)eliminatesy; in the order ¥ \I;, I;) (Algorithm 7.6). After
the elimination, the subgraph spanned\byl; is never changed owing to hyperstar.
Hence,Vi\I; can be eliminated fror®; without fill-ins.

The last two eliminations byyg and A,,_; are equivalent to Algorithm 7.4 due to
hyperstar. By Proposition 7.8 (3j; L G;,_, is eliminatable in the order

(VO\lnfl U anl\lnfla |nfl),

which implies thaGj is eliminatable in o\ In—1, In—1). Hence, allnodes in{‘;olG{ can

be eliminated by first eliminating;\I; foreachi =1, ..., n — 1 and then eliminating
Vo.

(3) Consider the same elimination sequergg A1, Ag, A, ..., Ao, An_1 given in (2)
above. Foreacls; (i =1, ..., n— 1), Vi\I; is eliminatable, as argued in (2) abovg;

is also eliminatable due to eliminability &, the hyperstar, and Theorem 7.9.
(4) Agent privacy is protectetlecause alfill-ins communicated are among tlshared
variables. O

Note that the statement “adé’ to G;” in Algorithm 7.6 is only included for
clarity. It can be removed without affecting the end result.

7.6.4 On the Requirement of Elimination Order

The third statement in Proposition 7.10 is weaker than the requirement on elimi-
nation order, which would dictate th&, be eliminatable in the ordeNg\1;, I;)
foreach =1,...,n— 1.Infact, Algorithms 7.5 and 7.6 cannot guarantee this, as
shown by the following example.

Consider the three local graphs in Figure 7.18(a), wh&gds the center of
the hyperstar. The two d-sepsets dbec, d, €} and {a, d, €}, respectively. By
Algorithms 7.5 and 7.6A, first eliminatesGg in the order §, a, b, c, d, €) rel-
ative to A;. The elimination produces no fill-ins. Thel, eliminatesG; in the
order @, b, c, d, e) also without fill-ins.

Next, agenth, eliminatesGg relative toA; in the order , b, ¢, a, d, €), which
produces the fill-ifa, e}. The fill-in is added td5y and sent tA; (the dashed links
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Figure 7.18: An example that does not satisfy the requirement on elimination order.
(a) Before cooperative triangulation. (b) After algorithms and leaf are performed.

in (b)), which then eliminate§, in the order [, a, d, €) relative to Ay without
additional fill-ins. All agents now halt, and ea€h is shown in (b). However, if we
try to eliminate theGj, relative toA; in the order ¢, a, b, c, d, €), another fill-in
{b, e} will be produced. Hence, is not eliminatable in the ordewg\ 4, I1).

Such a situation does not seem to arise often. For instance, it does not occu
in the examples in Figures 7.16 and 7.17. To guard against such situation, afte
Algorithms 7.5 has been terminatelh may perform another round of elimination
in the order Wo\l;, I;) for eachi =1, ..., n— 2. If any fill-in is added, the algo-
rithm should be repeated. In Section 7.6.6, we revisit this issue in the more genera
case of cooperative triangulation in a hypertree.

7.6.5 Cooperative Triangulation in a Hypertree

We now consider the most general case: to triangulate the moral graph of a gener:
hypertree MSDAG when the hypertree is populatechby 3 agents. As in multi-
agent moralization, we present recursive algorithms for each agent. The executio
of each algorithm by an agent (denoted Ay) is activated by a caller, which is
either an adjacent agent (denoted Ay) of Ag or the system coordinator.
has adjacent agents other th&s) denote them by, ..., An. We denote/; N Vg
by l.andVoNnV, by l; (i =1,..., m). We also present algorithms to be executed
by the system coordinator. The system coordinator can be a human or an agent. |
these algorithms, we ugk, to denote the agent selected by the system coordinator
to perform certain operations.

In algorithmDepthFirstEliminate, A performs elimination and updating with
respect to all adjacent agents. In algoritBristributeDlink , Ag receives fill-ins
from the caller and then distributes all fill-ins among d-sepnodes addggismce
the start of the cooperative triangulation to each other adjacent agent. Algorithm
CoTriangulate is executed by the system coordinator to activate the cooperative
triangulation by multiple agents.
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Algorithm 7.7 (DepthFirstEliminate) Let Ay be an agent with a local moral
graph Gy. A calleris either an adjacent agentAr the system coordinator. Denote
additional adjacent agents ofpiy Ay, ..., An. When the caller calls on it
does the following:

if caller is an agent A do
receive a set £of fill-ins over L from Ag;
add K to Gg;

set LINK = ¢;
foreachagent A =1,...,m), do
eliminate \§ in the order(Vp\ I, I;) and denote the resultant fill-ins by F;
add F to G and LINK;
send Athe restriction of LINK to il;
call A; to runDepthFirstEliminateand receive fill-ins Fover | from A
when finished;
add F to Gg and LINK;

if caller is an agent A, do
eliminate \§ in the order(Vo\ I, Ic) and denote the resultant fill-ins by,;F
add F to Gg and LINK;
send A the restriction of LINK to {§;

Algorithm 7.8 (DistributeDIlink) Let Ay be an agent with a local graph & A
caller is either an adjacent agentr the system coordinator. Denote additional
adjacent agents of Aby A, ..., Am. When the caller calls on A it does the
following:

if caller is an agent A do
receive a set £of fill-ins over L from Ag;
add R to Gg;

set LINK to the set of all fill-ins added tog&o far;
foreach agent A =1,...,m), do

send A the restriction of LINK to il;

call A to runDistributeDlink;

Algorithm 7.9 (CoTriangulate) The moral graph of a hypertree MSDAG is popu-
lated by multiple agents with one at each hypernode. The system coordinator doe
the following:

choose an agent Aarbitrarily;
call A, to run DepthFirstEliminate;
after A, has finished, call Ato run DistributeDlink;
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Figure 7.19: lllustration o€oTriangulate.

Figure 7.19 illustrate€oTriangulate with a system of 11 agents. The hyper-
tree is depicted in the figure with each node labeled by an agent. Suppose th
agent A, chosen in the algorithm i\s. For each arrow, an elimination (see
DepthFirstEliminate) by the agent at the tail on its local graph is performed, and
the relevantfill-ins generated are then sent to the agent at the head. For example, tt
arrow fromAsto Az represents the elimination 8 onGsinthe order s\ Vs, Vs N
V3) followed by sendingAs the restriction of fill-ins tovs N V3. The label of each
arrow shows the sequence of the operation. It's easy to see that the sequence
similar to a depth-first traversal, which accounts for the name of the algorithm.

After As has finishedepthFirstEliminate, the flow of fill-ins during execution
of DistributeDlink is shown byonlythose arrows pointing away fros.

7.6.6 Correctness and Complexity of Cooperative Triangulation

In Theorem 7.12, we show the propertieCafTriangulate. We define thaltitude
of anode in a tree to be used in the proof. Consider a tree rooted at a.r@nken
anodex on the tree, find the longest path frerthroughx to a terminal and denote
the terminal byy. The altitude ofk is then the length of the path betweeandy.
In Figure 7.19, for example, if the root &s, then the altitudes of\,, A4, and As
are 0, 1, and 2, respectively.

Lemma 7.11 establishes the depth-first propertepthFirstEliminate to be
used in proving Theorem 7.12. We will refer £g as theroot of the hypertree.

Lemma 7.11 All eliminations on local graphs located at the (hyper)subtree rooted
at Aq are performed after Ais called to runDepthFirstEliminate and before A
returns from the call.

Proof: We prove by induction on the altitudeof Aq.

Whenk = 0, Ay is a terminal, and exactly one elimination is performedGn
(see Figure 7.19, where the total number of eliminations on a local graph located a
a hypernode is shown by the number of outgoing arrows of the node). Only the two
if statements iepthFirstEliminate are executed in this case, where the second
one contains the elimination. Hence, the lemma is true.
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Assume that the lemma is true whknr= q > 0. Now consider the cade=
g + 1. The eliminations performed on local graphs located at the subtree rootec
at Aq are those performed dBq and those performed on local graphs located at

the subtree rooted at eadh (i = 1, ..., m). Exactlym+ 1 eliminations are to
be performed orGq (one relative to eacld\ (i = 1, ..., m) and one relative to
Ac). The firstm eliminations relative toA; (i = 1, ..., m) are contained in the

for loop. All eliminations on local graphs located at the subtree rooted at each
A (i=1,...,m) are also performed in thier loop during the call toA; by the
inductive assumption. The last elimination @g is performed in théf statement
following thefor loop. O

We now prove the properties @oTriangulate.

Theorem 7.12Let CoTriangulate be applied to the moral graph of a hypertree
MSDAG. When all agents halt, the following hold:

. Each pair of adjacent local graphs on the hypertree is graph-consistent.

. The graph union of all local graphs on the hypertree is chordal.

. Each local graph on the hypertree is chordal.

. No internal details of any local graph beyond links among its d-sepsets are revealed tc
any other agent.

A WN P

Proof:

(1) Initially the moral graph is graph-consistent. We show that any fill-in among a pair
of d-sepnodes produced by any agent will be communicated to any other agent tha
shares the pair. Let andy be two disconnected d-sepnodesGg associated with
an agentAq. Suppose the fill-infx, y} is produced by another ageAf during Co-
Triangulate.

Because the MSDAG is a hypertree, nodeandy are contained in every local
graph on the path betweef and Ag. Suppose the path does not contain the root
A.. If A’ has a lower altitude thar, then{x, y} would be communicated té
during DepthFirstEliminate. If A" has a higher altitude thaAy, {X, y} would be
communicated t@g during DistributeDlink.

Next suppose the path does contain the #ofThen{x, y} would be communicated
from A’ to A, duringDepthFirstEliminate and fromA, to Ag duringDistributeDlink.

(2) We prove the statement by induction on the altitkdef agent Ag. Whenk =1,

A; through A, are terminals of the hypertree. By Lemma 7.11, all eliminations on
graphs located on the subtree rootedAgtare performed whem, is called to run
DepthFirstEliminate. Afterwards, no change is made on each local subgraph spanned
by Vi\li. The elimination process is identical to that of Algorithms 7.5 and 7.6 except
for the additional elimination of5q relative toA;. Because the additional elimination

is performed last and oXy only, by Proposition 7.10 (2), the graph uni@hof Gg
throughG, is eliminatable in the order (U, (Vi\1i), Vo\l¢, l¢).
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Denote the union of all local graphs on the subtree rootedats Q; over
V/ (i =1,...,m). When the altitude o is k = q > 1, assume tha®; is elimi-
natable in the ordet (™, (V/\1;), Vo\lc, l¢).

Consider the case= q + 1. By the inductive assumption, ea€h is eliminatable
in (V/\1;, I;). Because the last elimination on the subtree rooteh @liminatesvy in
(Mo\lec, I¢), the graph union of all local graphs on the subtree is eliminatable in the order
(UM, (WAL, Vo\le, L¢). Finally, whenAqg = A,, the graph union of all local graphs on
the subtree is eliminatable in the ordefY, (V/\1i), Vo) by Proposition 7.10 (2).

(3) Each local graple, other than the one associated wah is eliminated the last time
in the order ¥o\lc, Ic). HenceVp\ I is eliminatable. By (2) and Theorem 7.8, is
eliminatable.

For the rootA,, the last elimination orG, is performed relative to awy in the
order (/p\l;, I;). The processing is equivalent to Algorithm 7.4. By the hypertree and
Proposition 7.8 (2)Go is eliminatable in Yo\ I, I;).

(4) Allfill-ins communicated are among the shared variables. O

Next, we consider the time complexity @oTriangulate. We concentrate on
DepthFirstEliminate and focus on its elimination processing only. This is because
the amount of computation for transmission of fill-ins to adjacent agents during
DepthFirstEliminate andDistributeDIink is dominated by the former.

Given the moral graph of a hypertree MSDAG with hypernodes, it is
easy to see from Figure 7.19 than2{ 1) eliminations are performed during
DepthFirstEliminate. Let k be the maximum number of nodes in a local graph
andd be the maximum degree of a node. To eliminate a node, the completenes:
of its adjacency is checked. The complexity of the checkin@(d?). Using the
heuristics in Section 4.€)(k) nodes are checked before one is eliminated. Hence,
the time complexity of eliminating all nodes in a local graphQgk?d?). The
complexity ofCoTriangulate is thenO(n k? d?).

As shown in Section 7.6.40Triangulate does not guarantee that ea@h is
eliminatable in ¥p\1;, 1;), although negative cases do not occur often. The follow-
ing algorithm extend€oTriangulate to ensure the requirement on eliminatable
order is fully satisfied.

Algorithm 7.10 (SafeCoTriangulate)

performCoTriangulate

each agent performs an elimination relative to the d-sepset with each adjacent
agent;

if no agent added any fill-ins, halt;

else restart this algorithm;

The following theorem establishes the propertysafeCoTriangulate
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Table 7.1:Agent communication interfaces

Agents Interface

A vs A; lon={a,b,cde f,g}

A1 vs Ay l12=1{h,i,j,k,I,mn,o,p,q,r}
Ay Vs Ag lba={stuvwXyza, b}
A2 VSA4 |274: {C/,d,,e( f,, g/ h/ i/, J/}

Theorem 7.13 Let SafeCoTriangulatde applied to the moral graph of ahypertree
MSDAG. When all agents halt, each local graphi&eliminatable with respect to
each adjacent local graph @n the order(Vp\ i, I;).

Proof: Each round ofSafeCoTriangulate will add some fill-ins to some local
graphs, for otherwise it will halt. Because only a finite number of fill-ins can be
added to each local graph before it becomes complete, and a complete graph
eliminatable in any ordeGafeCoTriangulatewill halt. O

By Theorems 7.12 and 7.13, we conclude that the problem of cooperative
triangulation with respect to all requirements is solvedSafeCoTriangulate.
Figure 7.20(a) shows the moral graph of a hypertree MSDAG whose total uni-
verse contains 80 variables. The hypertree is shown in Figure 7.21, and the agel
interfaces are listed in Table 7.1.

The result ofSafeTriangulateis shown in Figure 7.20(b) with fill-ins displayed
as dashed lineSafeTriangulateterminates with one execution @b Triangulate.
Atotal of eightfill-ins are added (identical fill-ins are counted only once). One might
ask whether cooperative triangulation will result in too many fill-ins compared with
a single-agent centralized triangulation. To answer this question empirically, ar
experiment has been performed in whiGketChordalGraph in Section 4.6 was
applied to the union of the local graphs in Figure 7.20(a). As a result, a total of six
fill-ins were added. Hence, the cooperative triangulation results in only two extra
fill-ins for this example. The experiment demonstrates that cooperative triangulatior
produces a reasonably sparse chordal graph.

In the following, we show the results of cooperative triangulation in the multi-
agent system for monitoring the digital system presented in Chapter 6. Figure 7.2:
shows the local chordal graph for agei. Dark links are those in the original
local DAG. Light links are added during moralization. The only fill-in{&, X3}

(the grey level of the link is intermediaté).

1 Thethree types of links in black, light grey, and darker grey correspond to black, green, and red links on compute
screen, respectively.
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he moral graph of a hypertree MSDAG. (b) The chordal graph obtained

Figure 7.20: (a) T
by SafeTriangulate

Figure 7.21: The hypertree of an MSDAG.
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Figure 7.22: The local chordal graph fAs.

Figure 7.23 shows the local chordal graph for. The fill-in {ag, X3} is shared
with Ag. An additional fill-in{ip, po} is added. Figure 7.24 shows the local chordal
graph for A,. The fill-in {ig, po} is shared withA;, and{sp, Xo} is added as an
additional fill-in. Figures 7.25 and 7.26 show the local chordal graph#fand
A4. Agent Az shareqsy, Xo} with Ay, and A4 has no fill-ins in its local graph.

Figure 7.23: The local chordal graph fég.
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Figure 7.24: The local chordal graph 8.

7.7 Constructing Local Junction Trees and Linkage Trees

After each local dependence structure has been moralized and triangulated, it ca
be further organized into a local junction tree. This task can be performed by eact
individual agent using the method described in Section 4.8. After the local JT

Figure 7.25: The local chordal graph f8g.



7.7 Constructing Local Junction Trees and Linkage Trees 175

Figure 7.26: The local chordal graph fé.

is obtained, a linkage tree needs to be constructed between the agent and ea
adjacent agent. Because the local graph has been triangulated with respect to tl
requirement on elimination order, such a linkage tree does exist (Theorem 7.7) an
can be constructed from the local JT according to Definition 7.3. We illustrate this
process with an example.

Figure 7.27 shows the local JTs obtained by agéa@nd A,. Each can compute
the local JT using its local chordal graph shown in Figure 7.20(b). No interaction
is needed.

Figure 7.28 shows the linkage tree obtaineddyand A,. Agent A; applies the
procedure in Definition 7.3 to the local JT in Figure 7.27(a). It can reraaandbb

Chinp
e @i
s i) @A
QoI ey ERD T TrsD g
Cheds bil o

@ T @ @ (b)

Figure 7.27: The local junction trees féy (a) andA; (b).
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"

Figure 7.28: The linkage tree betwegn and A;.

from the terminal cluste€ = {aa, bb, z’}. The resultan€ becomes a subset to its
adjacent clustefe, X7, y”, 2’} and can be merged. Now den@e= {e, X", y”’, Z’}.
AgentA; canthen remove”, y”’, andz’ from C such thatC can be merged into its
adjacent clustetb, c, d, e}. By repeating this procesgy; will obtain the linkage
tree in Figure 7.28. SimilarlyA, will obtain the same linkage tree locally from
Figure 7.27(b).

Note that because the linkage trees associated Aaitand A, are computed
locally and independently; in general, the two linkage trees may be different. We
will return to this issue in Section 8.3.

Before we continue, we show the local junction trees obtained by the multiagent
system for monitoring the digital system in Figures 7.29 through 7.33.

From these local junction trees, the linkage trees between each pair of adjacer
agents are computed, as shown in Figures 7.34 through 7.37. Note that although tr
d-sepset between a pair of agents has a cardinality between 9 and 13 (see Table 6..
the largest linkage among all linkage trees has a cardinality of only 6.

With the local JT and linkage trees constructed by each agent, the hypertree
MSDAG in the original MSBN has been converted into a different dependence
structure, which is termedlanked junction fores{LJF). We formally define this
structure as follows:

Figure 7.29: The local junction tree f@.
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cO

Figure 7.30: The local junction tree fay;.

cl6

c21

Figure 7.31: The local junction tree fa@Y,.



Figure 7.32: The local junction tree fa@.

Figure 7.33: The local junction tree f@y.

c6

Figure 7.34: The linkage tree betwefp and A;.
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cl2

cl0 cll

Figure 7.35: The linkage tree betweg&n and A;.

cl5

c12 c8

Figure 7.36: The linkage tree betwefg and As.

c23

c20 c22

c21

Figure 7.37: The linkage tree betwegp and A,.
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Definition 7.14 A linked junction forest F is a tupl@/, G, T, L).

V =,V is thetotal universe where each Vis a set of variables, called a
subdomain

G = u;Gj, where each G= (V,, Ej) is a chordal graph such that there exists a
hypertree¥ over G.

T = {T;} is a set of JTs, each of which is a corresponding JT of G

L = {L;} is a collection of linkage tree sets. Each < {L; ;} is a set of linkage
trees, one for each hyperlink incident tq & W. Each L ; is a linkage tree of ;T
with respect to a hyperlink\N V;.

An LJF is an alternative dependence structure for a multiagent system, where
each agentis associated with,(G;, T;, L;). We refer to the tuple\|, G;, T;, L;)
as thelocal JT dependence structuoé agentA;, or simply the local JT structure
of A; when there is no confusion. We conclude this chapter by emphasizing that
an LJF is an I-map. In the following theorem, the graphical separation refers to
h-separation.

Theorem 7.15Let a hypertree MSDAG & L G; be an I-map of a total universe
and F be a linked junction forest of G. Then the following holds:

1. For each two disjoint subsets X and Y of variables in the universe, if there exists a
hyperlink Z such that X is located amme side of Z on the hypertree and Y is located
on the other side, then(K, Z, Y).

2. For each subdomain;With the corresponding JT; Tn F and any disjoint subsets X,
Y,and Z of V,

(X|Z|Y)r = 1(X, Z,Y).

3. For each hyperlink | with a corresponding linkage tree L and any disjoint subsets X, Y,
and Z of I,

(X|ZIY)L = 1(X, Z,Y).

Proof:

(1) It follows from Theorem 6.12 and the I-mapnessof

(2) Itfollows from the I-mapness @, the I-mapness of the moral graph (Theorem 4.8), the
preservation of I-mapness by triangulation (adding fill-ins only), and the preservation
of I-mapness by JTs (Theorem 4.18).

(3) It follows from (2) and Proposition 7.6. O

Given an LJFF = (V, G, T, L), if the three conditions in Theorem 7.15 hold,
F is said to be afrmapoverV.
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Theorem 7.15 describes the three levels of conditional independence encoded
an LJF. The hypertree-level independence ensures effective and exact distribute
inference, the JT-level independence ensures effective and exact local inference, al
the linkage-tree level independence ensures effective and exact e-message passi
These will become even clearer as we present the MSBN inference methods in th
next chapter.

7.8 Bibliographical Notes

The concept of linkage trees was initially presented in Xiang, Poole, and Beddoe:
[96] and was refined in Xiang [84, 89]. The analysis of the cluster merge operation
(Proposition 7.4) is from Jensen [28]. The distributed triangulation of a hyperstar
was first proposed in Xiang et al. [96]. The cooperative triangulation of a general
hypertree was proposed by Xiang [89].

7.9 Exercises

1. Verify that the result of cooperative moralization in Figure 7.2 is identical to what would
be obtained from a centralized moralization.

2. Follow Algorithm CoMoralize with the MSDAG in Figure 7.6 on the assumption that
A; is selected ag\.. Compare the resultant moral graph of the MSDAG with that from
Section 7.3.

3. Compute the linkage tree between ageltsand Az from the local junction tree oA,
in Figure 7.31, where the local junction treeAf is shown in Figure 7.32.

4. Apply two-agent triangulation (Algorithm 7.4) to the local moral graphs in Figure
7.10(b). Interpret the result.

5. Followthree-agenttriangulation onthe assumption thatthe local moral graphs are those i
Figure 7.17(a). Let ager¥, execute Algorithm 7.5 andy andA; execute Algorithm 7.6.

6. Follow AlgorithmSafeCoTriangulateon the assumption that the local moral graphs are
those in Figure 7.18(a). L& be the initiating agenA.,.

7. Follow AlgorithmSafeCoTriangulateon the assumption that the local moral graphs are
those in Figure 7.20(a). L&, be the initiating agenA,.

8. Use the local chordal graphs in Figure 7.20(b) to perform the following:

(a) Construct the local JTR andT; for agentsAg and A;.
(b) Construct the linkage tree betwefgand A; from To.
(c) Construct the linkage tree betwedgand A; from T;.
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Distributed Multiagent Inference

Chapter 7 has presented compilation of an MSBN into an LJF as an alternative
dependence structure suitable for multiagent belief updating by concise messag
passing. Just as in the single-agent paradigm in which the conditional probability
distributions of a BN are converted into potentials in a junction tree model, the
conditional probability distributions in an MSBN need to be converted into poten-
tials in the LJF before inference can take place. This chapter presents methods fc
performing such conversions and passing potentials as messages effectively amor
agents so that each agent can update belief correctly with respect to the observatiol
made by all agents in the system.

Section 8.2 defines the potential associated with each component of an LJF
and describes their initialization based on probability distributions in the original
MSBN. Section 8.3 analyzes the topological structures of two linkage trees over an
agent interface computed by two adjacent agents through distributed computatior
This analysis demonstrates that, even though each linkage tree is created by one
the agents independently, the two linkage trees have equivalent topologies. This re
sult ensures that the two agents will have the identical message structures when the
communicate through the corresponding linkage trees. Sections 8.4 and 8.5 prese
direct interagent message passing between a pair of agents. The effects of suc
message passing are formally established. The algorithms for multiagent commu
nication through intra- and interagent message passing are presented in Section 8.
We also establish that exact posterior distributions can be obtained efficiently by
local computation after such communications. Section 8.7 demonstrates how multi-
agent inference functions in trouble-shooting a digital system. The computational
complexity of multiagent communication is analyzed in Section 8.8. The properties
of, and motivations for regional agent communication are shown in Section 8.9.
The possibility of extending the loop cutset conditioning and forward sampling
(two alternative methods for belief updating in BNs) to inference in MSBNSs is
considered in Section 8.10.

182
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Figure 8.1: A trivial MSBN.

8.1 Guide to Chapter 8

Chapter 7 has described compiling an MSBN into an LJF structure. Before belief
updating can be performed, the quantitative knowledge in the MSBN needs tc
be compiled as well. Section 8.2 presents the method for the compilation. As ar
example, the MSBN in Section 7.1 is duplicated in Figure 8.1 with the conditional
probability distributions shown. The hypertreas the topology 06y — G, — Gj.

Its compiled LJF representation is shown in Figure 8.2, whgsés the linkage tree
betweenTy and T, andL 1, is the linkage tree betweeR andT,. The probability
distribution of each node in each subset is assigned to a cluster in the correspondir
local JT in the same way as in the single-agent paradigm. For exaP{@, b)

is associated with the nodein Gg. Because the clustéa, b, k} in the localJT

To contains the family ok, P(k|a, b) is assigned to the cluster. The product of all
distributions thus assigned to a cluster then becomes the potential of the cluste
(e.g., the producP(c)P(d) for the cluster{b, c, d} in Tp). A cluster that has no
such assigned distributions is given a uniform potential (e.g., the cl{sstbrc}

P(k|ab) |

Pelc) PHcd L, | POPM

Figure 8.2: The LJF representation with initial potential assignment.
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in T;). Each separator in each local JT is given a uniform potential as well as each
linkage in each linkage tree.

Once these three types of potentials (for clusters and separators of local JTs an
linkages of linkage trees) are assigned, all other potentials are defined accordingly
These include the following potentials:

¢ A potential for each local JT.

¢ A potential for each separator in each linkage tree.

¢ A potential for each linkage tree.

¢ A joint system potential (JSP) for the entire LIF representation.

Although a single linkage treley, is drawn in Figure 8.2 between local JTgsand
T,, in fact a separate linkage tree is obtained by ageritom Ty and another by,
from T,. This is necessary because the two agents are in general remotely locate
and each needs a linkage tree to maintain its potential over the agent interface
Section 8.3 considers the consequences when the two linkage trees are comput
by the two agents independently. The analysis concludes that, although in genere
the two linkage trees will be different, the difference is constrained and does not
affect the result of belief updating by message passing.

The primitive action for message passing between two adjacent agents is the
transmission of a potential over a single linkage. For example, the transmission o
a potentialB(a, b, c) from Ag to A, over the linkagda, b, c} in Lo is a primitive
action (see Figure 8.2). Section 8.4 defines such a message.

Section 8.5 sets forth the actions involved in message passing between tw
adjacent agents over their linkage trees (recall that there are two of them — one
for each agent). This process entails the transmission of potentials over linkage:
between agents followed by internal message passing in the receiving agent. Fc
example, whem, passes its belief té, over their interface, it sends a potential
over the linkagda, b, c} and another potential over the linkage c, d}. When the
two potentials are received), combines the potential over the linkaég b, c}
with the potential in its linkage host (i.e., the clustar b, c}) and combines the
potential over the linkagfb, c, d} with the potential in its linkage host. Afterwards,

A, performs internal message passing olgras discussed in Chapter 5.

Section 8.6 discusses how all agents in the system communicate through messa;
passing over linkage trees. Figure 8.3 illustrates the process when the communi
cation is activated by agemy. The black arrows indicate the sequence in which
agents are activatedy, first, thenA,, and thenA;. WhenA, is activated, it passes
the message té, over their linkage trees. After local processing, as discussed
above, A, passes the message Ag over their linkage trees. The white arrows
indicate the sequence of the message passing. The first round of message passing
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Figure 8.3: Communication among agents.

then completed, and the second round starts. After local procegsjmpasses the
message back th,, and A, passes the messageAp(following the black arrows).
Section 8.6 shows that, after these two rounds of interagent message passing,
agents’ beliefs are updated correctly.

The computational complexity of these communications is analyzed in Section
8.8. The conclusion is that as long as the MSBN structure is sparse, the multiager
communication operation is efficient.

To illustrate how multiple agents can use the MSBN-LJF representation anc
the communications algorithms presented in practice, Section 8.7 demonstrate
troubleshooting a multi-component digital system by five cooperating agents. Two
devices in the system are broken. By limited local observations and two communi-
cations, the agents are able to locate the two faulty devices with high certainty.

Section 8.9 discusses the issue of regional communication when not all agent
in the multiagent system are involved in the communications activity. Regional
communication is sometimes desirable because it is more efficient than full-scale
communication, although agents that participate in it can only benefit from the
knowledge of each other but not the agents outside the region. Regional commun
cation is sometimes necessary when the computer network that physically connec
agents fails. When such a failure occurs, regional communication allows agents isc
lated into each region to continue cooperation as a group; hence, the performanc
of the system degrades gracefully.

Section 8.10 examines the possibility of extending two alternative methods for
belief updating in BNs, loop cutset conditioning and forward sampling, for belief
updating in MSBNs. The analysis concludes that, although both extensions art
possible in theory, they require many more messages to be transmitted amon
agents and much more complex coordination of agent activities.
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8.2 Potentials in a Linked Junction Forest

To perform inference in an MSBN using the alternative dependence structure, ar
LJF, the JPD of the MSBN, needs to be converted into the belief over the LIF. Asin
the case of potential assignment for a JT in the single-agent paradigm (Section 5.3
we seek a concise and localized belief representation by exploring the independenc
(Theorem 7.15) encoded inthe LJF. This involves assigning potentials to the cluster:
and separators of local JTs and linkage trees and assembling them into a joint syste
potential (JSP).

8.2.1 Defining Potentials

The following potentials arassignedand all other potentials adefined(or de-
rived) in terms of these potentials.

¢ Each clusteQ in each local JT is assigned a potentig)(Q).
¢ Each separatdsin each local JT is assigned a potentg{S).
e Each linkageQ in each linkage tree is assigned a poterig( Q).

The initial assignment of these potentials is described in the next subsection. Her:
we define the other potentials first:
The potential of a JT; over the subdomaiK; is defined as

Br, (Vi) = []T[ BQ,.(Q,-)} /[1:[ Ba(&)] ,

where j is over the indices of all clusters iy andk is over the indices of all
separators. The semantics®i (Vi) have been established in Theorem 5.10.
For each separat@in each linkage tree, its potential is defined as

Bs(S) = ) Bo(Q),
Q\S
whereQ is any one of the two linkages with its separafoNote that the definition
refers to one of the two linkages without preference. As will be shown in Sections 8.3
and 8.5, this causes no problem at all. The potential of a linkage_ireever a
d-sepset,; j is then defined as

BLi,j(Ii,j) = |:l_[ BQm(Qm):| /|:l_[ B&(S()i| s
m k

wherem is over the indices of all linkages ib; j andk is over the indices of alll
separators. In Section 8.2.3, we discuss the semantigg ofl; ;).
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Thejoint system potentiglJSP) over the universé is associated with the LIF
F and is defined as

Br(V) = {1‘[ Br (\4)} / {1:[ BLk(Ik)] ,

wherei is over the indices of all JTs iR andk is over the indices of linkage tree —
one for each hyperlink in the hypertree. The semanti®x¢#/ ) will be discussed
in Section 8.2.3.

With the potentials attached to the JT and linkage trees of each local dependenc
structure ¥, Gi, Ti, L), we refer to the resultant tupl&/i( G;, Ti, By, Li, BL,)
as thelocal JT representationt is the compiled subdomain representation of the
corresponding ager;. Note thatB,, is a collection of linkage tree potentials, one
for each linkage tree of the local structure. We refefte- (F, Be(V)) as dinked
junction forest representatioof the corresponding MSBN.

8.2.2 Initial Potential Assignment

As described inthe previous section, the potential for each cluster and each separat
in each local JT and the potential for each linkage in each linkage tree are assigne
(versus derived).

The potential assignment in each JT is the same as in the single-agent paradigr
Let T; be a JT obtained from the subrgt= (V;, G;, P,). For each cluste® and
each separatdd in T, assign a uniform potential. For each naden G;, find a
clusterQ in T; such thatf mly(v) € Q and break ties arbitrarily. Updai( Q) to
the productB(Q) x P(v|7(v)). Note that the assignment ensures

Br,(Vi) = R(V).

For each linkage in each linkage tree, assign a uniform potential.
Now consider the JSP

Be(V) = {1‘[ Br (\4)] /{1:[ BLk(Ik)] :

Because each linkage is assigned a uniform potential, the denomfipa®r, (1)
contributes no nontrivial information. Hence,

Br (V) = [ [ Br(W).
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Because each separator of each local JT is assigned a uniform potential, we have
Be (V) =[] Br(V) =[[R(W) = P(V). (8.1)
i i

That is, the JSP is identical to the JPD of the MSBN.

Recall from Chapter 5 that supportiveness is an important property to ensure the
correct belief updating by message passing. This is also true for belief updating ir
an LJF. That is, the initial potential assignment must ensure that each separator i
each JT and each linkage tree is supportive (readers are encouraged to verify this
Each act of message passing must also maintain the supportiveness. Indeed, tl
inference algorithms presented later in this chapter do maintain the supportivenes:
Because the analysis is straightforward, we omit it from our presentation.

8.2.3 Consistence of Potentials

Message passing achieves belief updating by bringing adjacent belief units intc

consistence. We define different levels of consistence in an LJF representation.
Consider a local JT;. If a pair of adjacent clustei® andC and their separator

S satisfy

> Bo(Q) = const * Bs(S) = consp * Y _ Bc(C),
Q\S C\S

then Q and C are said to beonsistentIf every pair of adjacent clusters ify

is consistent, thef; is locally consistentNote that this notion is paralleled in
the single-agent paradigm. There, the local consistence ensures global consisten
because of the JT structure. Here, we will gbebal consistencéo describe the
consistence at the level of the LJF and will not use the notion at the local JT level
any more.

Because a linkage tree is a JT, we apply the notion of local consistence to &
linkage tree in the same way as to a local JT.

Using the local consistence concept, the following proposition establishes the
semantics of the linkage tree potential. Thatis, when alocal JT is locally consistent,
the potential of its linkage tree over a given d-sepset is the marginal of the JT
potential. In other words, it is a correct e-message over the d-sepset.

Proposition 8.1 Let T, over \{ be a local JT in an LJF representation that is an
I-map, and let T be locally consistent. Let;l; be a linkage tree of ;Tover the
d-sepset;lj. For each linkage Q in |; with its host C in T, assign B(Q) =
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ZC\Q Bc(C). Then

B, (lij)= ) Br(V).

Vi\li

Proof: Because the LJF is an I-maf; is an I-map overV,. Without losing
generality, we assume th& (V;) = constx P(V;). Then, by Theorem 5.16, for
each clusteX in T;, Bx(X) = consi * P(X), and for each separatdr, Bz(Z) =
const * P(Z). Hence, according to the assignment of linkage potentials, for each
linkage Q, we haveBg(Q) = const = P(Q). According to the definition of sep-
arator potentials in a linkage tree, for each separitor L; j we haveBgr(R) =
const, * P(R).

From Proposition 7.5 ; is a JT. From Proposition 7.&,; j is an I-map over
li,j. From Theorem 5.10, the result follows. O

Next, we consider a local JT; and a linkage tre¢; ; of T;. If a linkageC in
Li j and its linkage hosQ in T; satisfy

> Bq(Q) = constx Bc(C),
Q\C

thenC andQ are said to beonsistent.

WhenT; is locally consistent and each linkagelip; is consistent with its host
in T;, the local JTT; and its linkage tred.; ; are said to beonsistent. Recall that
the separator potential in a linkage tree is defined by marginalizing the potential of
its adjacent cluster. Hence, wheneVeandL; j are consistent,; j is also locally
consistent. From Proposition 8.1, wh&nandL; ; are consistent,; ; carries all
the relevant information that ageAt has relative to ager;.

Finally, consider an LJF representatigh If every local JT is consistent and
every linkage tree is consistent with its local JT, thEns said to beglobally
consistent. WhetF reaches global consistence, every agent will have received all
relevant information that other agents have to offer. Further communication would
have no effect on each agent'’s belief. Using the notion of global consistence, we
establish the semantics of JSP in the remainder of this section.

Theorem 8.2 Let a hypertree MSDAG & L Gj be an I-map of a total universe
V and F be an LJF of G. If for each cluster Q in each local JT of ki(®) =
const * P(Q) and the LJF representatioft, Bk(V)) is globally consistent, then

P(V) = constx Bg(V).
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Proof: Recall that

Be (V) = {1‘[ Br (vi)} /[1:[ BLk(lk>] :

By Theorem 7.15F is an I-map in the sense that the hypertree is an I-map, each
local JT is an I-map, and each linkage tree is also an I-map. Because each local J
is an I-map, we have

P(V;) = consp * Bt (),

according to Theorem 5.10. Inasmuch as €§cis locally consistent and is con-
sistent with each of its linkage treés ;, by Proposition 8.1 we have

P(li,;) = B, (li.j)-

Because the hypertree is an I-map, we have

P(V) = constx [1._[ P(V, )} /[]:[ P(Ik):| . )

Recall Basic Assumption 6.5. It requires the uncertain knowledge representatior
of a multiagent system to respect the belief of each agent within its subdomain
and to supplement each agent’s knowledge with others’ outside the subdomain
Theorem 8.2 assures us that when an MSBN is compiled into an LJF representatior
Basic Assumption 6.5 is kept in this alternative representation.

8.3 Linkage Trees over the Same d-sepset

Recall that each agent is associated with a local JT and a set of linkage trees -
one for each d-sepset. Because two adjacent agents have a shared drsepset
each of them has a linkage tree over the d-sepset. Given that each agent comput
its linkage tree ovet; ; independently from its local JT, the two linkage trees are
potentially different. We analyze the potential difference, which has implications
for e-message passing operations during agent communication. We consider th
following possible difference between the two linkage trees:

1. The linkages of the two trees may be different.

2. The separators of the two trees may be different.

3. When the clusters and the separators are identical, the topology of the two trees may sti
be different.

4. When the clusters and the separators are identical, the potentials of the two trees ma
still be different.
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First, we consider the linkages. According to Theorem 7.12, the adjacent local
graphsG; andG; are graph-consistent. Hence, the subgrapl& ahdG; spanned
by the d-sepset are identical. Each linkage is a clique in the subgraph. Hence, th
linkages in the two trees must be identical.

Second, we consider the separators. According to Proposition 7.5, each linkag
tree is a junction tree with the linkages as clusters. We have shown in the precedin
paragraph that the clusters of the two linkage trees are identical. The following
proposition shows that all junction trees of the same set of clusters have the sam
set of separators as well.

Proposition 8.3 Let G be a connected chordal graph, and H and T be two distinct
corresponding JTs of G. Then H and T have the identical set of separators.

Proof: Because the clusters ¢f are cliques ofG and so are clusters af, H
andT have the same set of clusters. We prove the proposition by induction on the
numberk of clusters ofH. The statement trivially holds K = 2. Assume that it
holds wherk = n. We consideH with n + 1 clusters.

Let C be any terminal cluster dil with the adjacent clust&®* and the separator
S, as in Figure 8.4(a). Latl’ be the JT resultant from removing the clusteand
its separator) fron.

If CisterminalinT, let T’ be the JT resultant from removir@gfrom T.

Consider the case in whighis not terminal inT, as in Figure 8.4(b). Becau3e
is a JT, every separator on the path betw€emdC* must be equal t&. Hence, at
least one separator inciden@an T is S. Denote the corresponding adjacent cluster
of C asQ. RemoveC and its separatd@with Q, and let other adjacent clusters of
C be adjacent t@, as shown in (c). The resultant is still a JT. Denote this JT'as

Clearly H andT’ haven clusters each. By the inductive assumption, they have
the identical set of clusters. Because the only separator removeddramdT is
S, the result follows. O

Third, we recognize that the topology of the two linkage trees may be different
even when both have the same clusters and separators. This means that the sa

Ceo M jawoe gy T

/," '

Figure 8.4: lllustration of proof for Proposition 8.3.
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(@)

Figure 8.5: Two JTs with identical clusters and separators but different topologies.

cluster in different linkage trees may have different separators. Figure 8.5 shows
such an example, whei@, has three separators in (a) but two in (b). On the
other hand, the potential of a linkage tree is defined in terms of potentials over its
linkages and separators. Hence, as long as the linkages and separators are identic
the topological difference has no affect on the linkage tree potential.

Finally, we consider the potential value. Clearly, because each linkage tree is
maintained by a separate agent, it is possible from time to time that the two linkage
tree potentials are inconsistent. Recall that the JSP of arrLidklefined as

Be (V) = {1‘[ Br (vi)} / [1:[ BLk(Ik)} :

The denominator involves a linkage tree potential for every d-sepset. If the two
linkage trees are inconsistent, the JSP would not be uniquely defined. We have
seen that the initial assignment does ensure that each pair of linkage trees over tt
same d-sepset is consistent (by assigning them uniform potentials). As we will see
during communication the consistence will be maintained.

8.4 Extended Linkage Potential

Inthis section, we consider an extended potential to be associated with each linkage
Recall that the potential of a linkage treg; over a d-sepsdt j is defined as

B, (lij) = {1‘[ BQm<Qm)} / []‘[ Ba(a)} ,
m k

wheremis over the indices of all linkages In ; andk is over the indices of all sep-

arators. When the linkage tree is locally consistent, each separator potential carrie
redundant information because it is simply a marginal of some cluster potential.
Their appearance as denominators in the preceding equation can be interpreted a:
“removal” of the redundance from the numerator, the product of cluster potentials.
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Figure 8.6: Defining linkage peers for each linkage.

Instead of removing redundance after the product, the extended potential explore
the idea of removing redundance before the product.

First, we introduce the notion gfeer separatoiof a linkage to signify what
redundant information needs to be removed and from where.

Definition 8.4 Let L j be a linkage tree of a local JT. Convert Linto a rooted
tree by selecting a linkage Q arbitrarily as the root and direct links away from it.
For each linkage Q# Q, assign the separator with its parent linkage as pleer
separator of Q.

For example, the linkage tree in Figure 8.6 has five linkages. If the linkage
is chosen as the root, then it has no peer assigned to it. The peer separator of ea
other linkage is labeled beside the linkage. We now define the extended linkag
potential.

Definition 8.5 Let L; j be a linkage tree with linkage potentials, separator po-
tentials, and linkage peers defined. For each linkage Q with peer Rxiended
linkage potentialis

Ba(Q) = Bq(Q)/Br(R).
For the cluster Q without peer, define
Ba(Q) =Bq(Q).
Consider the linkage tree in Figure 8.6. The extended potential for linRage
Bgl(h, [, m,n) = Bg,(h, |, m,n)/Bgn(h, n),

and the extended potential for linka@ is B (h, n, p) = Bg,(h, n, p).
The semantics of extended linkage belief are shown in Proposition 8.6. The proo
is trivial.
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Proposition 8.6 Let L; ; be alinkage tree. Then the linkage tree potentigl, & j)
can be expressed in terms of extended linkage potentials as

BL, (i) =[] B&(Q):
Q
where each Q is a linkage in; ;.

In the following sections, the extended linkage potenBg(Q) will be used
as the actual e-message transmitted between agents, whereas the linkage poten
Bo(Q) and separator potenti@ds(S) will only be used as conceptual objects in
our analysis. In our presentation, whenever eitg(Q) or B;(Q) is updated, it
is assumed that both are updagithultaneously

8.5 E-message Passing between Agents

In this section, we describe how agents in a system organized as an LJF represent
tion achieve consistence by message passing. First, we intréddsoeb Through-
Linkage, whose effect is to propagate belief from one agent to an adjacent agent
through a single linkage.

Algorithm 8.1 (AbsorbThroughLinkage) Let A and A be adjacent agents.
Agent A is associated with the local JT; @nd linkage tree |, and A with T; and
L;. Let Q be alinkage in I, C; be the linkage host of Qn T;, and Q be the
corresponding linkage in L

WhenAbsorbThroughLinkageis called on A for C; to absorb through Q
the following occurs:

1. Agent Arequests transmission @‘gj(Qj) from A;.
2. Upon receipt, Aupdates its host potential HC;) = B, (Cj) * B(*gJ (Qj)/Bg, (Qi)-
3. Agent Aupdates its linkage potentialaa(Qi): ng (Qj)-

The followingUpdateBeliefalgorithm propagates belief from an agent to an ad-
jacent agent through multiple linkages (a hyperlink) between thépdateBelief
is analogous t@\bsorption in Section 5.4 for message passing in a single agent
JT. However, here, the message originates from a local JT and is targeted at ar
other local JT. The channel is a d-sepset and (a hyperlink) in the form of multiple
linkages.

Algorithm 8.2 (UpdateBelief) Let A and A be adjacent agents. Agent /5
associated with local JT;Tand linkage tree |, and A with T; and L;. When



8.5 E-message Passing between Agents 195
UpdateBeliefis called on Arelative to A, the following occur:

1. Upon request from iAfor each linkage Q with host G in L, A; assigns B, (Qj) =
ZC]\Q] Be, (Cj)-

2. For each linkage Qwith host G in L;, A calls AbsorbThroughLinkageon itself
for C; to absorb through Q

3. Agent A performsUnifyBelief (Algorithm 5.4) at 7.

From Propositions 8.1 and 8.6, the messages passed through all linkages in stef
collectively define an e-message, the belief of aggnbver the d-sepset with .
Hence,UpdateBelief essentially performs e-message passing between a pair of
agents. lIts effects are shown formally in the following proposition.

Proposition 8.7 Let T, and T; be adjacent local JTs, and; land L; be the corre-
sponding linkage trees. Lef e locally consistent. AftétpdateBeliefs performed
in A relative to A, the following hold:

1. The JT Tis locally consistent.

2. Linkage trees Land L; are both consistent with;T

3. If L and L; were consistent befotdpdateBelief, the JSP of the LJF is invariant after
UpdateBelief.

4. If T; was locally consistent and was consistent withbeforeUpdateBelief, Tand L
are alsoconsistent aftetypdateBelief.

Proof:

1. This holds due t&JnifyBelief at the end ofJpdateBelief.

2. Linkage tred_; is consistent witfT; due to the first step ddpdateBelief. Linkage trees
L; andL; are consistent because of the last steplmdorbThroughLinkage.

3. Becausel; and L; were consistent, the JSP is uniquely defined irrespective of the
potential of the linkage tree referenced:

Br(V) = [];[ BTm(Vm)} / []:[ BLk(Ik):|.

After UpdateBelief, the potentials df;, L j, andT; are updated, and as shownin (),
andL ; are consistent. Hence, only terfag (V;) andBy, (I;) in the preceding expression
are modified. The updatdsi (1;) can be equivalently represented as

BL, (1) = By, (i) = [ B, (1i) /B (1)].
The updated potential foF; is
Br (Vi) = Br, (M) = [By, (11) /B, (1)]-

Therefore, aftetpdateBelief, the JSP is invariant.
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4. For simplicity, we assume that all constants involved have a value of 1. We need to
show

> Br(Vi) = B{ (I).

Vi\ki

This is true because

> B (Vi) = (BL,(1)/BL (1) > Br(Vi) = (B, (1:)/Bw, (1)) * BL, (1) = B, ().

Vi\li Vi\li

where the first equation is derived from Theorem 5.8 and the second one from the local
consistence of; and consistence betwe&nandL; beforeUpdateBelief O

Recall from Section 8.3 that because the two linkage trees over a d-sepset ar
computed independently by two corresponding agents, they may differ in topology.
In addition, from Section 8.4, the peer of each linkage is also computed by the
corresponding agent independently. Hence, the two agents may define the extend
linkage potential differently for each linkage (owing to difference in topology or
in the choice of root when defining the linkage peers). The preceding analysis
shows that such differences are immaterial. This observation is useful, for otherwise
the two agents would have to coordinate the topology of their linkage trees as well
as the choice of root when defining the linkage peers.

8.6 Multiagent Communication

Through a sequence of e-message passing among agents organized into an LJF, 1
global consistence in the multiagent system can be achieved. We present the age
communication algorithms in this section.

The following CollectBelief algorithm recursively propagates belief inwards
(from terminal agents towards an initiating agent) on the hypertree of an LJF.
Just asUpdateBeliefis analogous tAAbsorption at a higher abstraction level,
CollectBeliefis analogous t&ollectEvidencein the single-agent JT propagation
but is at the hypertree level.

Algorithm 8.3 (CollectBelief) Let Ay be an agent with local JT oI A caller is
either an adjacent agent fr the system coordinator. Denote additional adjacent
agents of Aby Ay, ..., Ay if any. When the caller calls ong&o CollectBelief it
does the following:

1. If Ag has no adjacent agent except caller, it perfordrsfyBelief at Tp and returns.
2. Otherwise, for each agent; & = 1, ..., m), Ag calls CollectBeliefon A. After A
finishes, A calls on itself toUpdateBeliefrelative to A.



8.6 Multiagent Communication 197

The followingDistributeBelief algorithm recursively propagates belief outwards
(from an initiating agent towards terminal agents) on the hypertree of arDish-.
tributeBelief is analogous t®istributeEvidencein the single-agent JT propaga-
tion but is at the hypertree level.

Algorithm 8.4 (DistributeBelief) Let Ay be an agent with local JTgT A calleris
either an adjacent agentr the system coordinator. Denote additional adjacent
agents of Aby Ay, ..., An, ifany. When the caller calls ongAo DistributeBelief,

it does the following:

1. If caller is an adjacent agent, ¢/calls UpdateBeliefon itself relative to caller.
2. Foreachagent Ai =1, ..., m), Ag calls DistributeBeliefon A.

The followingCommunicateBeliefalgorithm combine€ollectBeliefandDis-
tributeBelief. CommunicateBeliefis analogous ttnifyBelief in the single-agent
JT propagation but is at the hypertree level.

Algorithm 8.5 (CommunicateBelief) An LJF representation is populated by mul-
tiple agents with one at each hypernode. The system coordinator does the following

Choose an agent ,Aarbitrarily. Call CollectBeliefon A, followed by a call of
DistributeBeliefon A,.

CommunicateBeliefbrings an LJF representation into global consistence, as
shown in Theorem 8.9 below. Our proof uses the following notation (see Figure 8.7
for illustration). LetA; # A, be an agent on the hypertree. &gt be the adjacent
agent of A on the path betweeA; and A,. Denote their local JTs by, T;, and
T., respectively. Denote the linkage treeAfrelative toA; by L; and that ofA;
relative toA by L;.

Lemma 8.8 After CollectBeliefis called on A, T; is locally consistent and is
consistent with [Land L;.

Proof: If A is a terminal agent on the hypertree, wi@uollectBeliefis called on
A, it performsUnifyBelief at T;. Hence,T; is locally consistent by Theorem 5.14.

Figure 8.7: lllustration of notation for proof of Theorem 8.9.
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If A is an internal agent on the hypertree, it perfotdpsiateBeliefrelative to
each adjacent agent except the callerBecause the last step in edd¢pdateBelief
executedJnifyBelief, it rendersT; locally consistent.

When A is called to performCollectBelief, it performs anUpdateBeliefrel-
ative to A;. Before theUpdateBelief T, is locally consistent, as shown. Hence,
UpdateBeliefrenders.; andL j consistent withl; by Proposition 8.7 (2). O

Using the lemma, we now prove Theorem 8.9, which establishes the correctnes
of CommunicateBelief

Theorem 8.9 After CommunicateBeliefis applied to an LJF representation
(F, BE(V)), itis globally consistent and V) is invariant.

Proof: To prove global consistence, we show that for an arbitrary pair of adjacent
agentsA; andA; (Figure 8.7).T; andT; are locally consistent, and each is consistent
with bothL; andL ;.

By Lemma 8.8, afteCollectBeliefis called onA,, each local JTT; is locally
consistent, and each pair of corresponding linkage ttgesdL ; are consistent
with Tj.

Consider the state aft&istributeBelief is called onA,. WhenA,; is called to
performDistributeBelief, it performs arUpdateBeliefrelative to the caller, which
rendersT; locally consistent by Proposition 8.7 (1).

After A is called byA; to performDistributeBelief, T; is locally consistent due
to theUpdateBeliefrelative toA;, andT; is consistent withL; andL ; by Proposi-
tion 8.7 (2). Becausk; was consistent witfi;, as shown above faollectBelief,

L; is consistent withl; as well owing to Proposition 8.7 (4).

Next, consider the invariance &g (V). CommunicateBeliefconsists of a set

of UpdateBelief By Proposition 8.7 (3)Bg (V) is invariant. O

The following theorem shows that when an LJF representation is globally con-
sistent, each local JT contains the correct marginal over the corresponding sub
domain.

Theorem 8.10LetF = (F, BE(V)) be an LIF representation, where F is an I-map
over V. Let The alocal JT over Vin F. If F is globally consistent, then

Br (Vi) = constx Z Be (V).
VAV
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Proof: For simplicity, we assume that all the constants involved have the value 1.

The JSP is
Br(V) = [ [1 BTm(vm>} / [ [1 BLk(Ik)]
TminF LxinF

Let T; be a terminal hypernode on the hypertreecadind|; be the corresponding
d-sepset. Lef” be the LIF representation obtained by removingandl;) from
FandV’' =V \ (Vj\ ;). Because- is an I-map, we have

Be (V)= [ I1 BTm(Vm)] / { 1 BLk(lk)}

Vj\|j TminF LkinF

= H: 1_[ BTm(Vm):|/|: 1_[ BLk(lk):” * Z [Br, (V;)/BL,(1j)]
Tmin F/ Lkin F’ Vil

=[1‘[ BTm(vm)} / [ 11 BLK(IK)},
TminF’ LginF/

where the first equation obtair®= (V') from Bg(V) by marginalizing out the
variablesinV; \ V', the second equation applies Theorem 5.8, and the third equation
results from consistence betwe€pandL j; F’ is still a hypertree and an I-map
overV'.

By recursively applying the marginalization to a terminal hypernode of the re-
sultant hypertree, eventually we obtain

Br(Vi) = > Br(V).

V\Vi 0

Recall from Eqg. (8.1) in Section 8.2.2 that, after the initial potential assignment
for an LJF representation obtained from an MSBN, we Haw@/) = P(V). From
Theorem 5.16, when a JT is locally consistent, the potential associated with eac
cluster is the correct marginal of the potential over the JT. Combining these with
Theorem 8.10, we have the following corollary, which says that when an LJF is
globally consistent, the potential associated with each cluster in each local JT is th
correct marginal of the JPD of the deriving MSBN.

Corollary 8.11 LetF be an LJF representation derived from an MSBN over V. If
F is globally consistent, then for each cluster C in each local JT,

Bc(C) = constx » " P(V),
ViC

where RV) is the JPD of the MSBN.
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Based on Corollary 8.11, the prior probability of any variable in an MSBN can
be obtained by marginalization of any cluster that contains the variable in any
local JT of the LJF. Next, we consider how to obtain posteriors after agents make
observations.

Recall from Section 5.6 that, in the case of a single-agent JT, if the agent observe
the values of a subset of variables EnterEvidence can be performed to update
the potential of the JT int@&7 (V) = constx P(V|X = x). In a multiagent system,
agents make observations in their subdomains independentl¥;LetV; be the
subset of variables observed by agéntLet x be the configuration oK = U; X;
corresponding to the observation by all agents. Extending the discussion in
Section 5.6, we have

P(VIX) = Be(V) = [ [ [ ] obsx).

i XeX;

which is equivalent to

I [ {Bﬂ W] obs(x)} / {U BLK(.k)} ] |

This means that the posterior JPD over V can effectively be obtained simply by
making each ager; performEnterEvidencelocally for its observation orX;.

After each agent has finished, the LImis longerglobally consistent. If an-
otherCommunicateBeliefis activated in the LJF, it will again be globally consis-
tent. Applying Theorems 8.10 and 5.16, we have the following results similar to
Corollary 8.11 but applicable to posteriors.

Theorem 8.12Let F be a globally consistent LJF representation over V arfif P
be the JPD. After all agents with local observations have perforaredrEvidence
locally, aCommunicateBeliefs performed inF. Then for each cluster C in each
local JT,

Bc(C) = constx » ~ P(V|X),
e

where the configuratior denotes all the observations entered.

Corollary 8.11 and Theorem 8.12 justify the following operations: After an LIJF
representation is converted from an MSBN @wmmunicateBeliefis performed,
priors for any variables in any subdomain can be obtained locally by the correspond-
ing agent. After several agents have entered their observations, if aGatimenu-
nicateBeliefis performed, posteriors can be obtained locally by each agent. This
process can repeat any finite number of times. Between two consecutive execution
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of CommunicateBelief, if an agent has local observations, by perforriinigrEv-
idencefollowed by UnifyBelief, it can obtain posteriors that are exact relative to
all the observations accumulated in the entire system up to th€dasinunicate-
Belief and relative to all the local observations by the agent.

8.7 Troubleshooting a Digital System

In this section, we demonstrate how an MSBN-based multiagent system function:
in practice. We will use digital system monitoring as the problem domain. The
physical components of the digital system are shown in Figures 6.6 through 6.10
Five agents populate the monitoring system. The virtual components are showi
in Figures 6.14 through 6.17 and Figure 6.10. The subnet structures are shown i
Figures 6.27 through 6.31. The hypertree is shown in Figure 6.21(a). The loca
junction trees are illustrated in Figures 7.29 through 7.33, and the linkage trees ar
presented in Figures 7.34 through 7.37.

In addition to the dependence structures, we assume the following represente
tional parameters: Each logical gate is represented as a binary variable and is eith
normal or faulty. For simplicity, the space is denoted@sod, bad}. It is assumed
that each gate has a 0.01 probability of being faulty. A faulty gate is modeled
so that it may or may not produce the incorrect output. A faulty AND gate is as-
sumed to output correctly 20% of the time. A faulty OR gate outputs correctly 70%
of the time, and a faulty NOT gate outputs correctly 50% of the time. We consider
a scenario in which the external inputs are as follows:

aO:O,azzl,bO:O,eZ:1,h2:0,i0:1,i2:1,
ko=0,k; =0, =0,00 =0,

00=0,0=1,p1=1,%9=0,uu=1,v7,=1,y1 =1,
yVo=1,21=0,z =0.

In addition, suppose that the gatdsandts are faulty and produce incorrect
outputs. The state of the total universe is then completely defined and is shown it
Figure 8.8. The input and output of each gate are labeled in the figure. Becaus
gatesd; andts produce incorrect outputs, the outputs of other gates downstream
will also be affected. Each incorrect output is underlined in the figure.

Note that the view in Figure 8.8 is only for the convenience of the reader. This
view is not available to any of the agents. We assume that the state of each gate
not observable by any agent. We also assume that observation of each input ar
output has a cost. Hence, observing all inputs and outputs is not an option. To mak
the situation more challenging, we assume that a direct inpat the faulty gate
ts and the direct outpub of the faulty gated; are unobservable.
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Figure 8.8: The inputs and outpuiball gates with incorrect outputs underlined.
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Figure 8.9: AgentA, cannot decide if; or ts is abnormal.

First, we demonstrate the limitation of autonomous inference by individual agents
without cooperation. Consider agefif. The belief of A4 after all variables have
been observed, excepfand the states of gates, is shown in Figure 8.9. The height
of each histogram ranges from 0 to 1. The labels 0 and 1 represent logical values ¢
the inputs and outputs of each gate. The labeladg stand for the states of gates:
bad and good.

Becausex, is unobservable, although ageff suspects that, or ts might be
faulty, it is quite uncertain (with belief 0.28 and 0.73 for each being faulty, as shown
by the histogram beside each corresponding node). Hénds unable to justify a
replacement action with high certainty. We will see next that by cooperating with
other agentsA4 can do much better.

For the cooperative monitoring, suppose that initially each agent makes some
local observations, as shown in Table 8.1.

Table 8.1:Local observations by each agent

Ao: ao, bo, S1
A]_ : lo, k(), Z3
A iz, S0, b2
A3 : 01, |1

Ay i2, e, 02, N2
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Figure 8.10: AgenfA, sees nothing wrong before communication.

Owing to the limited amount of observations, most agents do not yet detect any
abnormality. Figure 8.10 shows the beliefAf. All gates are believed to be normal
with high probability.

Only A, detects that something is wrong. Its probabilities for gatds, do, and
Os to be faulty are 0.10, 0.25, 0.19, and 0.49, respectively, as shown in Figure 8.11
Agent A4 then initiates a communication. AgeAi can achieve this by assuming

Figure 8.11: Agen#\; detects that something is wrong.
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Figure 8.12: AgeniA, suspects gated, tg, g7, t4, andts after communication.

the role of the system coordinator and activatbgmmunicateBeliefwith A,
being itself.

After the communication, the deviation of circuit outputs from their expected
values is detected by all agents. Agéts belief on gateg; andg, being faulty
are 0.09 and a5, respectively. Agerm; s belief on gategy, g;, andg; being faulty
are 0.15, 0.09, and 0.24, respectively. Ag@éasuspects abnormality in gatés tg,
andg; as well as gatefg andts that physically belong to the subdomainAf (see
Figure 8.12). AgenAz's belief in gated; being faulty is 0.24. Agenf4's belief
on gatedy, ts, gs, anddp being faulty are .0, 0.25, 0.49, and 0.19, respectively.
In summary, many gates are suspected but not conclusively.

To further reduce the uncertainty, suppose that each agent makes one more o
servation. AgentA; observes)y, and its belief is shown in Figure 8.13. The agent
has now ruled out gates, go, andgg but still suspectsy;.

Figure 8.14 shows thal; is quite confident thad; is faulty (with belief 098)
after making an additional observation gn

After observingey, Ag’s belief on gateg); andgs does not change much. After
observingfy, A, rules out, with its belief onts’s being faulty increased ta®7. Its
uncertainty about gatek, tg, andgy is unchanged. Ager, observes), and rules
out gatesly andge. It still suspectd, (with belief 0.27) ands (with belief 0.72).

The unresolved uncertainty demands another communication. Suppoge that
initiates the communication this time. After that, agefigs A1, and Az are certain
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that all gates in their physical domains are normal. Agenis confident that only

d; is abnormal. Agenf is sure that gatg is faulty and everything else is normal,

as shown in Figure 8.15. On average, four observations have been made per agel
The cooperation allows agents to converge their belief to high certainty even thougt

some outputs of the gates are unobservable.

Figure 8.14: AgeniA; makes an additional observation abqut
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Figure 8.15: Agen#\4 knows thatts is faulty after the second communication.

8.8 Complexity of Multiagent Communication

We consider the time complexity @ommunicateBeliefin a multiagent system
organized into an LJF. We used the following parameters to characterize the LJF.

¢ n: the total number of agents in the system.

¢ m: the maximum number of clusters in a local JT.

¢ (: the cardinality of the largest cluster in local JTs.

¢ r: the maximum number of linkages in a linkage tree.

During CommunicateBelief,UpdateBeliefis performed twice for each hyper-
link in the hypertree, once durir@ollectBelief, and once durinDistributeBelief.
Hence,UpdateBeliefis performed 2(n- 1) times because a tree nfnodes has
n — 1 links.

UpdateBeliefhas three steps. The first step updates uplécal linkage poten-
tials (one for each linkage) and has a complexityagf 29). In the second step,
AbsorbThroughLinkage is performed up te times (one for each linkage). For
eachAbsorbThroughLinkage, an extended linkage potential is transmitted, and
a linkage host potential is updated. Hence, this step has the complExiBf). In
the last step ofJpdateBelief,UnifyBelief is performed, which has the complexity
O(m 29) (see Section 5.5). The overall complexityldpdateBeliefis then

O((m—+2r) 29).

Combining the preceding analysis, we arrive at the conclusion that the com-
plexity of CommunicateBeliefis O(n (m + 2r) 29). It is assumed that the shared
variables between a pair of agents are a small subset of either subdomain involve
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(see Exercise 3). This impligs > r. Therefore, the complexity dEommuni-
cateBeliefcan be simplified to

O(n m29).

It is efficient as long as the cardinalityof the largest cluster is reasonably small.

8.9 Regional Multiagent Communication

Although CommunicateBeliefcan be performed effectively, when the problem
domain is very large, the computation @dmmunicateBeliefcan still be quite
expensive. Each agent must pass i-messages locally durifigBelief. To pass
e-messages among agembsorbThroughLinkage must be performed, which
involves transmission across some media, resulting in delay. Furthermore, the
e-message passing and local i-message passing must be performed in a semipara
fashion, as illustrated in Figure 8.16.

Consider the LJF in Figure 8.16. Suppose thainmunicateBeliefis activated
at Ap. During CollectBelief, the local computation at each agent and e-message
passing among agents on the hyperchigg, A1, Az, Az, A4) occur strictly in
sequence. That is, the local computatiomAgtis followed by e-message passing
from A4 to Az, followed by local computation a3, followed by e-message passing
from Az to A,, and so on until eventually the local computation takes plagg.dthe
overall CollectBeliefis semiparallel in that the computation along the hyperchain
(A1, Az, Az, A4) occurs in parallel with, say, that alorid\, Ag, Ag). The similar
semiparallel and semisequential computation occurs disgibuteBelief but
in the reverse direction.

The semiparallel computation implies that the computational timeéashmu-
nicateBeliefis lower bounded by the length of the longest hyperchain in the LJF.
In general, a given agent’s belief about its subdomain is more sensitive to the prob:
abilistic information contained in agents close to it on the hypertree than those

Figure 8.16: lllustration of semiparallel computation durfdgmmunicateBelief
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located far away (see Exercise 4 for exceptional cases). Therefore, it makes sen:
for an agent to exchange belief with only nearby agents on the hypertree before a
urgent decision without activating the full scale@mmunicateBelief. That is, a
regional communication is sometimes desirable, for it is more efficient.

When agents are distributed, their physical connection through a computer net
work may fail from time to time. When that happens, it is impossible to conduct a
full-scaleCommunicateBelief. However, each agent can still benefit from the in-
formation contained in other agents that are still physically connected to it. In such
a case, a region@ommunicateBeliefis necessary because the full-sc@lem-
municateBeliefis not an option. We analyze the consequences of such regional
communication in Corollary 8.13.

Given an LJFF, if we recursively remove some terminal hypernodes, then
those that remain from a subhyperttéé The hypernodes itF’ are connected,
and for each hypernode, its adjacency is identicahat in 7. The subhypertree
captures the intuitive notion of a region. The following corollary shows that regional
communication is exact relative to the observations contained in the region anc
relative to the knowledge contained in the entire LJF.

Corollary 8.13 Let F be a globally consistent LIJF representation over V and
P(V) be the JPD. LetF’ be a subhypertree agf. After some agents with local
observations inF’ have performedEnterEvidenceocally, aCommunicateBelief

is performed inF” only. Then for each cluster C of each local JTAN®

Bc(C) = constx »  P(V|X).
ViC

where the configuratior denotes all the observations enteredAh

Proof: Apply Theorem 8.12 to the case in which only agentsfdrperformEn-
terEvidence. The corollary follows. O

8.10 Alternative Methods for Multiagent Inference

We have organized probabilistic knowledge of multiple agents as an MSBN, com-
piled an MSBN into an LJF representation, and performed belief updating using
concise message passing in the LJF. This framework for cooperative multiagen
inference is extended from the junction-tree-based inference method for single
agent BNs (Chapters 3 through 5). In Sections 2.7 and 2.8, we briefly introducec
two alternative inference methods for BNs, loop cutset conditioning and forward
sampling (as a typical example of stochastic simulation). Can these methods b
extended for multiagent inference in MSBNs?
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Consider extending the loop cutset conditioning to MSBNs. Recall that the
method converts a multiply connected BN into multiple tree-structured BNs, per-
forms A — 7w message passing in each of them, and then combines the results t
obtain posteriors. The key step of the method is to observe a set of nodes hypo
thetically, the loop cutset, in the multiply connected BN so that all cycles can be
broken.

In an MSBN, cycles can exist both within local DAGs and across multiple local
DAGs. Assume that a total df cycles exist in the DAG union. Finding a loop cutset
that can break thikecycles is the first challenge, and it requires a distributed search.
After such a cutset is found, the multiply connected DAG union needs to be con-
verted toO(2¥) tree-structured DAG unions, and concise message passing needs t
be performed in each of them. Because communication within each tree-structure
DAG union requires coordination among all agents involved, the communication
for the entire multiagent system essentially requires such coordination to be re-
peatedO(2¥) times — once for each tree-structured DAG union. In other words,
the amount of communication ©(2") times as much as that needed by a single
tree-structured DAG union. As discussed in Section 1.4, the agent autonomy dic:
tates that constant communication among agents is undesirable or unavailable in
multiagent system. Even®(2X) communications are acceptable, because the loop
cutset must assume a different, hypothetically observed configuration at each of th
O(2") tree-structured DAG unions, the adequate assignment of a configuration tc
each DAG union and the coherent combination of partial beliefs from each DAG
union without a centralized control appear to require complex coordination and
communication among agents. In essence, the extended loop cutset conditionin
appears to demand much more communication and complex coordination amon
agents than are required by message passing in LJFs.

Next, consider extending forward sampling to MSBNs. Recall that the method
randomly generates the value of each node in a multiply connected BN given the
values of its parent nodes according to the conditional probability distribution stored
in the node. A large number of configurations are thus generated, and the posterior
are approximated by frequency counting. Because a value for each node is passe
to each child during the generation of each configuration, a massive volume of
messages needs to be passed over the DAG structure.

According to forward sampling, the value of a child node is decided after the
values of all its parents have been determined. In an MSBN, the parents of a node
however, may be located in an adjacent local DAG. Hence, for each simulated con:
figuration, messages must be passed between agents to complete the configuratic
One important difference from message passing in LJFs is worth analyzing. In ar
LJF, all potentials (one for each linkage) for the same linkage tree can be passe
from one agent to another in one batch, and two batches (one in each direction o
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Figure 8.17: Two adjacent local DAGs in an MSBN.

the hyperlink) are sufficient to complete the communication. For extended forward
sampling, the situation is different:

An agentAy may contain a variablg, but the values of its parent variabbeéx)
must be determined by another ag@atbecause the parentsofx) are contained
only in A;. Thus, Ag needs to wait untilA; sends the values of (x). It is also
possible tha#A; contains a variablg, the parents aof (y) are contained only i\,
andx is an ancestor of. Hence ,A; cannot determine the values for all variables it
shares withAg and as a result cannot send them in one batch. Inségadust wait
until Ag sends the values af(y). Figure 8.17 illustrates the situation in whiéty
must wait for the value of from A1, andA; must wait for the value ab from A.
Because the DAG union ofan MSBN is acyclic, a deadlock is not possible. However,
if a directed path crosses the interface between two agdites, then messages
must be passed back and fokttimes between the two agents before all variables
on the path settle on their values. Note that a directed path may pass across multip
agent interfaces. Hence, during the generation of each configuration, the numbe
of batches of messages between each pair of adjacent agents is upper bounded
the number (which is usually much larger than 2) of d-sepnodes between them
Because each batch of messages incurs a communications cost independent of
volume, it is undesirable to exchange a large number of batches.

If the configurations are generated one by one, as in the single-agent case, tf
aforementioned communications cost will have to be multiplied by the number of
configurations. To reduce this cost, the sequential generation of configurations a
normally performed in a single-agent BN should be avoided. Agents can gener-
ate a large number of values for each local variable before a batch of message
is exchanged. For examplé; may generate 1000 values farand pass all of
them to Ag and later receive 1000 values for eachlofindc. The price to be
paid is that all 1000 values for each variable must be saved in some way unti
the compatibility of each configuration with observations is resolved. Note that
if 1000 configurations do not produce approximate posteriors that are sufficiently
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accurate, either the batch size (1000) can be increased or additional batches can
exchanged.

After configurations have been generated, another problem that must be resolve
is to determine which of them are compatible with the observations. This can be
achieved by letting each agent label each configuration that is incompatible with
its local observation. All such labels must then be communicated among all agents
to weed out each configuration that is labeled as incompatible by any agent.

Overall, extended forward sampling appears to be more manageable than ex
tended loop cutset conditioning. In comparison with the message passing in LIFs
the per-batch-volume of interagent messages tends to be larger owing to the numb
of configurations to be generated, and more batches need to be exchanged becaust
the need to follow causal ordering of variables and to propagate configuration labels

In summary, the two alternative methods do not necessitate constructing the
LJF representation, although extended loop cutset conditioning requires distribute
search for the loop cutset and local DAG conversion. In general, the on-line commu-
nication cost of the two methods appears significantly higher than that of message
passing in LJFs. Because the LJF representation is constructed off-line, messac
passing in LJFs during on-line inference has a simpler coordination and incurs &
lower communications cost.

8.11 Bibliographical Notes

Efforts to improve the inference efficiency in MSBNs have been ongoing since
the initial proposal of the framework. The first set of inference algorithms was
presented in Xiang [80] and Xiang et al. [96]. The algorithms were designed under
the single-agent paradigm. An algoritt8hiftAttention directs the computation to

a single subnet at any time according to the subdomain of the user’s current focu:
of attention (see Exercise 6). The algoritispdateBelief at the time requires
multiple performance diinifyBelief — once for each linkage. An improved version

of UpdateBeliefwas later proposed by Xiang [83] and reduces the total number
of clusters in the local JT to be processed by coordinating EadfyBelief to be
performed.

As the MSBN framework was extended to the multiagent paradigm (Xiang [84]),
so must the inference algorithms be extended to address asynchronous and par:
lel observations by multiple agents. The algorit@@mmunicateBeliefwas then
proposed. Optimizing message passing by taking advantage of the semiparalle
pattern of communication (as demonstrated in Section 8.9) was also analyzed
The algorithms presented in this chapter correspond to a more recent improve
ment (Xiang [88]). By using the extended linkage belief, the improved algorithm
UpdateBeliefreduces the number of timémifyBelief is to be performed to two.
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Lazy inference in MSBNs by Xiang and Jensen [91] provides an alternative
representation and inference formalism to the LJF representation discussed in th
chapter. It uses a factorized representation for each cluster potential and multipl
local JTs for each agent. Lazy inference can improve space complexity by factor:
izing potentials.

To address the knowledge engineering issues in building large BN-based system
the object-oriented Bayesian networks (OOBNS) have been proposed (Koller an
Pfeffer [35]). An OOBN is intended to function under the single-agent paradigm.
Belief updating in OOBNs can be performed by usidgmmunicateBelief, or
by using single-agent-oriented MSBN inference sucBhiftAttention (see Exer-
cise 6), or converting the OOBN to a BN and applying any BN inference method
(Bangso and Wuillemin [1]). The last two options are not applicable to a multiagent
MSBN system owing to the requirements of agent autonomy and privacy.

Equipment troubleshooting using MSBNs was demonstrated by Xiang and Geng
[90]. Exercise 1 is an extension of a result by Dawid and Lauritzen [12].

8.12 Exercises

1. Prove the following theorem:
LetT = (V, ©, E) be ajunction tree, where each clusigris associated with a probabil-
ity distribution o, (Q;) and each separat8y is associated with a probability distribution
fs (§)) such thafT is locally consistent.
Then there exists a unique probability distribution

T fo(Qi)

=T s s)

such that
(a) for each cluste;, > "\, o, Pr(V) = fq (Qi), and
(b) T is an I-map ofPr (V).

2. Let the subdomaing;} of a total universe/ be organized into a hypertrde (Defini-
tion 6.8). LetV be populated by a set of cooperative agdiitg, each of which holds
its belief overV; expressed as a probability distributiBr(V;) and every two of adjacent
agents inF are consistent in their beliefs over their interface.

Using the theorem in Exercise 1, justify that the joint system potential of a globally
consistent LJF representation is a coherent joint belief of all agents.

3. In Section 8.8, itis assumed that the shared variables between a pair of agents are a sm
subset of either subdomain involved. What is the consequence if this assumption is no
true?

4. A given agent’s belief about its subdomain is usually more sensitive to the probabilistic
information contained in agents close to it on the hypertree than those located far away
Under what condition is this not true?
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5. Construct an experimental MSBN and perform multiagent belief updating using an
automated toolkit such as WebWeavr-II1.

Convert the MSBN into a centralized BN by obtaining the union of all subnets. Use
any exact method and the same set of observations above for belief updating. Compar
the posteriors obtained in each case.

6. Suppose that in an MSBN-based multiagent system, multiple agents make observation
but exactly one agent observes at any time. The order in which agents observe is unknow
inadvance. The belief of the observing agent must be updated as soon as the observation
made. An observation may involve multiple variables. Design an algorithm to implement
this requirement. (Hint: You may use any algorithms presented in this chapter except
CommunicateBelief This algorithm is equivalent tBhiftAttention in the single-agent
paradigm.)
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Model Construction and Verification

In Chapter 7, we developed algorithms to compile a given MSBN into an LJF, and
in Chapter 8, we described multiagent belief updating by message passing. W
have not discussed how an MSBN is constructed. In this chapter, we address issu
related to the construction of MSBNSs. In particular, we study how to integrate an
MSBN-based multiagent system from agents developed by independent vendor:
As detailed in Chapter 6, an MSBN is characterized by a set of technical condi-
tions. Because independently developed subnets may not satisfy these conditior
collectively, automatic verification is required to avoid the “garbage in and garbage
out” scenario. The verification process becomes subtle when agents are built by in
dependent vendors and the vendors’ know-how needs to be protected. We develc
a set of distributed algorithms that verify the integrity of an integrated multiagent
system against the technical requirements of an MSBN.

The motivations for multiagent distributed verification are presented in Section
9.2. Section 9.3 addresses the verification of subdomain division among agents. TF
concept of the interface graph is introduced to capture the knowledge of the syster
integrator about the public aspects of multiple agents. A simple method to verify
the subdomain division using the interface graph is presented. Constructing th
hypertree of the MSBN at the logical level once the subdomain division is validated
is also described. After the logical hypertree is constructed by the system integratol
each agent needs to be notified of its location in the hypertree and the physice
addresses of its adjacent agents, which will be used for subsequentinteraction. Th
process is termetkgistrationand is presented in Section 9.4. After registration,
the hypertree is physically constructed. All subsequent verification, compilation,
and inference operations can be performed along the hypertree. Although eac
subnet has a local DAG dependence structure, the union of all such local DAG:
may still be cyclic. Section 9.5 develops a set of distributed algorithms that allow
multiple agents to cooperate and verify the acyclicity of the DAG union. Section 9.6

215
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presents a set of distributed algorithms that verify the agent interface, the d-sepse
condition.

9.1 Guide to Chapter 9

This chapter considers how to construct a multiagent system and to verify that
it satisfies the technical conditions of the MSBN representation. Section 9.2 dis-
cusses the motivations for integrating an MSBN system from agents developed by
independent vendors. Given such a set of agents, it is not necessarily the case th
they collectively meet the requirements of an MSBN, as elaborated in Chapter 6.
To protect agent privacy, integration and verification need to be performed without
revealing the internal details of each agent.

Section 9.3 deals with the first issue in construction and verification: the parti-
tioning of the total universe into subdomains by a set of given agents. For instance
suppose that four (trivial) agents have the following subdomains:

Vo={a,b,w,x}, Vi={c,d, x,y}, Vo={e, f,y,2}, and V3 ={g, h, w, z}.

Note that the variables, x, y, andz are shared among the agents whereas variables
a, b, c d, e f,qg,andh are private. Hence, what is actually known to the system
integrator is only the following:

Wo={w, X}, Wi={X,y}, Wo=1{y,z}, and Wz = {w, z}.

One of the requirements of an MSBN is that the subdomains be organized into &
hypertree. Hence, the issue is to decide whether a hypertree exiggtfiooughVs

given only the knowledge A\, throughWs. Section 9.3 devises a graphical model
called theinterface graphthat encodes the knowledge @ throughWs. Using

the interface graph and some graphical manipulation, the existence of a hypertre
can be determined correctly without knowing the private variables. If a hypertree
does exist, the method can also produce the topology of the hypertree.

Oncethetopology of the hypertree is determined, each agent needs to be informe
how to contact its neighboring agents on the hypertree through computer network
connections. Thatis, each agent needs to know the Internet address or the univers
resource locator (URL) or something similar for each adjacent agent so that it car
pass messages to the agent. The process is teagistrationand is elaborated in
Section 9.4. After registration, the multiagent system is up and running through the
hypertree backbone.

Another important requirement of an MSBN is that the union of local DAGs of
agents should be a DAG. It turns out that a set of local DAGs does not necessarily
union into a DAG. An example is shown in Figure 9.1 in which the hypertree is
a hyperstar withG3 at the center. The interface betwe8g andGgs is {n, k}. The
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Figure 9.1: Four local DAGs.

interface betweefs; andGs is {a, b}, and that betwee6G, andGs is {|, k}. Each
local graph is a DAG. However, a directed cycle exists across all four local DAGs.
The cycle cannot be detected by examining each pair of adjacent local DAGs eithel

Centralizing all local DAGs to a single agent for cycle detection violates agent
privacy. Section 9.5 develops a cycle detection method based on message passit
Each message concerns only a node shared by agents and whether such a nc
has any parent or child in each agent. The message neither reveals the number
parents or children in each agent nor what they are. Using such messages and sol
control messages, agents are able to cooperate and determine whether the D/
union is acyclic.

Still another important requirement of an MSBN is that each agent interface
should be a d-sepset. As defined in Chapter 6, an agent interface is a d-sepset
each shared node in the interface is a d-sepnode. A shared node is a d-sepnode i
local DAG contains its parents in all local DAGs. Therefore, whether a shared node
is a d-sepnode cannot be determined by examining any one interface and relate
local DAGs. As a consequence, whether an agent interface is a d-sepset cannot |
determined only by the two agents involved either. To verify the d-sepset condition,
agents must cooperate.

Section 9.6 develops a suite of algorithms for d-sepset verification. The algo-
rithms are also based on message passing. A message concerns only a node she
by agents and whether an agent contains parents not shared by other agents (priv:
parents). The message does not reveal how many private parents the agent has |
what they are. Through communicating these and other messages, agents can det
mine correctly whether all agent interfaces in a hypertree DAG union are d-sepsets

9.2 Multiagent MSBN System Integration

We consider how to construct a cooperative multiagent system based on the MSBI
representation. Itis possible that all agents are developed by a single vendor (whic
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could be a single person or a firm). More commonly, agents are developed by inde
pendentvendors and are integrated into a system by an integrator. Consider a syste
for monitoring and troubleshooting a piece of complex equipment. A modern piece
of equipment is commonly assembled from components manufactured by differen
suppliers. The supplier of each component has knowledge about the internal func
tional structure of the component and is in a good position to construct the agent fol
monitoring the component. The vendor of that equipment assembles the compo
nents. Because the vendor has knowledge of the structure by which the componen
are related to each other and about the interface between components, it is also |
a good position to assemble the component agents into an MSBN-based system.

The primary task of integration, given a set of agents and their interfaces, is to
determine the hypertree topology and the location of each agent on the hypertree. W
refer to this process as thagical construction of the hypertree. Because the agents
are likely executing at remote locations over a geographical area and connecte
through a local area network (LAN) or a wide area network (WAN), each agent
needs to know which agents on the hypertree are adjacent and how to communicat
with them. That is, after the hypertree is constructed logically, each agent needs t«
be natified of its logical neighbors on the hypertree and their physical addresse:
in the LAN or WAN. We refer to this process as thbysicalconstruction of the
hypertree. Once the hypertree is physically constructed, a multiagent system i
established, and direct and indirect interaction among agents can take place. W
deal with the logical construction of the hypertree in the next section and address
the physical construction in Section 9.4.

For the multiagent system to function correctly with respect to the performance
properties we established in Chapter 8, the system must satisfy the condition:
specified in Definition 6.15. Independently developed agents do not always in-
tegrate into a valid MSBN. Certain conditions, such as the hypertree requirement
(Definition 6.8), need to be verified during the logical construction of the hypertree.
Afterwards, a physically established multiagent system may still violate additional
technical conditions of an MSBN. Hence, verification of these conditions is nec-
essary before any compilation and inference can be performed. In Sections 9.!
and 9.6, we consider automatic verification of the acyclicity of the DAG union and
the d-sepset agent interface.

As an operational constraint, we are primarily interested in distributed algorithms
that admit agent privacy. That is, the construction and verification process shoulc
not reveal the internal structure of each agent. The reasons are similar to those w
have argued in Chapter 7 in the context of distributed compilation: Distributed and
privacy-protecting verification protects agent vendors’ know-how and facilitates
dynamic formation of a multiagent MSBN. It would be inconsistent to insist on
agent privacy for compilation and inference but to disregard privacy in verification.



9.3 Verification of Subdomain Division 219

9.3 Verification of Subdomain Division

A set of agents and their associated subnets define a diigion. ., V,_1} of the

total universeV = U;V; into subdomains. According to Definition 6.15, subnets
should be organized as a hypertree. Definition 6.8 defines the hypertree in terms c
a set of subgraphs. If we ignore the graphical structure of each subgraph and foct
on the relation between subs&ts then Definition 6.8 dictates a connected tdee

in which each node is labeled bywa and each link betweew, andV,, is labeled

by Vk N Vi such that for eachandj, V; N'V; is contained in each node on the path
betweenV; andV;. Recall the definition of junction tree in Section 3.7. Clearly, if
we treat the seftVy, ..., Vh_1} of subdomains as a set of clusters, tders in fact

a junction tree.

In Section 4.5, it has been shown that, given an arbitrary undirected graph, ¢
junction tree whose clusters are the cliques of the graph may not exist. Hence, give
an arbitrary division of the total universe into a set of subdomains, a correspondinc
hypertree may not exist.

More specifically, recall from Theorem 4.10 that, given an undirected géaph
a junction tree can be constructed using the cliques af clusters if and only if
G is chordal. Given the sV, ..., Vh_1}, a graphG can be constructed with the
setV = UV, as the nodes. Using the algoritheChordal in Section 4.6, whether
G is chordal can be determined, and hence whether a hypertree exists out of th
subdomain divisiofVy, .. ., Vh_1} can be determined. However, such a verification
test requires the knowledge of ea¢h For each agend;, Vi can be partitioned
into two subsets of variables. Denote the set of all variables to be shared with othe
agents byV c V;. We callW, thepublicvariables, an®;\W theprivatevariables
of agentA;. Because the above test requires disclosure of the private variables, th
commitment to agent privacy prevents such a test.

In the following algorithm, we present a method that does not violate agent
privacy. We designate the verification task to the system integrator. We assume th:
the integrator has the knowledge of all public variables but not for private variables.
Using public knowledge, the integrator can build a graph, which we refer to as the
interface graph.

Algorithm 9.1 (GetinterfaceGraph) Given the collection of sets of public
variables {W, ..., W,_1}, create a new set X {Xg, ..., Xn—1} such that X0
(UiW) = ¢. Define a new collectiof\W, ..., W,_,} where W = W, U {x;}. Cre-
ate an undirected graph G whose node$¥U; W/. The links in G are such that
each W is complete and no other links exist. Return G.

Figures 9.2 and 9.3 illustrateéetinterfaceGraph using a trivial total universe.
In Figures 9.2(a), the total universe is divided into five subdomains. The public
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Figure 9.2: Subdomain division verification.

variables are
Wo={u,y}, Wi={w,u,y,z}, Wo=1{y,z}, W= {v,w}, and Wy = {v}.

Note that the integrator does not have the knowledge of (a). Instead, only the
preceding list is accessible. The integrator defifW§ ..., W,}, as shown in (b).
The interface graph thus created is shown in Figures 9.3.

The following theorem shows that whether or not a junction tree can be con-
structed from the subdomails, .. ., V,,_1 can be determined according to whether
the interface graph is chordal.

Theorem 9.1Let {Vy, ..., Va_1} be a collection of sets anl; = U?;;Vj (i =
0,...,n—1)suchthat W=V, "V, £ and V\\V, 0 (i =0,...,n~ 1). Let
G be the interface graph created from the collectjgh, ..., W,_1}. Then a junc-

tion tree exists with ¥/ . . ., V,,_1 as clusters if and only if G is chordal.

The first restrictionV; NV, # @ says that eacl; has a nonempty intersection
with at least another set. The second restrichbyV; # @ says that each, has
some elements that are unique. These restrictions reflect the properties of a divisio
of a total universe into subdomains in a multiagent system. We prove the theoren
below.

Proof: Supposeés is chordal. EacW is a distinct clique irG because it contains

a unigue nodes;. There are exactly cliques inG, W, ..., W, _;, due to the
Xo
y u
X
X1
z w X3
X4 \

Figure 9.3: Testing the existence of a hypertree.
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Figure 9.4: Determining hypertree topology from public variables only: (a) A junction tree
constructed from the subdomain cluster of Figure 9.2; (b) An isomorphic junction tree
constructed using public variables only.

construction ofG. Given thatG is chordal, a junction treg@’ exists whose clusters
are cliques oz by Theorem 4.10. That is, each clusteifois labeled by a\/. We
construct a tred that is isomorphic ta'’. Each cluster off is, however, labeled
by V. For any two clusters iit, the intersectiotv; N V; = W, N W;. Hence,T is
also a junction tree.

Next suppose a junction trek exists withVy, ..., V,,_1 as clusters. Front,
we construct a tred’ isomorphic toT with each cluster labeled by/. Using
the argument abovd,’ is a junction tree, and hence a corresponding undirected
graphG is chordal by Theorem 4.10. O

Applying Theorem 9.1 to the example in Figure 9.2, we can test whether the
interface graph in Figure 9.3 is chordal using the algoritb@hordal (Section 4.6).
The test is positive. Therefore, there exists a junction tree constructed from the
subdomain division, as shown in Figure 9.4(a). In fact, the topology of the junction
tree can be determined by a junction tree created U&lhg.., W, _; as clusters,
as shown in Figure 9.4(b). Because the junction tree in Figure 9.4(b) and that in (a
are isomorphic, the integrator can use the topology obtained Wgm. ., W/ _,
to organize the agent&,, ..., A,_1 into a hypertree. We say that the hypertree is
now logically constructed.

As another example, consider the subdomain division in Figure 9.5(a). Here
the variableh in V, becomes a public variable shared &y The new collection
{Wp, ..., W,}isshownin (b), and the corresponding interface graph is shownin (c).
The graph is nonchordal becaude v, w, z, h) forms a chordless cycle. Hence,
the subdomain division cannot yield a hypertree agent organization.

9.4 Agent Registration

Once the integrator has verified the subdomain division and determined the hy
pertree topology, the verification proceeds to the other requirements of an MSBN
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Figure 9.5: A subdomain verification with a negative result: (a) Each cluster variables in
each subdomain are substituted; (b) Private variables insadmfomain are substituted by
a variablex;; (c) The corresponding interphase graph.

As we have seen, the hypertree structure provides a backbone for effective ex
change of information among agents during compilation (Chapter 7) and inference
(Chapter 8). We will see that it is also sufficient to support distributed verification.
To this end, each agent needs to be notified of its neighbors on the hypertree fo
future exchange of information. In other words, before agents can participate in
the activities in the system, it is necessary for each agent to locate those agent
physically in order to communicate in the future. For example, if agents are re-
motely located in the Internet, each agent needs to know the Internet address ¢
each other adjacent agent on the hypertree. In addition, the agent needs to know tt
variables shared with each adjacent agent. We refer to this procesgsistion

which is commonly used to refer to the similar processes in distributed systems
(Tanenbaum [73]).

As discussed in Section 9.3, before registration the system integrator has detel
mined the hypertree topology as well as the set of variables (agent interface) share
between each pair of adjacent agents. The registration can be implemented by
registrar agent on behalf of the system integrator. The registrar has access to the
following information:

1. The set of agents in the system. We assume that each agent is known to the registr:
by a unique logical name (e.g., “boiler 3 guardian” in a chemical plant monitoring
system).

2. The topology of the hypertree and the location of each agent on the hypertree.

3. The agent interface between each pair of adjacent agents.
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Each agent is given the physical address of the registrar. The registration can the
proceed as follows:

Algorithm 9.2 (Registration)

1. Each agent sends the registrar its logical name and physical address.

2. The registrar collects the addresses until all are received.

3. For each agent A the registrar sends jAthe physical address of each adjacent agent
and the agent interface.

We have assumed that each agent is known to the integrator (and registrar) b
a logical name instead of its physical address. The actual physical address is n
known to the relevant agents until registration. This arrangement allows flexible
physical location and relocation of agents, which is knowoeation transparency
in distributed systems (Tanenbaum [73]).

After registration, each agent knows its hypertree neighbors and the corresponc
ing agent interface. The hypertree is said to be physically constructed.

9.5 Distributed Verification of Acyclicity
9.5.1 The Issue of Acyclicity Verification

According to Definition 6.15, the structure of an MSBN, denoteddy L G;,
where eachG; is a local DAG, is a hypertree MSDAG. As specified in Defi-
nition 6.13, in a hypertree MSDAG, not only is each local subgraph a DAG, but the
unionG is also a DAG (acyclic). We refer t6 = ;G as a hypertree DAG union
because the task here is to determine wheB&r acyclic.

Figure 9.6 shows two local DAGG; and G, with the agent interfac¢a, b}.
However, the DAG union contains a directed cydec, d, b, g, a) and thus is
cyclic. The cycle can be detected if acyclicity is tested on the DAG union. Although
such pairwise verification may detect some directed cycles, the pairwise acyclicity
in a hypertree DAG union does not guarantee the global acyclicity.

Figure 9.6: A cyclic DAG union.



224 Model Construction and Verification

Figure 9.7: The three local DAGs are pairwise acyclic. However, their union is cyclic.

Consider the three local DAGs in Figure 9.7. The unioGefandGs; is acyclic
and so is the union 063 and G,. However, when the union of the three DAGs
are obtained, a directed cycla, c,d, b, n, Kk, g, j, |, a) is formed. This example
can be extended so that the uniorkof 2 local DAGs is acyclic but the union of
k + 1 local DAGs is cyclic. Hence, a distributed verification of acyclicity requires
cooperation beyond pairs of agents.

9.5.2 Verification by Marking Nodes

We show below that acyclicity of a directed graph can be verified by marking root
and leaf nodes recursively. Once this is established, agents can mark private node
(variables) locally and mark shared nodes by cooperation.

A nodex is markedif x and arcs connected toare ignored during the further
verification process. Lemma 9.2 says that marking a root or a leaf does not chang
acyclicity.

Lemma 9.2 Let G be a directed graph and x be either a root or a leaf in G. Then
the acyclicity of G remains unchanged after x is marked.

Proof: If G is acyclic, then marking cannot create a directed cycleGh Suppose
G is cyclic. Then there exists a nonempty €eof directed cycles irG. If x is a
root, it does not have any incoming arcxlfs a leaf, it does not have any outgoing
arc. Thereforex cannot participate in any cycles , which implies that none of
the cycles inO will be changed aftex is marked. O

Once a root or leaf is marked, other nodes may become roots or leaves. Hence
marking roots and leaves can be performed recursively while preserving the acyclic:
ity. The following proposition says that if a directed graph is acyclic, every node in
it will be marked by recursive applications of Lemma 9.2. On the other hand, if it
is cyclic, at least three nodes will be left unmarked.

Proposition 9.3 Let G be a directed graph. The graph is acyclic if and only if it is
empty after recursive marking of roots and leaves.
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Figure 9.8: A directed graph.

Proof: Without losing generality, we assume tlathas at least three nodes and
is connected. Supposge is acyclic. ThenG has at least one root and one leaf.
According to Lemma 9.2, after all of them are marked, the resultant graph is still
acyclic and has at least two less unmarked nodes. Be€lses a finite number
of nodes, after recursive marking of roots and leaves, eventGaiyll have no
unmarked nodes left.

Next, supposé is cyclic. ThenG has at least one directed cy@eonsisting
of at least three nodes. For each nade 6, x is neither a root nor a leaf and thus
cannot be marked as such. Marking of any nodes oufisg@anot turrx into a root
or a leaf. Hence, none of the nodestitan be marked by recursive marking of
roots and leaves. Becau&ehas a finite number of nodes, after recursive marking
of roots and leaves eventually there will be no roots or leaves to m&kivhereas
all nodes (at least three) thare unmarked. O

As an example, consider the directed graph in Figure 9.8. After marking the root
node f and the leaf nodes, i, m, o, the graph in Figure 9.9(a) is obtained. The
nodeh becomes a new leaf. After markimgthe graph in (b) is obtained. There are
nine unmarked nodes in (b), but none of them is a root or a leaf. Hence, the origina
graph in Figure 9.8 is cyclic.

As another example, suppose the acj() in Figure 9.8 is replaced by the arc
(j, 9), which results in the graph in Figure 9.10. After marking the root nodes
f, j, and the leaf nodes, i, m, o, the graph in Figure 9.11(a) is obtained. After
marking the new rodt and the new lealfi, the graph in (b) is obtained. Note that
the unmarked nodes form a directed pathd, d, b, n, k, g) with a new roota and

h . h
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\Oém/k//' ¢ \O‘m/k/f/i
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Figure 9.9: Testing acyclicity by node marking. Marked nodes are shown in grey.
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Figure 9.10: Another directed graph.

a new leafg. By recursively marking the root node and the leaf node, eventually
the only unmarked node left will ble. As shown in (c)p is both a new root (no
unmarked parents) and a new leaf (no unmarked children), it can be marked tc
yield the graph in (d). Because no unmarked node is present, the original graph ir
Figure 9.10 is acyclic.

9.5.3 Marking Nodes in a Hypertree DAG Union

We now consider a hypertree DAG uni@nin which nodes in each local DAG are
partitioned into private nodes and public nodes. Bec&uisea connected directed
graph, one may attempt to apply Proposition 9.3 in order to test its acyclicity.
However, although private roots and leaves can be recognized locally within eact
local DAG, public roots and leaves can only be recognized through cooperation
among agents. Consider the DAG union in Figure 9.7 reproduced as Figure 9.12
The node (private) is a leaf both i, (appearing markable locally) and in the
DAG union (hence markable globally). On the other hangpublic) is a leaf in

G3 (appearing markable locally), a root @, (appearing markable locally), but a
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Figure 9.11: Testing acyclicity of a DAG: (a) After marking root and leaf nodes; (b) After
marking the new roatand the new ledi; (c) After recursively marking root and leaf nodes,
the only unmarked node left will bie (d) All nodes are marked.
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Figure 9.12: Three DAGs which are pairwise acyclic but whose union is cyclic.

nonroot and nonleaf in the DAG union (hence not markable globally). Moreover,
marking of public roots and leaves may turn some private nodes into new roots ol
leaves. For instance, if the amg, (j) is replaced by |, g), thenj would be a public
root. Marking of j would turnl to a new root and make it markable.

The following proposition shows that recursive and alternate marking of private
roots and leaves and public roots and leaves is sufficient to determine the acyclicit
of a hypertree DAG union.

Corollary 9.4 Let G be a DAG union. Let e the graph resulting from recursive
and alternate marking of private roots and leaves and public roots and leaves in G
until no more nodes can be marked. Then G is acyclic if and only i€ €@mpty.

Proof: According to Proposition 9.3, i6 is acyclic, at each round of recursive
marking, either some private roots and leaves or some public roots and leaves ce
be marked untilG is empty. If G is cyclic, at each round of recursive marking,
either some private roots and leaves or some public roots and leaves can be mark
until only nodes in directed cycles (@ are left unmarked (at least three).

The alternate marking of public and private nodes is necessary. Otherwise, th
marking may halt prematurely even is acyclic. O

To illustrate the necessity of alternate marking, consider the acyclic DAG union
in Figure 9.13. Without using alternate marking, two options exist:

1. Recursive marking of all private roots and leaves followed by recursive marking of all
public roots and leaves, or

a 3; a e
o | ¢ G,
: o
. dbibp T

Figure 9.13: An acyclic DAG union.
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2. Recursive marking of all public roots and leaves followed by recursive marking of all
private roots and leaves.

With the first option, private nodes(root) andd (leaf) in G; will be marked in
the first stage. Neither of the private nodeand f in G, can be marked at this
stage. In the second stage, the public nalésow a root) and (now a leaf) can
be marked. The marking terminates withind f unmarked.

With the second option, no public nodes can be marked in the first stage becaus
neithera norb is a root or leaf. In the second stage, private nadéesot) andd
(leaf) in Gy will be marked. The marking terminates wahb, e, and f unmarked.

If alternate marking is performed by starting with private nodesmdd will be
marked in the first stage. In the second stage, public n@deslb will be marked.

In the third stage, private nodesand f will be marked. Now the resultant graph
is empty. Alternate marking by starting with public nodes gives the same result.

Note that in order to recognize a public root shared by two agents, one agent mus
tell the other that there are no unmarked parents in its local DAG. The same is true
for recognition of a public leaf. Hence, marking public nodes requires cooperation
among agents.

Note also that Corollary 9.4 does not requideto satisfy the hypertree condi-
tion even though our application is under the context of a hypertree DAG union.
Corollary 9.4 forms the basis for a distributed verification algorithm, which we
present next.

9.5.4 Multiagent Verification

As demonstrated in Sections 9.5.1 and 9.5.3, in order to verify the acyclicity of a
hypertree DAG union, agents must cooperate. We present a set of algorithms, mo:
of which are recursive, to be executed by an agent. We follow the same conventior
used in earlier chapters for naming agents: An algorithm executed by an agent i
activated by a call from an entity known as the caller. WeAs® denote the agent
called to execute the algorithm. The caller is either an adjacent agéstiofthe
hypertree or the system coordinator, which could be either a human or an agent. |
the caller is an adjacent agent, we denote iQylf Ag has adjacent agents other
than A., we denote them by, ..., Ac. The subdomains of\., Ao, ..., A are
Ve, Vo, ..., Wk, and their subgraphs af&;, G, ..., Gk, respectively. We denote
VcNVobylcandVonV, by I (i =1, ..., K). If an algorithm is executed by the
system coordinator, we will usA, to describe any agent selected by the system
coordinator.

Cooperation requires interaction, which is generally more expensive and less
efficient than local computation. Hence, it is desirable to simplify the task for
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**************************************************************

Figure 9.14: The DAG union in Figure 9.7 after local preprocessing.

cooperation as much as possible. According to Corollary 9.4, private roots anc
leaves in local DAGs can be marked separately and recursively. We dafne
Processbelow to mark these nodes before cooperation starts.

Algorithm 9.3 (PreProcess)When PreProcessis called on 4, it does the
following:

1. Agent A recursively marks each private root or leaf in its local DAG.G
2. Foreachagent Ai =1,...,k), Agcalls A to runPreProcess.

PreProcessan be activated at any agent by the system coordinator. The process
ing will then propagate outwards along the hypertree. The end restieBfrocess
is independent of the agent that activated the processing. Note that no internz
structural information within each agent is revealed to other agents.

As an example, consider the hypertree DAG union in Figure 9.7. Suppose tha
three agents are organized into the hyperchigin- Az — A,. If PreProcessis
activated atA,, then it is performed first af\;, then atAs, and finally atA,.
Alternatively, PreProcesscan be activated a4z and then be performed &t; and
A,. Either way, the DAG union aftdPreProcesds at the same state and is shown
in Figure 9.14.

In general, aftePreProcesds completed by all agents, the nodes that are left
unmarked in each local DAG are either nodes that form directed paths terminated ¢
public nodes or isolated public nodes. The first case occurs in this example (e.g., th
directed pathd, c, d, b) in G; and (kb n, k) in G3). To see the second case, consider
another example in Figure 9.15(a). The only difference of the DAG union from the
previous example is the reversal of agg () in G,. The end result oPreProcess
is shown in (b). Two isolated public nodg¢sandk (each qualifies as a root and
as a leaf) are left unmarked B,. PreProcessrevents marking such public roots
and leaves because an isolated public node in a local DAG may still participate ir
a directed cycle in other local DAGs. It would be inconsistent to mark the node in
one local DAG and to keep it unmarked in another. To mark the remaining nodes
further cooperation among agents is needed.
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Figure 9.15: Three local DAGs whose union is shown in Figure 9.10: (a) The local DAGs
beforePreProcesss performed. (b) AftePreProcesss performed.

To find out if a public node& can be marked, an agent cooperates with others and
performsCollectFamilylnfo to determine ifx is a root or leaf in the DAG union.
Messages in the form of a triplet,(p, c) are passed among all agents who shkare
The purpose is to collect the parent and child informationxfarherep signifies
whether any agents have parentxah their local DAGs and signifies whether
any agents have children gf

Algorithm 9.4 (CollectFamilylnfo) WhenCollectFamilylnfo(x) is called on an
agent A, it does the following:

1. Agent A forms a triplet § = (X, po, Co), Where p = 1 if G contains an (unmarked)
parent of x and p = 0 otherwise, and €= 1 if G contains a (unmarked) child of x
and ¢ = 0 otherwise.

2. If Apdoes notshare x withany agent\=1, ..., k), or po = ¢p = 1, then A returns

to to caller.

. Otherwise, Acalls CollectFamilyInfo(x) in each agent A(i = 1, ..., k) that shares x.

4. Aftereach A(i = 1, ..., k) being called has returned their triplets (assuming k agents
are called), 1, ta, . . ., t, Ag returns a triplet t= (x, p = max_, pi, ¢ = max¥_,c) to
caller.

w

When CollectFamilylnfo(x) is activated in an agemy, it will be performed
recursively outwards frormd\y to each other agent (except the caller agent) on the
hypertree as long as the agent shate3he outward propagation terminates at
each agenty that has no other agents to call, either becafishas no adjacent
agent except the caller or becausaloes not shane with any other adjacent agent
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Figure 9.16: lllustration o€ollectFamilylnfo.

except the caller. The triplek( p, ¢) will be passed from each sudy inwards
towardsAg. For example, suppose thaollectFamilyinfo(k) is activated ai; in
Figure 9.15(b). Agent, forms a triplet k, 0, 0) and callsCollectFamilyInfo(k)
in Ag. In responseA; forms (k 1,0). BecauseA; does not shark with A4, the
outward propagation o€ollectFamilylnfo(k) stops atAs. It starts the inward
passing of the triplet by returning,(1, 0) to A,. Finally A, combines (k1, 0) with
its own (k 0, 0) and returns (k1, 0) as the final triplet, reflecting the fact thats
a public leaf.

In general, a public node may be shared by several agents that are mor
widely scattered on the hypertree than in the preceding example. For instance, i
Figure 9.16 x is shared by agent8, through A4. Suppose thaCollectFamily-
Info(x) is activated atAs. If Az starts with the tripletX, 1, 1), thenx is neither a
public root nor a public leaf. In that case, there is no need to continue collecting
family information abouk and Az will terminateCollectFamilylnfo(x) by return-
ing (x, 1, 1) (step 2 ofCollectFamilyInfo). Otherwise,Az will call A, to perform
CollectFamilylnfo(x). UnlessA, forms its triplet asX, 1, 1), it will call A; andAq
to performCollectFamilylnfo(x). The propagation o€ollectFamilylnfo(x) stops
at A; and A4, and triplets are passed from themAg and then toAs.

Note that duringCollectFamilyinfo, the only internal structural information
revealed about each agent is whether it contains any parents or children of a publi
node. The number of parents or children and what they are remain private.

CollectFamilylInfo is efficient, as we will show below. However, it can be im-
proved to perform more efficiently. For instance, wheg calls A; to perform
CollectFamilylnfo(x), Aq may forward its own triplet to4;. If Ag has &, 1,0)
andA has k, 0, 1), thenA; can immediately returrx( 1, 1) to Ag without calling
other agents t€ollectFamilylnfo. We consider this opportunity in an exercise (see
Exercise 2).

Once a public node is determined to be a roop(= 0) or a leaf (c= 0), the
following DistributeMark is used to mark the node in every agent that shares it.
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Algorithm 9.5 (DistributeMark) WhenDistributeMark(x) is called on an agent
Ao, it does the following:

1. Agent A marks the node x.
2. Agent A recursively marks any private root or leaf in its local DAG.G
3. Foreachagent Ai =1, ..., k) that shares x, Acalls DistributeMark(x) in A;.

WhenDistributeMark(x) is activated at an age®y, it will be performed recur-
sively outwards fromAg to each agent on the hypertree as long as the agent con-
tainsx. Note thatDistributeMark effectively alternates the marking of a public
node with the marking of private nodes, as suggested by Corollary 9.4.

The followingMarkNode combinesCollectFamilylnfo andDistributeMark .

Itis used to mark each currently recognizable public root or leaf along the hypertree
and to alternate the marking with the marking of private roots and leaves in each
agent.

Algorithm 9.6 (MarkNode) WhenMarkNodeis called on an agent f\it does the
following:

1. Agent A returnsfalseif it has no adjacent agent except.fOtherwise it continues.

2. Foreachunmarked public node x i@ there exists andjacentagent i = 1, ...,K)
that shares x, A& calls CollectFamilylnfo(x) on itself. After A returns the triplet
(X, p, ©), it calls DistributeMark(x) on itself if p=0orc=0.

3. Agent A callsMarkNodeineach A (i =1, ..., k).

4. If any A returnstrue or DistributeMark(x) has been called onAthen A returnstrue
to caller. Otherwise, @ returnsfalse (no node is marked).

In the second step dlarkNode, each public root or leaf contained #y is
identified and marked outwards along the hypertree and then any resultant privati
roots and leaves are also marked. In the third step, the processing continues :
adjacent agents o0&y and outwards on the hypertree. Either in the first step or in
the last step, a flag is returned to signify whether any node has been marked at al

The followingMarkedAll is used to check whether all nodes in a hypertree DAG
union have been marked.

Algorithm 9.7 (MarkedAll) WhenMarkedAll is called on an agent 4 it does
the following:

1. Agent A returnsfalseif there exists an unmarked node ip.®therwise, it continues.
2. If Ap has no adjacent agents except, A returnstrue. Otherwise, A calls MarkedAll
ineach A(i =1,...,k).
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3. If any A returnsfalse (with unmarked nodes), theny Aeturnsfalse. Otherwise, A
returnstrue.

MarkedAll can be activated at any agef$ on the hypertree. It will then be
propagated outwards along the hypertree. As soon as an unmarked node is four
by any agent, it terminates the propagatioMairkedAll and passes a flag of value
falseinwards towards?q. The flag is then returned b§,. If no unmarked node is
found,MarkedAll will be performed by every agent and flags of values will be
passed from terminal agents on the hypertree inwards towgy.dEhe flagtrue is
eventually returned byg. According to Corollary 9.4, the DAG unida is acyclic
if and only if true is returned.

The following top-level algorithmTestAcyclicity, combines the preceding al-
gorithms for cooperative verification of the acyclicity of a DAG union.

Algorithm 9.8 (TestAcyclicity) Let a hypertree DAG union G be populated by
multiple agents with one at each hypernode. The system coordinator does thi
following:

1. Choose an agent. Aarbitrarily.

2. Call PreProcessn A.,.

3. Call MarkNodein A, repeatedly untifalseis returned (no node is marked in the last
call).

4. CallMarkedAllin A,. If true is returned, then concludeat G isacyclic. Otherwise, G
is cyclic.

9.5.5 lllustration of Cooperative Verification

We illustrate the performance @kestAcyclicity with two examples, one with a
cyclic DAG union and another with an acyclic DAG union. The first example uses
the DAG union in Figure 9.7.

e Supposél; is chosen ag\,. After PreProcess, the union is shown as Figure 9.14 and is
reproduced as Figure 9.17 for convenience.

Figure 9.17: lllustration ofestAcyclicity in a cyclic DAG union.
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¢ WhenMarkNode is activated inAy, it calls on itselfCollectFamilylnfo(a), which is then
propagated to Agems, and returns a tripleg( 1, 0) to A;. SubsequentlyA; generates
the final triplet &, 1, 1) and terminate€ollectFamilylnfo(a). Because neithep norc
is zero,DistributeMark(a) is not called.

Agent A; then calls on itsel€ollectFamilylnfo(b) , which eventually terminates sim-
ilarly as CollectFamilylnfo(a).

e AgentA; callsMarkNode in Az, which calls on itselfCollectFamilyinfo(j) and is then
propagated td\,. Agent A, returns a triplet , 1, 0) to As. SubsequentlyA; generates
the final triplet (j, 1, 1) and terminate€ollectFamilylnfo(j) . No DistributeMark is
called.

Agent Az then calls on itsel€ollectFamilyInfo(k) , which eventually terminates sim-
ilarly as CollectFamilylnfo(j) .

e Agent Az callsMarkNode in Ay, which returndalse because®, has no other adjacent
agent. This cause8s to returnfalse to A;, which also returngalse and terminates
MarkNode.

¢ When MarkedAll is activated inA;, it returnsfalse immediately. TestAcyclicity is
terminated with the conclusion that the DAG uniortyglic.

As the second example, consider the DAG union in Figure 9.15(a).

® Supposé’; is selected ag\,. Figure 9.18(a) shows the DAG union afinreProcesshas
been called orA;.

¢ WhenMarkNode is first called onAy, it calls CollectFamilylnfo(a) on itself and then
CollectFamilylnfo(b) as in the previous example.

Figure 9.18: lllustration ofestAcyclicity in an acyclic DAG union.
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e Agent A; calls MarkNode in Agent Az, and calls on itselCollectFamilyInfo(j) and
is then propagated té,. Agent A, returns a triplet |, 0, 0) to Az. SubsequentlyAs
generates the final triplej (0, 1) and terminate€ollectFamilylnfo(j).

Becausep = 0, A; callsDistributeMark(j) on itself. It marksj andl and then calls
DistributeMark(j) in Ay, which marksj as well. Figure 9.18(b) shows the resultant
DAG union.

Agent Az then calls on itsel€ollectFamilylnfo(k), which eventually terminates sim-
ilarly as CollectFamilylnfo(j). Figure 9.18(c) shows the resultant DAG union.

e Agent Az calls MarkNode in Ay, which returnsfalse. Becaus®istributeMark was
called onAs, it returnstrue to A;, which returnstrue and terminates the first call of
MarkNode in TestAcyclicity.

e WhenMarkNode is called onA; the second timeA; calls on itselfCollectFamily-
Info(a), which is then propagated ths. Agent Az returns a tripletd, 0, 0) to A;. Sub-
sequentlyA; generates the final triplea(0, 1) and terminate€ollectFamilyinfo(a).

Becausep = 0, A; calls DistributeMark(a) on itself. This causes the marking of
a, ¢, d by A; anda by Ag. Figure 9.18(d) shows the resultant DAG union.

Agent Az then calls on itselCollectFamilylnfo(b). It eventually terminates similarly
as CollectFamilylnfo(a) with b marked in bothA; and Az. Figure 9.18(e) shows the
resultant DAG union.

e Agent A; calls MarkNode in Az, which then callsMarkNode in A,. Agent A, has
no additional adjacent agent and retufakse, which cause#\; to returnfalseto A;.
BecausdistributeMark was called orAy, it returnstrue and terminates the second call
of MarkNode in TestAcyclicity.

e WhenMarkNode is called onA; the third time withinTestAcyclicity, it propagates
MarkNode to Az and then toA;. Eventuallyfalseis returned.

e WhenMarkedAll is called onAy, it is propagated toA; and A,. Eventually,true is
returned.

e TestAcyclicity is now terminated with the conclusion that the DAG unioadgclic.

9.5.6 Correctness and Complexity

In the following theorem, we show that multiagent cooperative verification is
achieved correctly byestAcyclicity.

Theorem 9.5 TestAcyclicitycorrectly determines the acyclicity of a hypertree DAG
union.

Proof. According to Corollary 9.4, it is sufficient to alternate marking of private
roots and leaves and public roots and leaves recursiedyProcessdoes the first
round of recursive marking of private roots and leaves and repbiedNode per-
forms the subsequent recursive and alternate marking. BadkNode identifies
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public roots and leaves b@ollectFamilyinfo (either p =0 or c = 0) and then
marks them as well as new private roots and leaveDlsyributeMark . By
Corollary 9.4,MarkNode will not return false until all roots and leaves are
marked MarkedAll tests if the DAG union is empty and determines the acyclicity
correctly. O

Next, we establish that multiagent cooperative verificatioéstAcyclicity is
efficient. We use the following notations in the analysis:

e m: the maximum number of nodes in a local DAG.

e t: the maximum cardinality of a node adjacennyailocal DAG.

¢ k: the maximum number of nodes in an agent interface.

¢ s: the maximum number of agents that share a given variable.
¢ n: the total number of agents in the hypertree DAG union.

To mark all private nodes recursively in a local DAG(t m) nodes need to be
checked. Hence&)(n t m) nodes are checked durifiRgeProcess

An order of O(s) agents are involved in ea€@ollectFamilylnfo to test a single
public node. To mark a public root or le&@(s) agents are involved in the marking,
and each of them also checkgt m) private nodes locally. Hence, the complexity
of CollectFamilyInfo andDistributeMark for each marked public node is

O(stm).

The complexity of eachMarkNode called during TestAcyclicity is then
O(n k s t n) becauseMarkNode may be propagated to each agent and each
may process up tb public nodes. Because at least one public node will be marked
for each call oMarkNode, it will be called O(n k) times. Hence, the complexity
of all MarkNode calls is

on’k%stm.

An order of O(n m) nodes are checked durimgarkedAll . Therefore, the time
complexity of TestAcyclicity is

o(n’k%stm.

This analysis shows implies that the multiagent cooperative verification is efficient.

To build a large system from components, two generic approaches towards cor
rectness can be identified. One approach imposes more restrictions on the compe
nents to increase the chance that they integrate into a correct overall system. Th
other approach imposes less restrictions on the components but relies on systen
wide tests to verify the system correctness. For example, in operating system:
design (Silberschatz and Galvin [65fgadlock preventiotakes the first approach
anddeadlock detectiotakes the second.
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The two approaches can both be applied to ensure the acyclicity of a hypertre
DAG union. In OOBNs - i.e. (Koller and Pfeffer [35]), it is required that each
network segment (similar to a local DAG) satisfy certain topological constraints
so that the OOBN is always acyclic. For example, when two network segments
share variables, the direction of all arcs points from one segment to the other. As
consequence, there is no need to verify acyclicity.

In this book, we do not impose such restrictions. When two local DAGs are
adjacent on the hypertree, it is allowed to have a directed path going one way an
another directed path in the opposite direction. For example, in Figure 9.15(a).
a directed pathij(l, a, c, d, €) goes fromG3 into G; and another directed path
(d, b, n, k) from G into Gs.

As another example, consider the local DAGs in Figures 6.29 and 6.30 for the
virtual digital componentt), andU; (Figures 6.16 and 6.17). We see a directed
path

(i1, Xo, Uo, wo, O1)

going fromG; into G3, and another directed path

(p1, N1, Yo, Uo, wo, Za, No)

from G3 into G,. Such oppositely directed paths will be disallowed if the one-way-
arcs restriction is imposed. However, they arise in practice. UEstAcyclicity,
we are assured that they do not cause cyclicity.

9.6 Verification of Agent Interface
9.6.1 The Issue of d-sepset Verification

According to Definition 6.15, each agent interface in an MSBN should be a d-sepse
(Definition 6.11). An agentinterface is a d-sepsetif every public node in the interface
is a d-sepnode (Definition 6.11). However, whether a public node in an intdrface
is a d-sepnode cannot be determined by the pair of local DAGs interfaced with
According to Definition 6.11, given a hypertree DAG uniGn whether a public
nodex in G is a d-sepnode depends on whether there exists a local DAG that
contains all parents (x) of x in G. Any local DAG that sharex may potentially
contain some parent nodes xf Some parent nodes af are public, but others

are private. Because it is desirable not to disclose the details of the parentship fc
agent privacy, we cannot send the parents of each agent to a single agent for
d-sepnode verification. Hence, cooperation among all agents whose subdomair
contain parents of a public nodeis required in order to verify whethet is a
d-sepnode. Nextwe develop distributed algorithms that verify the d-sepset conditior
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in a hypertree DAG union without violating agent privacy. We follow the naming
convention used in previous sectionsaaller, Ac, Ag, Ag, ..., A andA,.

We organize agents’ verification activities around the verification of the
d-sepnode condition. If any public nodeis found to be a non-d-sepnode, then
any agent interface that contaixss not a d-sepset, and the hypertree DAG union
has violated the d-sepset condition and is not a hypertree MSDAG. If no such node
can be found, then every agent interface is a d-sepset and the d-sepset conditic
holds in the hypertree DAG union.

To verify the d-sepnode condition, we may use Definition 6.11 directly. How-
ever, that would require collecting parents of each public node from each agent
and checking whether one of the agents contains them all. As mentioned pre
viously, this violates agent privacy. In Section 9.6.2, we derive alternative condi-
tions that can be used to verify the d-sepnode condition while respecting the agen
privacy.

9.6.2 Checking Private Parents for Invalid Interface

The proposition below deriveseecessargondition of a d-sepnode. It can be used
to detect if a hypertree DAG union violates the d-sepset condition.

Proposition 9.6 Let a public node x in a hypertree DAG union G be a d-sepnode.
Then no more than one local DAG of G contains private parent nodes of X.

Proof: We prove by contradiction. Assume that two or more local DAGs contain
private parent nodes of Lety be a private parent of contained in a local DAG

G; andz be a private parent of contained inG; (i # j). Then there cannot be
any one local DAG that contains bothand z. Hence, no local DAG contains
all parents ofx, andx is not a d-sepnode by Definition 6.11, which is a contra-
diction. 0

Proposition 9.6 requires only the information of whether an agent has private
parents of a public node. The proposition does not require the information on
the number of parents nor on what they are. Hence, it admits agent privacy. Once
the number of agents who have private parents arfe collected, the simple count
is sufficient to determine if the hypertree DAG union has violated the d-sepset
condition. Note, however, that Proposition 9.6 is not sufficient to qualigs a
d-sepnode and hence is not sufficient to qualify a hypertree DAG union as satisfying
the d-sepset condition.

Given a public nodex of agentAy, the following CollectPrivateParentinfo
determines how many agents on the subtree rootég have private parent nodes
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Figure 9.19: A hypertree DAG union with the hypertree in (a) and local DAGs in (b).

of x. According to Proposition 9.6, if more than one agent is found to have private
parent nodes af, thenx is nota d-sepnode.

Algorithm 9.9 (CollectPrivateParentinfo) WhenCollectPrivateParentinfo(x)s
called on an agent 4 it does the following:

1. Agent A checksif x has private parents inyGt setscounter, = 1if the resultis positive
andcounter = 0 otherwise.

2. If Ag does not share x with any agent & =1, ..., K), then A returnscounter to
caller. Otherwise, it continues.
3. Foreachagent Ai =1, ..., k) that shares x, fcalls CollectPrivateParentinfo(x)n

A, and when Areturnscounter, Aq addscounter, to counter,.
4. Agent A returnscounter to caller.

As an example, consider the hypertree DAG union in Figure 9.19. Suppose tha
CollectPrivateParentinfo(j) is called onAg.

e Agent Ag setscounterp = 1 becausés contains a private paremt of j. BecauseAg
shareg with the adjacent agem;,, it calls A, to performCollectPrivateParentinfo(j).
Agent A; has no private parent gfand setgounter, = 0. Because it shargswith Ag,
it calls A to performCollectPrivateParentinfo(j).
Agent Az has no private parent gfand setgounters = 0. It shareg with A4 and hence
calls A4 to performCollectPrivateParentinfo(j).
Agent A4 has a private paremf of j and setxounter, = 1. It has no adjacent agents
except the calle”As. Therefore A4 returnscounter, = 1 to As.
¢ Upon receipt ofcounter, = 1, Az updatescounter; = 1. It then returngounter; = 1

to A,.
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¢ The receipt ofcounter; = 1 causesA; to updatecounter, and returnsounter, = 1
to Ag.

e Agent Ag receivescounter, = 1 and updatesountery = 2. It returnscountery = 2,
which signifies thaj is not a d-sepnode.

The following FindNonDsepnodeByPrivateParentalgorithm is used by an
agentAq to determine if each public node located on the subtree rootéd thiat
is not shared byA; violates the d-sepnode condition. The task is accomplished by
calling CollectPrivateParentInfo.

Algorithm 9.10 (FindNonDsepnodeByPrivateParent)When FindNonDsepn-
odeByPrivateParenis called on an agent 4\ it does the following:

1. Agent A returnsfalseif it has no adjacent agent except.fOtherwise, it continues.

2. For each public node x in gsuch that x is not shared by AAg calls on itself
CollectPrivateParentinfo(x) Whencounteris returned, A returnstrue if counterex-
ceedsl. Otherwise, it saves coufd) = counter and continues.

3. For each agent A(i = 1, ..., k), Ag calls FindNonDsepnodeByPrivateParerih A;.
If A;j returnstrue, then A returnstrue.

4. Agent A returnsfalse

We illustrate the execution dfindNonDsepnodeByPrivateParentusing the
hypertree DAG union in Figure 9.19. Suppose thadNonDsepnodeByPrivate-
Parentis called onAg.

e Agent Ag callsCollectPrivateParentinfo(f) on itself. It setscountery = 0 and callsA,
to performCollectPrivateParentinfo(f). Agent A, setscounter, = 0 and callsA; to
performCollectPrivateParentinfo(f). WhenA; finishes, it returnsounter; = 0 to Ay,
whichinturnreturnsounter, = 0to Aq. AgentA, finishesCollectPrivateParentinfo(f)
by returningcounter, = 0. A recordcoun( f) = 0 is made inA.

¢ Next, Ag callsCollectPrivateParentinfo(i) on itself. It callsA, for CollectPrivatePar-
entInfo(i) in due time. Becausiehas no private parent i andG,, the process finishes
with Ag returningcounterg = 0. A recordcounti) = 0 is made inAy.

e AgentAg callsCollectPrivateParentinfo(j) on itself. As detailed previously, eventually
counterg = 2 is returned. Hencel, returnstrue and terminate§indNonDsepnode-
ByPrivateParent.

Note thatifFindNonDsepnodeByPrivateParentwhen the returned counter has
avalue of 0 or 1, arecord is made by the agent. This record is useful to differentiate
shared nodes that have only public parents (when the value is 0) and those the
have private parents (when the value is 1). We assume that this record survive
the execution oFindNonDsepnodeByPrivateParent Its usage is presented in
Section 9.6.8.
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We summarize the postconditionfeihdNonDsepnodeByPrivateParentn the
following proposition. The proof is trivial given Proposition 9.6.

Proposition 9.7 Let G be a hypertree DAG union populated by a set of agents.
LetFindNonDsepnodeByPrivateParete called on any agent. tifue is returned,

then G does not satisfy the d-sepset conditiofalffe is returned, then for every
public node x, no more than one local DAG of G contains private parent nodes
of x.

By Proposition 9.7, the verification is conclusive only when the execution of
FindNonDsepnodeByPrivateParenteturnstrue. Otherwise, further verification
is necessary, as we discuss in the next section.

9.6.3 Processing Public Parents

When FindNonDsepnodeByPrivateParentreturnsfalse for a hypertree DAG
unionG, itis still possible that the d-sepset condition is not satisfigd.i@onsider
the example in Figure 9.20. The public nodes are, y, z. No local DAG has
any private parent af or z. Only Gg has a private parent gf, and onlyG, has a
private parent ofv. HenceFindNonDsepnodeByPrivateParenwill return false.
However, no single local DAG contains all parentxofr (x) = {w, y}. Therefore,
X is not a d-sepnode and none of the agent interfaces is a d-sepset.

By Proposition 9.7, iFindNonDsepnodeByPrivateParentreturnsfalse, then
for each public node either one local DAG or none contains private parents o
determine ifG satisfies the d-sepset condition conclusively, one still needs to find

o- e e ce eop (a) (©)
b f
: G| ¥
G . o
X ,- xy.2}
.a_>y d. .g—\ivll—>. CGB
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, (b) b
sttt wer e O (o
| [ o f . s
EGO Xe! fqbXG]_He X iqbX—Joi {w,x}
d w
.a—>|l l'y—>. .g—\ivil :GDW—>. @

Figure 9.20: A hypertree DAG unioB (a) with local DAGs in (b) and hypertree in (c).
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out if there exists a local DAG that containgx). It seems that we have not made
much progress beyond brute force testing using Definition 6.11 directly. In fact,
the remaining verification task is simpler than the original, for it is now sufficient
to consider only the following two cases:

[Case 1] If one local DAG contains private parentsxgfthen it is the only
candidate potentially to contain all parentsxoHence, our verification effort can
be more focused. The following proposition summarizes this idea. It is a direct
result of Definition 6.11 and Proposition 9.6.

Corollary 9.8 Let G be a hypertree DAG union. Let x be any public node such
that a single local DAG Gin G contains private parents of x. Then if @oes not
contain all parents of x in G, x is not a d-sepnode.

In Section 9.6.8, we present algorithms to process this case.

[Case 2] If no local DAG contains any private parentxofthen all parents of
x are public. Hence, verification can be performed by passing messages on thes
parents among agents without violating agent privacy. On the other hand, becaus
any local DAG containing may containrz (x), there does not appear to be a single
local DAG on which we can safely focus the verification processing.

To process this case, we analyze how elements(k¥) may be distributed on
the hypertree. Because local DAGs are organized into a hypertree, for each pair ¢
local DAGs that contains some parentxpgvery local DAG on the path between
them should contain these parents. Furthermore, suppose that there exists a loc
DAG G; containingr (X). Let p be a directed path fror®; to any local DAGGg
containing some parents @&f Then alongp, the parent nodes of contained in
each local DAG must be nonincreasing. That is, if one traverses @paiongp,
it is impossible to encounter a new parent nod& tiat has not been seen before.

On the other hand, as one traverses a path from a local BAG G. both
containing some parents &f if a parenty of x is contained inG, but not inG,
whereas another parenbf x is contained irG. but not inG,, and no local DAGs
in between contain boti andz, then one can be certain that there cannot be any
local DAG containingz (x). This is what happens in the example of Figure 9.20. As
one traverses the hypertree fr@dg to Gs, the parenty of x contained inGy and
G, disappears i, andGs while a new parent node of x emerges. We explore
these observations systematically in the next section.

9.6.4 Cooperative d-sepnode Testing in a Hyperchain

Consider first the situation in which no local DAG contains any private parent of
and all local DAGs containing eith&mor some public parents &fform a hyperchain



9.6 Verification of Agent Interface 243

(Go, Gy, ..., Gm). Whenm = 1, because none &, andG, has private parents of

X, clearlyx is a d-sepnode. Hence, we only need to congider 2. In Definition 9.9
below we define thpublic parent sequencs x to describe the distribution af(x)

on the hyperchain. The definition uses heavily set comparisons. Note that whel
two setsX andY are compared, there are four possible outcofes: Y, X C Y,

X DY, or X andY being incomparable (i,eX £ Y and X 2 Y). We will use

X <Y to denoteX andY as incomparable. The symhst reads “bowtie.”

Definition 9.9 Let (Gg, G1, ..., Gm) (M > 2) be a hyperchain of local DAGs,
where X is a public node, each, Gontains either x or some parents of x, and all
parents of x are public. Denote the parents of x that(G< i < m) shares with
Gi_1 and G 11 byr, (x) andr;*(x), respectively. Denote the parents of x that G
shares with G,_1 by 7,,(x). Then the sequence

(g (%), w5 (X), ..., (X))

is the public parent sequencef x on the hyperchain. The sequence is classified
into the following types, whe@ < i < m:

Identical For each i,m;” (x) = 7,7 (X).
Increasing For eachi,n; (X) C 7" (x), and there exists i such that (x) C 7,7 (x).
Decreasing For eachi,n; (x) 2 7;*(x), and there exists i such thaf (x) > ;" (x).
Concave One of the following holds:
1. Form> 3, there exists i such that the subsequengex), . . ., 7; (X)) is increasing
and the subsequenée, (x), ..., 7, (X)), is decreasing.
2. There exists i such that™ (x) > ,(X); the preceding subsequent¢e, (x), ...,
7 (X)) is trivial (i = 1), increasing, or identical; and the trailing subsequence
(7 1(%), ..., T (X)) is trivial (i = m — 1), decreasing, or identical.
Wave One of the following holds:
1. There exists i such that™(x) D 7;"(x) and j > i such that eitherr; (X) C nf(x)
or 7t (x) <7 (x).
2. There exists i such that™ (x) >< ;" (x) and j > i such that eitherr; (x) C nj+(x)
or 77 (X) < 7" (x).

Figure 9.21 illustrates the first three sequence types, wherxamy its parents
are shown explicitly in each agent interface. The identical sequence is illustrated ir
(a). EachG; containsr (x), and hence is a d-sepnode. The increasing sequence
is exemplified in (b). Becaugg, containst (x), X is a d-sepnode. The decreasing
sequence is exemplified in (c). It is symmetric to the increasing sequéhce;
containsrt (X) andx is a d-sepnode.

For the concave sequence, some parentsagpear in the middle of the hyper-
chain but do not appear on either end. Figure 9.22 illustrates the possible case
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{x,a,b,...} {x,a,b,..} {x.ab,...} {xahb,.} @
{xa y {x,a,b,..} {xab,.} {xab,.c,..} (b)
{xab.c,..} {xab,..} {xab..} {xa..} ©

Figure 9.21: Public parent sequences: (a) An identical sequence; (b) An increasing se
qguence; (c) A decreasing sequence.

Case (1) is illustrated in (a), whelas contained irG, G, andG3 but disappears

in Go andG4 andc is contained inG, andGgs but disappears i, G1, andGg.

The increasing subsequence and the decreasing subsequence;fRarat least

two local DAGs in the middle of the hyperchain will contairfx) (e.g.,G, and

Gs in (a)), and henca is a d-sepnode. The remainder of Figure 9.22 illustrates
case (2). In (b)G; contains bottb andc, Gy contains onlyb, andG, contains
only c. In other wordsyr; (x) andr, (X) are incomparable. Note that the subse-
quence £, (x), m, (x)) is preceded and trailed by trivial subsequencasarly,

G; containsr (x) andx is a d-sepnode. In (c), the subsequence(k), 7, (X)) is
incomparable and is trailed by a decreasing subsequence. Giagintainsr (x),

(G} () (e} (o) (o4
{x.a,..}  {xab,.} {xabc,..} {xa,.. @
GG e
{x,a,b,...} {x,a,c,...} (b)
{x,a,b,...} {xac,..} {xac,..} {xa..} ©
{x,a,...} {x,a,b,..} {x.ab,d,..} {xab.c,..} (d)
{x.a,..} {x,a,b,d,..} {x,a,b,c,..} {xab.c.} ©)

Figure 9.22: Concave parent sequences.
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Figure 9.23: Wave parent sequences.

andx is ad-sepnode. In (d), the subsequenge(k), . . ., w5 (X)) is increasing with

75 (X) andr; (x) incomparable. GrapB; containst (x) andx is a d-sepnode. In
(e), the increasing subsequence endsax), and the decreasing subsequence
starts atr; (x) with , (x) andmw5 (X) incomparable. Because, containsr (x), X

is a d-sepnode.

Public parent sequences of the identical, increasing, decreasing, and concave ty,
represent all possible parent sequences, wiéxgcan be contained in one local
DAG and hence cover all cases in whicls a d-sepnode. We will formally establish
this shortly. Definition 9.9 lumps all other public parent sequences together undel
the wave type. Figure 9.23 illustrates several possible cases.

In (@), a parend of x appears at one end of the hyperchain, another parent
appears at the other end, and they disappear in the middle of the hyperchain. |
other words, we have; (x) D n; (x) andr; (x) C 75 (x). No local DAG contains
all parents ok, and hence is not a d-sepnode. In (b), we hawg (x) o< 75 (x) and
75 (X) C 75 (X). In (€), 5 (X) D 75 (X) andr; (X) <175 (x) hold. In (d), we have
1 (X) <7, (X) and 5 (X) < w5 (X). In all these cases, no local DAG contains
(X), andx is not a d-sepnode.

In the preceding examples, each local DAG contains kathd some parents of
X. This may not always be the case. In general, some local DAGs may cariiain
none of the elements af(x), whereas other local DAGs may contain some parents
of X but notx itself. Figure 9.24 shows a hyperchdi®g, G;, G, Gz, G4), where
X is a public node contained in local DA&S, G,, Gz, andG,4. The set of parents
(X) of x in the DAG union is{w, y}, and each element af(x) is public. Three
local DAGs contain botkx and some parents af G; contains botlx andy, and
G, andGg; contain bothx andw. One local DAG G4, contains< but no parent ok.

One local DAG Gy, contains a parentof x but notx. The public parent sequence
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Figure 9.24: A hyperchaiDAG union G with local DAGs in (b)and hyperchain in (c).
GraphGg contains a public parent of a public nodevithout containingx itself.

of x on the hyperchain is

(1 (%), 75 (x), 75 (X), 75 (X)) = ({y}, (}, (w), ).

Theorem 9.10 shows that the identical, increasing, decreasing, and concave type
represent all possible parent sequences, whéxg can be contained in one local
DAG.

Theorem 9.10Let x be a public node in a hyperchai,, Gi, ..., Gn) of local
DAGs withs (x) being the parents of x in all DAGs, where no parent of x is private
and each local DAG contains either x or some parents of X.

Then there exists one local DAG that contair{x) if and only if the public parent
sequence of x on the hyperchain is identical, increasing, decreasing, or concave.

Proof: [Sufficiency] If the sequence type is identical, then every local DAG con-
tainsm (x). If the type is increasing, then at ledst, containsr (x). If the type is
decreasing, then at ledst containst (x). If the type is concave, for Case (1) (see
Definition 9.9), bothG; andG;_; containn (x). For case (2); containsrt (X).

[Necessity] Suppose that there exists a local DAG that contairs We show
that the parent sequence»ofs identical, increasing, decreasing, or concave.

If every local DAG containst(x), thenw (x) = nf(x) for eachj and the
sequence is identical. Otherwise,G containsz(x), thenw; (x) 2 ”J+(X) for
each j and the sequence is decreasing. Otherwis&if containsz(x), then
i (X) € nr(x) for eachj and the sequence is increasing.
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Otherwise, if bothG; andG;_; containz (x) for somei (2 <i < m— 1), then
7w () S nj+(x) for eachj <i —1 and the subsequence((x), ..., 7 (X)), is
increasing, and; (x) 2 nj+(x) for eachj > i, and the subsequencg{(x), ...,
7, (X)) is decreasing. The entire parent sequence falls under concave type Case (1
Otherwise, if only one local DAGs; containsr (x), then

7 (X) cn(x) and w7 (x) C 7(X).
We showsr,” (x) > ;" (x) by contradiction. If they are comparable, then
eitherz; (x) C ;" (x) or 7 (x) D ] (x).
We have
w7 (X) S (x) ca(x) or w(x) D (x) D (x),

which implies thatr (x) contains a private parent af a contradiction. Further-
more, the subsequence((x), ..., m; (X)) must be trivial, increasing, or identical,
and the subsequence{#(x), .. ., 7, (X)) must be trivial, decreasing, or identical.
Hence, the entire parent sequence falls under concave type Case (2). O

Theorem 9.11 shows that the wave public parent sequences characterize all po
sible parent sequences when there is no local DAG containfry

Theorem 9.11Let x be a public node in a hyperchaiGg, G, ..., Gn) of local
DAGs withs (X) being the parents of x in all DAGs, where no parent of x is private
and each local DAG contains either x or some parents of X.

Then there exists no local DAG that contain&) if and only if the public parent
sequence of x on the hyperchain is a wave.

Proof: [Sufficiency] Supposethatthe sequenceis ofthe wave type. Forthe sequenc
is of the wave type Case (1) in Definition 9.9, we haygx) D ;" (x). It implies
thatG; _; andG; contain a parent, say, of x that is not contained i®; . ;. It cannot
be contained inang, wherek > i + 1 owing to the hyperchain. if; (x) C nf(x)
holds, thenGj,1 and G; contain a parent, say, of x that is not contained in
Gj_1. It cannot be contained in arfyy, wherek < j — 1. In summary, only local
DAGs Gy, ..., Gj may containy (not necessarily all of them contay), and only
Gj, ..., Gm may contairz. Because < j, no local DAG contains botlg andz.

If 777 (x) < nf(x), itimplies thatG;; andG; contain a parent, sag of x that
is not contained irG;_;, andG;_; andG; contains a parent, say, of x that is
not contained irGj ;. Because the same condition as above holds, no local DAG
contains botty andz. For wave type case (2), the same conclusion can be drawn.
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[Necessity] Suppose that no local DAG contair(g). Then a pair of local DAGs
Gi andG; (i < j) exist such that the following hold:

1. The DAGG; contains a parent, say, of x that is not contained G, andG; is the
closest such local DAG t&; on the hyperchain.

2. The DAGG; contains a parent, say of x that is not contained i;, andG;j is the
closest such local DAG t&; on the hyperchain.

3. No other local DAGs contain bothandz.

Clearly, we have either;” (x) D ;" (x) or 7 (x) =<7, (x), and eitherr; (x) C
" (x) or () 7" (x). Hence, the sequence is of the wave type. O

The following proposition establishes that the five public parent sequence types
defined so far cover all possibilities.

Proposition 9.12 Let (Gg, G, ..., Gn) (M > 2) be a hyperchain of local DAGs,
where X is a public node, each, Gontains either x or some parents of x, and all
parents of x are public.

Thenthefive public parentsequence types defined in Definition 9.9 are exhaustive

Proof: Because either there exists a local DAG that contaifyg or such a local

DAG does not exist. By Theorem 9.10, the former case is equivalent to the identi-
cal, increasing, decreasing, or concave types. By Theorem 9.11, the latter case
equivalent to the wave type. Hence, the five types are exhaustive. O

The following corollary summarizes the relation between the type of a public
parent sequence and the nature of a public nod&ven Theorems 9.10 and 9.11,
its proof is straightforward.

Corollary 9.13 Let x be a public node in a hyperchain DAG unid@,
G, ..., Gn) (m > 2), where no local DAG contains any private parent of x and
each local DAG contains either x or some public parents of x.

Then x is a d-sepnode if the public parent sequence of x on the hyperchair
is identical, increasing, decreasing, or concave, and X is a non-d-sepnode if the
sequence is wave.

To identify the sequence type by cooperation, let agents on the hyperchain
pass messages from one end to the other, say, @Ggmo Gy. Each agentA;
passes a messageAq ; formulated based on the message thateceives from
Ai 11 as well as on the result of comparison betwegr{x) andx;"(x). Note that
Ai 11 is undefined forA,. A message is represented using the following symbols:
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IDEN (for identical), INC (for increasing), DEC (for decreasing), CONC (for con-
cave), or WAVE (for wave). Messages are formulated according to the following
algorithm:

Algorithm 9.11 (CollectPublicParentinfoOnChainBySymbol) If A;_.; is unde-
fined, agent Apasses IDEN to A;. Otherwise, Areceives a message from,A,
comparesr;” (x) with ;" (x), and sends its own message according to one of the
following cases:

1. The message received is IDEN:
If 7,7 (x) = 7,7 (X), A passes IDEN to Aj.
If 7,7 (x) D 7,7 (x), A passes DEC to A;.
If 7,7 (x) C 7,7 (x), A passes INC to A.
Otherwise, Apasses CONC tojA;.

2. The message received is DEC:
If 7,7 (x) 2 7,7 (x), A passes DEC to A;.
Otherwise, Apasses CONC tojA;.

3. The message received is INC:
If 7,7 (X) € 7,7 (X), A passes INC to Aj.
Otherwise, Apasses WAVE to; 4.

4. The message received is CONC:
If 7,7 (X) € 7,7 (x), A passes CONC toA;.
Otherwise, Apasses WAVE to;A;.

5. The message received is WAVE pAsses WAVE to;4;.

As examples, consider the sequences in Figure 9.21.

¢ In (a), A4 sends IDEN toAg, which is passed along by each agent uAglreceives it.

¢ In (b), A4 sends IDEN taAg, which in turn sends INC t@\,. The message INC will be
passed all the way tdo becauser, (x) € ;7 (x) holds fori = 2 andi = 1.

* In (c), Az receives IDEN and sends DEC #3. The message DEC will be passed all the

way to Ag.
Next, consider the concave sequences in Figure 9.22.

¢ In (a), Az sends DEC td\,, which in turn sends CONC t8;. The message is then passed
to Ao.

e AgentA; sends CONC td\g in (b).

¢ In (c), Az sends DEC tdA,, which passes it té\;. Agent A; sends CONC tdd based
on its comparison.

¢ In (d), Az sends CONC t&\,, which is passed all the way .

¢ In (e), Az sends IDEN toA;, which in turn sends CONC té;. The message is then
passed td\..
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Finally, consider the wave sequences in Figure 9.23.

e In (a), As sends INC toA,, which passes it té\;. Becauser; (x) D 7, (x), A; sends
WAVE to Ag.

¢ In (b), Az sends INC toA,, which in turn sends WAVE td\;. AgentA; sends WAVE to
Ao.

¢ In (c), Az sends CONC t@\,, which in turn sends WAVE té\;. The message is then sent
by A; to Ag.

e In (d), A; sends CONC td\,, which is passed té;. Becauser; (x) ><im; (X), A; sends
WAVE to Ag.

Given a hyperchaifGg, G, ..., Gn), according toCollectPublicParentin-
foOnChainBySymbol, only the message IDEN sent by agéqt is a message by
default. All messages sent by other agents are consistent with Definition 9.9 and th
intended interpretation of the message symbols. This has been demonstrated frol
the preceding discussion of examples in Figures 9.21 through 9.23. Hence, fron
the message tha&, receives, the type of the public parent sequence can be deter-
mined. Whethek is a d-sepnode can in turn be concluded from the sequence type
according to Corollary 9.13. For instanceA§ receives CONC, then it knows that
the parent sequence is concave ansla d-sepnode. A, receives WAVE instead,
then it knows that the parent sequence is the wave typeasd non-d-sepnode.

We will not establish these results formally here but will do so for a simplified
version ofCollectPublicParentinfoOnChainBySymbolin Section 9.6.5.

9.6.5 Consolidation of d-sepnode Testing Messages

In Section 9.6.4, we have developed a set of messages that can be used to determi
the nature of a public node in a hyperchain of local DAGs. The set of messages
consists of five distinct symbols: IDEN, DEC, INC, CONC, and WAVE. Because
we only need to classify a public nogénto either a d-sepnode and non-d-sepnode,
the message symbols may be consolidated while maintaining the effectiveness c
classification. We explore this possibility below with the goal of simplifying the
d-sepnode testing through the consolidation.

We partition the five public parent sequence types into three groups: identical
or decreasing, increasing or concave, and wave. We associate each group with
message coded using an integer, as in Table 9.1.

As was the case wit@ollectPublicParentinfoOnChainBySymbol, we will let
agents on a hyperchain pass messages fgnto Ag. Using the message code,
we modify the algorithmCollectPublicParentinfoOnChainBySymbol into the
following algorithm:CollectPublicParentinfoOnChain.
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Table 9.1:Message code for
grouping public parent
sequence types

Type group Code
decreasing or identical -1
increasing or concave 1
wave 0

Algorithm 9.12 (CollectPublicParentinfoOnChain) If A; 1 is undefined, agent

A passes—1to A_;. Otherwise, Areceives a message from A compares

7 (x) with ;" (x), and sends its own message according to one of the following
cases:

1. The message received-4.:
If 7,7 (x) 2 7,7 (x), A passes-1to A_;.
Otherwise, Apasses 1to A;.

2. The message receivedlis
If 7,7 (x) € 7,7 (x), A passed to A_;.
Otherwise, Apasse®to A _;.

3. The message receivedlisA; passe®to A _;.

The following proposition ensures that the outgoing message of each agent o
the hyperchain is always defined. Its proof is straightforward.

Proposition 9.14Let x be a public node in a hyperchain DAG uni¢G,,
G, ..., Gn) (m > 2), where all parents of x are public and each local DAG con-
tains either x or some public parents of x. Let the hyperchain be populated by a se
of agents with one for each local DAG.

Then the outgoing message by each aggnacgkording toCollectPublicPar-
entinfoOnChainis well defined.

We illustrateCollectPublicParentinfoOnChain with the examples in Figures
9.21 through 9.23. First, consider the parent sequences in Figure 9.21.

¢ In (a), —1 is sent fromA, to A3 and is passed along by each agent ufgilreceives it.
Interpreting the message cod¥&, concludes that the parent sequence is either identical
or decreasing. Because the actual sequence is identical, the conclusion is correct.

¢ In (b), Az receives—1 from A4 and sends 1 té\,. Afterwards, 1 is passed all the way to
Ay, which determines that the sequence is either increasing (actual type) or concave.
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¢ In (c), —1 is sent by each agent. The conclusion drawngys to classify the type of
sequence as either identical or decreasing (actual type).

The parent sequences in Figure 9.22 cause the following messages to be passe

¢ In(a), Az receives-1 from A4 and sends-1to A,. AgentA, sends 1 tdA;, which passes
itto Ag. AgentAg then concludes that the sequence type is either increasing or concave,
where concave is the actual type.

¢ In (b), A; sends 1 toAy, which reaches the same conclusion as in (a).

¢ In (c), —1 is passed along from4 until A;, which sends 1 td\..

¢ In (d), Az sends 1 toA,, which is passed along t&y.

¢ In (e),—1is sent fromA, to Az and then toA,. Agent A; sends 1 toA;, which is passed
to Ap.

The wave parent sequences in Figure 9.23 cause the following messages to k
passed:

¢ In (a), Asreceives-1 from A, and sends 1 té,. AgentA; passes 1 té\;, which in turn
sends 0 toAg. Agent Ag then interprets the sequence type as a wave, which matches the
actual type.

¢ In (b), Az receives—1 from A4 and sends 1 té,. Agent A, sends 0 toA;, which passes

0to Ag.
¢ In (c), As receives—1 and sends 1 té,. Agent A, sends 0 toA;, which passes 0 té\y.
¢ In (d), Az receives—1 and sends 1 téy,. Agent A, passes 1 té\;, which sends 0 td\,.

Proposition 9.15 establishes that, after message passing accordiogjeot-
PublicParentinfoOnChain, the type of parent sequence and the nature of pub-
lic node x can be determined correctly. This proposition also covers the case
of a trivial hyperchain i = 1), where Ag will receive —1 from A;, andx is a
d-sepnode.

Proposition 9.15Let x be a public node in a hyperchain DAG uni¢Go,
G1,...,Gn) (M= 0), where all parents of x are public and each local DAG
contains either x or some public parents of x. Let the hyperchain be populated by
agents with one for each local DAG.

Then, after agents pass messages along the hyperchain fydim & according
to CollectPublicParentinfoOnChain the following hold:

1. The message code received hyidentifies the type of public parent sequence of x
correctly.

2. If Agreceives—1or 1, then x is a d-sepnode.

3. If Ag received), then x is a non-d-sepnode.
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Proof: We only have to prove the first statement. Once it is proven, the next two
statements follow according to Corollary 9.13. To prove the first statement, we show
that whenever the sequence is of types identical or decreainggceives—1;
whenever the sequence is increasing or concAyeeceives 1; and whenever the
sequence is the wave typ8y receives 0. Because the set of five sequence types
is exhaustive by Proposition 9.12, the correctness of the first statement will be
established.

1. We show that whenever the sequence is an identical or decreasinggyeegives—1.
Assume that the sequence is identical or decreasing. We claim that each agent wi
receive—1 and send out-1. AgentAn, will send—1 by default. We only need to show
thatif Aj receives-1, it will send—1. From Definition 9.9A; will find ;" (x) 2 7,7 (x).
According toCollectPublicParentinfoOnChain, the outgoing message-sl.

2. We show that whenever the sequence is increagipgeceives 1. By Definition 9.9,
eachA will find 7 (x) € 7;"(x) and at least one will findr,”(X) C 7,7 (X). Let A;
be the first agent on the hyperchain that findgx) C 7r]-+(X). Because eacl (j <
i < m) will receive —1 and send-1, A; will receive —1 and send 1 according to
CollectPublicParentinfoOnChain. EachA; (0 < i < j)willreceive 1 and send 1 given
that tor;” (x) < ;" (X).

3. We show that whenever the sequence is concAyegeceives 1. For case (1) of the
concave type iDefinition 9.9, thereexists an agemd; such that the parent sequence on
the (sub)hyperchaiG;_1, ..., Gn) is decreasing. From the foregoing analy#s,
will receive —1 from A;. The (sub)hyperchaiGo, ..., Gi_1) is increasing, and by
Definition 9.9 each agemd; (0 < j <i — 1) will find nj‘(x) - n]-+(x) with at least
one that findsfj‘(x) C nj*(x). Let A¢ be the first agent on the (sub)hyperchain that
finds 7, (X) C 7 (x). EachAj (k < j <i — 1) will receive—1 and send-1. Agent
A will receive —1 and send 1 byollectPublicParentinfoOnChain. Each agen#;

(0 < j < k) will receive 1 and send 1.

For case (2) of the concave type in Definition 9.9, an aggnexists that finds
7 (X) <t (x). If i = m—1 (trivial trailing case),A will receive —1 by default. If
the parent sequence on the (sub)hyperck@in. .., Gn,) is decreasing or identicad;
will also receive—1 by CollectPublicParentinfoOnChain. Becauser,” (x) >< ;" (X),

A will send 1. Ifi = 1 (trivial preceding case), the receiver frolnis Ag. If the parent
sequence on the (sub)hyperchéy, ..., G;) is increasing or identical, according to
CollectPublicParentinfoOnChain A;_; will pass 1 all the way tdA..

4. We show whenever the sequence is the wave typedhedceives 0. By Definition 9.9,
when the sequence is the wave type, there are at least two dgemdA; (i < j) such
that A finds eitherr;” (x) D 7" (x) or 7~ (x) <17, (x) and A; finds eitherr; (x) C
n;r(X) or 7r; (x) ><1nj+(x). We assume tha#; and A; are two such agents that are
closest toA;, on the hyperchain. This implies that each agént(j < k) must find
7 (X) 2 7 (X). Hence Aj receives—1 and sends out 1.
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BecauseA is the closest agent td, which finds eitherr;” (x) D 7" (x) or
7 (X) <7 (x), each agenfy (i < k < j) betweenA; andAj will find 7, (x) <
7,7 (x). According toCollectPublicParentinfoOnChain, Ay will receive 1 and
send out 1. As a resulsy will receive 1 and send out 0, which will be passed along

to Ao. O

9.6.6 Cooperative d-sepnode Testing in a Hyperstar

Before moving on to the general hyperstar, we consider message passing by ager
from both ends of a hyperchain toward an ag&rit the middle. This can be viewed

as a special case of a hyperstar with only two terminals. We refigras thecenter
agent Readers should keep in mind that when message passing is performed fror
both ends of the hyperchain, it should be understood as two separate executions
CollectPublicParentinfoOnChain. One is performed on the (sub)hyperchain

(Gg,...,G’j,...,G;n_i), whereG’j =Gj4,
and the other on the (sub)hyperchain
{ 6,...,G’j,...,Gi’), WhereG’j:Gi_j.

For example, if the hyperchain {&, . .., Gg) and the center agent &;, then the
two executions are performed dGs, ..., Gg), where messages propagate from
Ag to As, and on(Gs, ..., Gg), where messages propagate frégito As.

In Section 9.6.4, the only information that agefyy needs to process is the
message received frofk . Here, the center ageAt has three pieces of information:
two messages received from adjacent agents and a comparison befwggand
7,7 (X). The key to determine whethris a d-sepnode is to detect whether its public
parent sequence is the wave type. A wave sequence can be detected based on ¢
message received B only, or if not sufficient based on both messages received,
or if still not sufficient based in addition on the comparison betwege(x) and
7;7(x). The following proposition establishes the correctness of this strategy. It uses
the notationX € Y andX 2 Y for two setsX andY, whereX € Y means either
XDYorXp<Y.

Proposition 9.16 Let x be a public node in a hyperchain DAG uni¢6,,
Gi1,...,Gn) (m> 1), where all parents of x are public and each local DAG
contains either x or some parents of x. Let the hyperchain be populated by agent:
with one for each local DAG.

After agents pass messages along the hyperchain frgrandl Ay towards A
(0 < i < m), according taCollectPublicParentinfoOnChainthe following hold:
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1. If A received) from one adjacent agent, then x is a non-d-sepnode.

. Otherwise, ifl is received by Afrom both adjacent agents, then x is a non-d-sepnode.

3. Otherwise, ifl is received by Afrom A1 andr (X) € 7;"(x) or 1is received from
Ai_1 andr;(X) 2 7,7 (x), then x is a non-d-sepnode.

4. Otherwise, x is a d-sepnode.

N

Proof: We show that i is a non-d-sepnode, one of the first three cases will occur,
and ifx is a d-sepnode, none of the first three cases will occur.

Assume thak is a non-d-sepnode. According to Theorem 941s a non-d-
sepnode if and only if its parent sequence is the wave type. By Definition 9.9, when
the sequence is the wave type, there are at least two agerdad A, (j < k)
such thatA; finds eitherr; (x) D 7;"(x) or 7; (x) =<7, (x) and A finds either
7, (X) C w5 (X) or my (X) <, " (X). We assume thak; and Ay are two such agents
that are closest té,, on the hyperchain. The position & and A, relative toA;
can be described by the following, excluding symmetric conditions:

Condli < j < k: Aj and A are at the same side & on the hyperchain.
Cond2j <i < k: A is betweerA; and Ay.
Cond3i = j < k: one of A; and Ay is the center ager;.

The parent sequence can be viewed as two subsequences each from the cer
of the original sequence to one terminal. In Cond1, beca#ysand A, both in-
volve the subsequence frofg to An, by Proposition 9.1%; will receive 0 as in
case (1).

In Cond2,A; will receive 1 fromA, . ; as argued in the proof of Proposition 9.15.
By symmetry,A; will also receive 1 fromA;_1. This is case (2) of the proposition.

In Cond3,A; will receive 1 fromA;;; and—1 from A _1. It will find 7 (X) €
7,7 (x). This is case (3) of the proposition.

Next, we assume that is a d-sepnode and show that none of the first three
cases will occur. By Proposition 9.12, the parent sequence is identical, increasing
decreasing, or concave. We consider each individually.

When the sequence is identic#, will receive —1 from both adjacent agents.
Hence, none of the first three cases will occur.

When the sequence is increasing, there exists at least onefAgeat will find
nj*(x) C anr(X). Let Aj be the closest such agentAg. Hence, each ageA (j <Kk)
will find 7, (X) = 7} (x), and each agem (k < j) will find 7, (x) € 7,7 (x). The
position of A; relative toA; can be described by the following conditions:

Cond4i < j: Aj and A, are at the same side & on the hyperchain.

Cond5j < i: Aj andAg are at the same side .
Cond6i = j: Aj is the center agem;.
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In Cond4,A; will receive—1 and send out 1, which will be passeddoby A; 1.
Because the subsequence betwdgandA, is identical or decreasing viewed from
Ai to Ag, Ay will receive —1 from A;_;. Hence, Cases (1) and (2) will not occur.
Inasmuch ag\ will find 7, (x) € ;7 (x), Case (3) will not occur either.

In Cond5 and Cond64; will receive —1 from A ; and—1 from A;_; by the
similar argument above. Hence, none of the first three cases will occur.

The decreasing sequence is symmetric to the increasing sequence, and we on
have the concave sequence left to consider. By Definition 9.9, when the sequenc
is concave, a distinctive ageA); exists. In case 1 of the concave type, the subse-
quencef; (X), ..., w; (X)) isincreasing andd; (X), ..., 7, (x)) is decreasing. In
Case (2) of the concave type; (X) o< nj+(x) holds. The position oA; relative to
Ai can be described by Cond4, Cond5, and Cond6.

Consider Case (1) of the concave-type sequences. In Cépdu]l receive —1
and the remaining analysis is the same as the increasing sequence case. Cond=
symmetric to Cond4. In Cond®@; will receive —1 from both adjacent agents. For
Case (2) of the concave type, the analysis is similar. 0

We now consider a general hyperstar with two or more terminals. The structure
from the center of the hyperstar to each terminal is a hyperchain of two or more
local DAGs. The following corollary generalizes the d-sepnode testing strategy
established in Proposition 9.16 for the hyperstar. We denote the parenthatf
the center agent shares with an adjacent agetty 7y (x).

Corollary 9.17 Let x be a public node in a hyperstar local DA@S; }, where all
parents of x are public and each local DAG contains either x or some parents of
X. The star has two or more terminals such that from the center to each terminal is
a hyperchain of two or more local DAGSs. Let the hyperstar be populated by agents
with one for each local DAG.

After agents pass messages accordir@atiectPublicParentinfoOnChair(rel-
ative to x) from each terminal towards the center, the following hold:

1. If the center agent Areceives 0 from any adjacent agent, x is a non-d-sepnode.

2. Otherwise, if 1 is received by,Arom each of any two adjacent agents, x is a non-
d-sepnode.

3. Otherwisegif 1 is received by Afrom an adjacent agent Aand another adjacent agent
A sharing the parents(x) of x with A, exists such that;(x) 2 m(x), then x is a
non-d-sepnode.

4. Otherwise, X is a d-sepnode.

Consider the hyperstar in Figure 9.25(a). It has the cent&paind three ter-
minalsG;, G, andG3. Suppose that it is populated by ageAts= Ag, A1, Az,
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Figure 9.25: Parents(x) of a d-sepnod& shared by local DAGs in hyperstars.

and Az. Each ofA;, Ay, and Az sends a message A according toCollectPub-
licParentinfoOnChain. Because each hyperchain has only two local DAGg,
receives—1 from each other agent and concludes théd a d-sepnode. Clearly,
this is correct given thaG, containsr (x). The example shows that whenever a
hyperstar has two local DAGs in each hyperchain from the center to a termisal,
a d-sepnode.

As another example, consider another hyperstar in Figure 9.25(b). It has the
center atGy and three terminal&,, G4, and G;. After agents send messages
according taCollectPublicParentinfoOnChain, Aq receives—1 from each ofA,

Az, andAs and concludes thatis a d-sepnode.

In Figure 9.26, the hyperstar has the same topology as that of Figure 9.25(b) bu
a different distribution ofr (x). Note how the parents ofare distributed along the
hyperchain betweeB@, andG7. AgentAg receives-1 from A; andAz and receives
1 from As. According to Corollary 9.17Ag concludes thax is a d-sepnode. We
see that botltss andGg containm (x).

Figure 9.27 shows a slightly different distributionsofx). Note the parents of
that are shared b§; andG,4. Agent Ag receives—1 from A; and 1 from bothAg
and As. According to Corollary 9.17Aq concludes thax is not a d-sepnode. We
see that no local DAG contains all parents<of

In Figure 9.28 Ag receives 1 fromAs, and—1 from A; and As. It concludes that
X is not a d-sepnode by Corollary 9.17 becatglex) andsrz(X) are incomparable.
We see that no local DAG contains batfande.

Figure 9.26: Parents(x) of a d-sepnod& shared by local DAGs in a hyperstar.
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Figure 9.27: Parents(x) of a non-d-sepnode shared by local DAGs in a hyperstar.

9.6.7 Cooperative d-sepnode Testing in a Hypertree

In Sections 9.6.4 and 9.6.6, we have considered d-sepnode testing where, for a give
public variablex, each local DAG in a hyperchain or a hyperstar contains ekher
or some public parents af We now extend the results into the most general case.
The extension consists of two aspects: First, we consider a general hypertree c
local DAGs where some local DAGs contain neitikaror parents ok. Second, we
allow local DAGs that do contain parentsxto form a (sub)hypertree, not just a
hyperchain or hyperstar. We assume triatiINonDsepnodeByPrivateParenhas
been executed on the hypertree wititse returned. By Proposition 9.7, no more
than one local DAG contains private parentscof

We assume that the hypertree is populated by a set of agents. Immediately fol
lowing we present recursive algorithms for each agent. An algorithm executed
by an agent (denoted bi) is activated by a caller, which is either an adjacent
agent (denoted by;) of A, or A itself (see how Algorithm 9.13 is activated in
Algorithm 9.14), or the system coordinator, which could be a human or an agent. If
Ap has adjacent agents other thiandenote them by, . . ., A«. Theirlocal DAGs
areGg, Go, Gy, ..., Gk, respectively. We denote the parents@hared byG and
Gi byni(x) (i =1,...,K)andthose b¥so andG. by 7¢(x). Note that wherA is
called byA., there may not be any other adjacent agem{g@because itis aterminal
agent or no adjacent ageAt (i = 1, ..., k) that shares eithet or some parents
of x with Ag. For simplicity, we refer to all these cases as no adjacent afyent
(i =1,...,k)suchthaty shares either or some parents of. If an algorithmis ac-
tivated by the system coordinator, we will usgto describe any agent thus selected.

Figure 9.28: Parents(x) of a non-d-sepnode shared by local DAGs in a hyperstar.
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The first algorithmCollectPublicParentinfo collects information on the distri-
bution of public parents of by an inward propagation of messages among agents.
The final returned message summarizes the distribution.

Algorithm 9.13 (CollectPublicParentinfo) When the caller call€ollectPublic-
Parentinfo(x) in Ag, it does the following:

1. Agent A returns—1 if there is no adjacent agent;Ai = 1, ..., k) such that Ashares
either x or some parents of x. Otherwise, it continues.
2. Foreach agent Ai =1, ..., K) such that Ashares either x or some parents of x, A
calls CollectPublicParentInfo(x)in A; and collects a returned message.m
3. (a) Ifthere exists m=0 (1 <i < K), then A returnsO.
(b) Otherwise, if there existim=1landmy =1 (1<i, j <k; i # j), then A returns
0.
(c) Otherwise, if there existsim= 1 (1 <i <K), then A comparesr; (x) with 7;(x)
foreach j(1<j<korj=c; j#Ii).
If j is found such thatr; (x) 2 mj(x), Ao returnsO. If not, Ay returnsl.
(d) Otherwise, continue.
4. If caller is an adjacent agent A Ag comparesrt(x) with ; (x) foreach i(1 < i < k).
If there exists i such that.(x) 2 ;(X), then A returnsl. Otherwise, Areturns—1.
5. If caller is A itself, Ay returns—1.

The following proposition says that @ollectPublicParentinfo is called on an
agent whose local DAG contains all parent nodes of a d-sepnode, then its returne
message must bel.

Proposition 9.18 Let a hypertree of local DAG§G;} be populated by a set of
agents. Let x be a public node amdx) be the set of all parents of x in the
hypertree. Let Abe the agent whose local DAG,@ontainsr (X).

If CollectPublicParentinfo(x)is called on A, A, will return —1.

Proof: Inasmuch as the local DAGs form a hypertree, those local DAGS, each of
which contains eithek or some parents of, form a subtree. We only need to
consider the processing by agents located in this subtree. BeCallsetPublic-
Parentinfo(x) is called onA,, the subtree is viewed as being rooteat For each
agent that is terminal in the subtree, it returnk (Case (1) ofCollectPublicPar-
entinfo). We show that for each nonterminal agent, if it receives enlyas the
result of callingCollectPublicParentinfo in its adjacent agents, then it will return
—laswell

First, consider any nonterminal agef other thanA,. BecauseG, contains
7 (X), the public parent sequencexfrom G, to each terminal local DAG (with at
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least one other local DAG in between) is either identical or decreasing. Hence, wher
Ao is called byA, it will find either wr¢(x) = i (X) or ¢(x) D ;i (X). According

to Case (4) ofCollectPublicParentinfo, it will return —1. Therefore, each agent
adjacent toA, will return —1. As a consequence, by Case (5)adfllectPublic-
Parentinfo, A, will return —1. O

The next proposition says that@follectPublicParentinfo is called on an agent
whose local DAG does not contain all parents of a public node, then it will not
return—1.

Proposition 9.19 Let a hypertree of local DAG§G;} be populated by a set of
agents. Let x be a public node afa¢ix) be the set of all parents of x in the hypertree.
Let G, = (V,, E.) be the only local DAG that may contain private parents of x and
satisfies YN 7 (X) C 7 (X).

Then wherCollectPublicParentinfo(x)is called on A, A, will not return —1.

Proof: BecauseV, N (x) C m(x), there existy € 7 (x)\V, and a local DAGG,
that containsy and is the closest t&, among such local DAGs exist. Because
G, is the only local DAG that may contain private parentsxgfy is a pub-
lic parent ofx. Let G; be the local DAG adjacent tGy that containsy. See
Figure 9.29 for an illustration, where,(x) denotes the parents rfthat Ay shares
with the adjacent agem. betweenA, and A, on the hypertree, and (x) repre-
sents the parents afthat Ay shares with the agemy;. Note that it is possible that
G, =0Ge.

Becausés. andGy do not sharey butG; andGy do, Ay will find eitherm¢(x) C
i (X) or me(X) o< 7 (X). According toCollectPublicParentinfo, —1 might be re-
turned byA, only under case 4. However, under case 4, givensth@d) 2 m;(x),
Ay will return 1 to Ac. For each remaining agent on the chain fréqto A,, if
it receives 1 or 0, it can only return 1 or 0 according to Cases (3a), (3b), or (3c).
Hence,A, will not return—1. O

Combining Propositions 9.18 and 9.19, we have the following conclusion: If
CollectPublicParentinfo(x) is called onA, and we know that onl¢, may contain
private parents ok, then when-1 is returnedG, must containz (x) and hence

@@ (O

Te(x) TG(X)

Figure 9.29: lllustration of proof for Proposition 9.19.
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x is a d-sepnode. Otherwis&, cannot containz(x). This is summarized in
Theorem 9.20, which follows directly from the two propositions.

Theorem 9.20Let a hypertree of local DAGSS; } be populated by a set of agents.
Let x be a public node and(x) be the set of all parents of x in the hypertree. Let
G. = (V,, E,) be the only local DAG that may contain private parents of x. Let
CollectPublicParentinfo(x)be called on A.

Then \ D 7 (x) if and only if A, returns—1.

If G, does contain private parentsxfthen Theorem 9.20 determines whether
X is a d-sepnode with certainty. We will further explore this in Section 9.6.8. If
all parents ol are public, whenA, returns—1, Theorem 9.20 says that it is also
certain thak is a d-sepnode. However, &, does not returr-1, it is possible that
a local DAG other tharG,, may containt (x). Hence, whethex is a d-sepnode is
inconclusive in this case. Using the lessons learned from the analysis of hyperchain
and hyperstars, if we know that there exists a hyperchain on the hypertree such th:
the public sequence afalong the hyperchain is of the wave type, we can be certain
that no local DAG will containr (x) andx is not a d-sepnode. On the other hand,
if no wave sequence of exists, we can conclude thais a d-sepnode. To explore
this idea, we first consider intuitively how such a sequence might be present in &
hypertree, as illustrated in Figure 9.30.

{v.a,b,...}

Figure 9.30: Public parents of non-d-sepnodey, and z shared by local DAGs in a
hypertree.
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Figure 9.30 shows a hypertree of local DAGs in which each DAG is represented
as a box. For simplicity, only some local DAGs are labeled. The public parent
sequences of only three variables ¥, andz) are shown explicitly. The sequences
for x, y, andz are of the wave type. Suppose that cooperative testing is activated at
agentAg and hence thaf\, plays the role of root of the hypertree. The three parent
sequences demonstrate three typical ways a parent sequence can be situated in
hypertree: The sequence fois along a hyperchain from the root to a terminal:

(Go, G1, Gy, G3, Gy, ...).
The sequence foy is split into two hyperchains each from the root to a terminal:
(Go, G13, G14,...) and (Go, Gio, G11, G12).
The sequence faris split into two hyperchains each from a nonroot to a terminal:
(Gs, Gg, G7,Gg,...) and (Gs, Go,...).

The following proposition establishes that when a wave parent sequerde of
present, ifCollectPublicParentinfo(x) is called onA,, it will return 0.

Proposition 9.21 Let a hypertree of local DAGEG;} be populated by a set of
agents. Let x be a public node without private parents such that there exists a
hyperchain along which its public parent sequence is of the wave type.,lee G
a local DAG that contains either x or some parents of x &uallectPublicPar-
entinfo(x) be called on A.

Then A will return O.

Proof: We show that if a wave public parent sequence afccurs in any one of
the three possible ways (denoted Ty T,, andTs) demonstrated in Figure 9.30,
A.. will return 0.

[T1] Consider a wave public parent sequesoéx that occurs along a hyperchain
from A, to a terminal agen#; (e.g., the parent sequence foiin Figure 9.30).
Sincesis a wave sequence, frofg to A, along the hyperchain, there ext first
and thenG; (see Figure 9.31) such thaf (X) C 7;"(x) or 7 (x) > 7" (x) and
;7 (X) D 7" (x) or 7w (x) < ;" (x), wherer;” (x) denotes the parents rfthatG;

(L ()
G 18

() T (x)

() TG (X)

Figure 9.31: lllustration for proof of Proposition 9.21.
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shares with the adjacent local DAG closerApandr;*(x) with that farther from
A, andr; (X) andnj*(x) are those relative tG ;. We claim that either 1 or O will
be returned byA; whenCollectPublicParentinfo(x) is called onA;, and O will be
returned byA,;.

Agent A; will return 1 or 0 in the Cases of (3a), (3b), and (3c)GwllectPub-
licParentinfo. Agent A; will return 1 in Case (4) becausg (x) 2 ;" (x). Given
that A; returns 1 or 0, the agents betweAnand A; can only return 1 or 0, for
only Cases (3a), (3b), and (3c) are applicable. In the Cases of (3a) andA\{3b),
will return 0. In the Case of (3c), whew; receives 1 from its adjacent agent®n
owing tosr;” (x) € 7" (x), A;j will return 0.

[T2] Consider a wave parent sequersdidat runs along two joined hyperchains
¢1 andc,. The hyperchaiic; runs from an agemy to a terminal agent angy runs
from Ay to another terminal agent, whefg is the agent closest td, among all
agents on the two hyperchains (e.g., the parent sequenzmfbigure 9.30, where
A« = As). We assume thatis a wave sequence, bet andc, are not, for if any
one of them were, it would be detected, as in CRsélence, it suffices to consider
the following two cases:

1. There exist an age exists orc; and another agem; onc, that satisfy the following:
For A, eitherr, (X) C ;7 (X) orm; (X) < 7, (X) holds, wherer,” (x) denotes the parents
of x thatG; shares with the adjacent local DAG closepandr;* (x) with that farther
from Ay. For Aj, eithersr;"(x) C 7" (x) or 7 (x) < 7" (x) holds. See Figure 9.32 for
an illustration.

2. AgentA is identical to case 1 above, bGt = Gy such that eitherr1(x) C mo(X) or
m1(X) <1 7r2(X) holds, wherery(x) represents the parents tthat G¢ shares with the
adjacent local DAG o, andm,(x) with that onc,. See Figure 9.33 for an illustration.

For case 1, whegollectPublicParentinfo is called onA;, it will return 1 or O
as argued iy, and so willA;. Hence, agents betweén and A, will return 1 or O,

TG(X) T (X)

() TG (x)

Figure 9.32: Hyperchaing andc,.
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s

TG(X)  TT (X)

Figure 9.33: Hyperchaing andc,, whereG; = Gy.

for only (3a), (3b), and (3c) aCollectPublicParentinfo are applicable. The same
is true for agents betweed; and A,. As a result,A, will receive 1 or 0 from its
adjacent agents iy andc,. According to Case (3a) and Case (3 will return O.

For case 2A will receive 1 or O from its adjacent agentsan It will return O
if it receives 0 by Case (3a). If it receives 1 from its adjacent agest and some
other adjacent agents, it will return 0 by Case (3b). If it receives 1 only from its
adjacent agent ooy, then by Case (3c) it will return 0 becausgx) 2 m2(X).

[T3] Consider a wave parent sequersdfat runs along two hyperchaiog and
C; joined atA,. WhenCollectPublicParentinfo(x) is called onA,, it will return O
for reasons similar to argument presenteddn 0

When a wave parent sequencexogxists, no local DAG may contain(x);
hencex is not a d-sepnode. Therefore, Proposition 9.21 establishes that wheneve
X is not a d-sepnod&;ollectPublicParentinfo(x) called onA, will return 0. The
proposition, however, does not tell us whens a d-sepnode whether it is still
possible that O will be returned. The following proposition answers this question.
It asserts that in such a case, 0 will never be returned. Thus, a returned 0 uniquel
identifiesx as a non-d-sepnode.

Proposition 9.22 Let a hypertree of local DAGEG;} be populated by a set of
agents. Let x be a d-sepnode without private parents. Ldie=a local DAG that
contains either x or some parents of x a@dllectPublicParentinfo(x)be called
on A..

Then A will not returnO.

Proof. Because is a d-sepnode, there exists a local D&G that containsr (x).
We have eitheG; = G, or G # G,. WhenG; = G,, by Proposition 9.18A,
will return —1.
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@
[y
N

Figure 9.34: Proof of Proposition 9.22.

In the caseG; # G,, we analyze the processing performed by agents located
on the hyperchain betwedd, and G; inclusive. In Figure 9.34, if we assume
G. = Gz andG; = Gs, these agents includ& throughAs. For any one of them,
sayAy, we consider the return message wliatiectPublicParentinfo(x) is called
by Ak in one of its adjacent agents that is not on this hyperchain. Because eacl
parent sequence frofg to a downstream terminal (relative @,) is identical or
decreasing, the messagé will be returned toAx on the basis of Cases (1) and (4)
of CollectPublicParentinfo(x). For exampleAs receives—1 from Ag andAsg, Az
receives—1 from A;s, and A, receives—1 from A;; and Aj». Hence, each agent
on the hyperchain fror; to G, will receive —1 when it callsCollectPublicPar-
entinfo(x) in an agent not on the hyperchain.

The parentsequence frddy, to G| is identical or increasing becauSg contains
m(x). WhenCollectPublicParentinfo(x) is called onAj, it receives—1 only, as
argued above. It will return 1 or1 on the basis of Case (4). The caller agenipf
receives—1 from each adjacent agent with the possibility of receiving 1 frldm
only. If only —1 is received, it returns 1 or1 asA;. If a unique 1 is received, it
returns 1 based on Case (3c). Applying this analysis recursively to the other agent
on the hyperchain frong; to G, we conclude that each of them returns 1-dr.
Hence, A, will not return 0. O

With the understanding of the relation between the return messagelleft-
PublicParentinfo(x) and the parent distribution of, we present the following
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recursive algorithnFindNonDsepnodeByPublicParentto verify if a hypertree
satisfies the d-sepset condition under the assumption that for each public node a
its parents are also public.

Algorithm 9.14 (FindNonDsepnodeByPublicParent) WhenFindNonDsepn-
odeByPublicParents called on an agent 4\ it does the following:

1. Agent A returnsfalseif it has no adjacent agent except.fOtherwise, it continues.

2. For each public node x in gsuch that x is not shared by, AAg calls on itselfCollect-
PublicParentInfo(x). If Ois returned, A returnstrue. Otherwise, it continues.

3. Foreachagent Ai =1, ..., k), Ag callsFindNonDsepnodeByPublicParerih A;. If
A; returnstrue, then A returnstrue.

4. Agent A returnsfalse

Note the restrictionX is not shared byA.” in the second step above. It ensures
that CollectPublicParentinfo(x) is executed exactly once and is activated when
the distributed processing reaches the first agent on the hypertree that cgntains

The following theorem shows that FindNonDsepnodeByPublicParentis
called on an agenf,, the return flag will reflect correctly whether each shared
node with only public parents is a d-sepnode.

Theorem 9.23 Let a hypertree of local DAGSS; } be populated by a set of agents.
For each node x shared by two or more local DAGs, all parents of x are public.
Let an agent Abe arbitrarily chosen andrfindNonDsepnodeByPublicParertie
called on A.

If A, returnstrue, then at least one shared node is a hon-d-sepnode. Otherwise,
all shared nodes are d-sepnodes.

Proof: We show that if there exists a non-d-sepnode will return true, and if
all public nodes are d-sepnodés, will return false For each public node with
public parents, those local DAGs, each containing either some public parents
of x, form a subhypertree. This is due to the hypertree property (Definition 6.8).
Because the processingihdNonDsepnodeByPublicParenpropagates through
the hypertree outwards from,, CollectPublicParentinfo(x) will be called on an
agentAq such thaGg is located in the subhypertree and is the close&tamong
those on the subhypertree and containing

Note thatGy may not be the closest local DAG @&, on the subhypertree because
anotherG, may contain a parentof x, not contairx, and be betweeG, andG,
on the hypertree. It is also possible that still anotB&rmay containy, may not
containx, and the hyperchain froi8.. to G|, does not even includ@,. The effect
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of these local DAGs is to be considered in Exercise 9. In the following, we assume
thatGy is the closest local DAG t&., on the subhypertree.

If there exists a non-d-sepnode there must be a hyperchain on the hy-
pertree along which the public parent sequencex @ a wave formation. By
Proposition 9.21, whe@ollectPublicParentinfo(x) is called onAg, 0 will be re-
turned. This will causé? to returntrue in FindNonDsepnodeByPublicParent
and eventually causA, to returntrue.

If each public node is a d-sepnode, then wi@nilectPublicParentinfo(x) is
called on an ageny it will not return 0 according to Proposition 9.22. Because
none of the calls o€ollectPublicParentinfo returns 0,A, will return falseas the
result ofFindNonDsepnodeByPublicParent. O

Theorem 9.23 shows thaindNonDsepnodeByPublicParentsolves the d-
sepnode verification problem if all shared nodes have only public parents. In the
following section, we present algorithms for d-sepnode verification when some
public nodes have private parents.

9.6.8 Cooperative Verification of d-sepset Condition

In this section, we first extendindNonDsepnodeByPublicParento d-sepnode
verification of public nodes with private parents. We then assemble the algorithms
developed so far for verification of the d-sepset condition in a general hypertree
DAG union.

Recall from Section 9.6.3 that, if a d-sepnode has private parents, all such paren
must be contained in a single local DAG. According to Theorem 9.20, if a public
nodex has private parents in a local DAG,, then whethex is a d-sepnode can be
determined by callingollectPublicParentinfo(x) in A, and checking the return
message.

Suppose thatasingle local DAG contains private parentsWhen the following
FindNonDsepnodeByHubis called on an agent whose local DAG contains either
X or some parents of, a recursive search is performed through the hypertree for
the single local DAG that contains the private parents.&Vhen the local DAG is
found, CollectPublicParentinfo(x) is called on the corresponding agent to verify
if X is a d-sepnode.

Algorithm 9.15 (FindNonDsepnodeByHub) WhenFindNonDsepnodeBy-
Hub(x) is called on an agent #that contains either x or some parents of x, it does
the following:

1. If G contains no private parent of x, thery Bhecks if there existsiAi = 1,...,K)
that contains either x or some public parents of x.
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If found, then for each such; AAq callsFindNonDsepnodeByHub(x)n A;. If any such
A returnstrue, then A returnstrue. If each such Areturnsfalse A returnsfalse
If no such Ais found, then Areturnsfalse

2. If Gg contains private parents of x, thery Aalls CollectPublicParentinfo(x)on itself.
If —1is returned, A returnsfalse Otherwise, Areturnstrue.

The processing activated yindNonDsepnodeByHub(x)may terminate in
two ways. If Ag contains no private parent of and its adjacent agents (except
Ac) do not contain eithek or some public parents of, then FindNonDsepn-
odeByHub(x) will terminate. When an agem#fy containing private parents afis
reachedCollectPublicParentInfo(x) will be recursively activatedCollectPublic-
Parentinfo(x) will terminate when an agem; is activated, andy and its adjacent
agents (except its caller agent) do not contain eithe@r some public parents
of x.

The following FindNonDsepnodechecks if each public nodeis a d-sepnode
by propagating processing outwards through the hypertree. It does this in the sam
way asFindNonDsepnodeByPublicParentf x has no private parents. Otherwise,
the checking is performed throudgtindNonDsepnodeByHub In the algorithm,

a recordcountx) is used. Recall that this record is savedHigdNonDsepnode-
ByPrivateParent in Section 9.6.2. Itoun{x) = 0, x has no private parents, and
if coun(x) = 1, x has private parents in exactly one local DAG.

Algorithm 9.16 (FindNonDsepnode)WhenFindNonDsepnodes called on an
agent A, it does the following:

1. Agent A returnsfalseif it has no adjacent agent except.fOtherwise, it continues.
2. For each public node x in gsuch that x is not shared by.AAg checks courfk).
If count(x) = 0, Ay calls on itselfCollectPublicParentinfo(x) If O is returned, A
returnstrue. Otherwise, it continues.
If count(x) = 1, Ag calls on itselfFindNonDsepnodeByHub(x)If true is returned,
Ao returnstrue. Otherwise, it continues.
3. Foreachagent Ai =1, ...,Kk), Ap callsFindNonDsepnoden A. If A; returnstrue,
then A returnstrue.
4. A returnsfalse

The following VerifyDsepsetis executed by the system coordinator to verify
that the entire hypertree DAG union satisfies the d-sepset condition. After the root
agentA, is selectedFindNonDsepnodeByPrivateParenis used to determine if
there is any public node for which more than one local DAGs contain its private
parents. If the result is positivéglsereturned), a side effect of the algorithm is that
for each public nod& a recorccoun(x) is saved in an agent that is the closesAto
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on the hypertree among agents that conkaifihis record is used by the following
operationVerifyDsepset, which completes the d-sepset verification.

Algorithm 9.17 (VerifyDsepset) Let a hypertree DAG union G be populated by
multiple agents with one at each hypernode. The system coordinator does thi
following:

1. Choose an agent. Aarbitrarily.

2. Call FindNonDsepnodeByPrivateParernin A,. If true is returned, then conclude that
G violates the d-sepset condition. Otherwise, continue.

3. Call FindNonDsepnoden A,. If true is returned, then conclude that G violates the
d-sepset condition. Otherwise, conclude that G satisfies the d-sepset condition.

The following theorem establishes thédrifyDsepsetverifies the d-sepset con-
dition correctly.

Theorem 9.24Let a hypertree DAG union G be populated by multiple agents.
After VerifyDsepsets executed in G, it concludes correctly with respect to whether
G satisfies the d-sepset condition.

Proof: If G does not satisfy the d-sepset condition, then there exists a public node
X that is not a d-sepnode. It may disqualify as a d-sepnode in three possible ways
It is possible that two local DAGs contain private parentsxpfivhich will be
detected byFindNonDsepnodeByPrivateParentaccording to Proposition 9.7.
It is also possible that a single local DAGy contains private parents of but
does not contain (x). In this caseFindNonDsepnodewill find countf) = 1 and
call FindNonDsepnodeByHub(x).FindNonDsepnodeByHub(x)will locate Go
and callCollectPublicParentinfo(x) in Ag. The non-d-sepnode will be detected
according to Theorem 9.20. Finally, it is possible tk&tas only public parents
but that they form a wave sequence. In this c&SadNonDsepnodewill find
countf) = 0 and callCollectPublicParentinfo(x). The non-d-sepnode will be
detected according to Theorem 9.23.

If none of the above occurs, then all public nodes are d-sepnodes by Theorer
9.20 and Theorem 9.28indNonDsepnodewill return false, which cause¥eri-
fyDsepsetto conclude accordingly. O

We illustrate the execution oferifyDsepsetwith the hypertree DAG union in
Figure 9.35. It is a modification of the hypertree DAG union in Figure 9.19 with
the arc (, j) in G4 reversed.

1. Supposed, is selected by the system coordinatorfs FindNonDsepnodeByPri-
vateParentis then called orA,.
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Figure 9.35: A hypertree DAG union with the hypertree in (a) and local DAGs in (b).

2. AgentAy calls on itselfCollectPrivateParentinfo(j) . CollectPrivateParentinfo(j) is
called subsequently iAz, A, and Ag. Eventuallycounter; = 1 is returned toA,. It
savegoun(j) = 1.

Agent A, calls on itselfCollectPrivateParentinfo(k). The call is propagated tA;
and thenA,, and A, eventually savesoun(k) = 0.

CollectPrivateParentinfo(l) is then called byA, on itself and propagated #; and
A,. As aresultcountl) = 0 is saved a#\,.

3. AgentA, callsFindNonDsepnodeByPrivateParenin Az. Because each of the public
nodes inAz is shared withA4, Az does not activat€ollectPrivateParentinfo. Instead,
it calls FindNonDsepnodeByPrivateParenin A,.

4. AgentA; calls on itselfCollectPrivateParentinfo(f). CollectPrivateParentinfo()) is
called subsequently oAy and A;. As a resultcoun(f) = 0 is saved ai,.

Agent A, calls CollectPrivateParentinfo(i) on itself and then inAg. The result
counti) = O is saved ai\,.

Agent A, calls on itselfCollectPrivateParentinfo(g) and then calls omA; with
counf{g) = 0 saved.

Then A; calls on itselfCollectPrivateParentinfo(h) and subsequently i&; with
counth) = 0 saved.

5. AgentA; callsFindNonDsepnodeByPrivateParenbn Ay and A;, which returrfalse
immediately. Ther; returnsfalseto Az, which in turn returns tdA,.

6. BecauseA, returnsfalse as the result oFindNonDsepnodeByPrivateParentalled
on it, the verification continues with the c&lindNonDsepnoden A,.

7. AgentA, checkscountj) = 1 and call&-indNonDsepnodeByHub(j)on itself. Since
A4 has no private parents ¢f it calls FindNonDsepnodeByHub(j)in As. The call
propagates t@\, and then toA,.

8. AgentA has a private parem of j and hence call€ollectPublicParentinfo(j) on
itself. CollectPublicParentinfo(j) is then activated id,, Az, andA,.
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Agent A4 returns—1 to Az. BecauseAs shares no parent gf with A, and A4, Az
returns—1 to A,. Given thatA; shares the parenof j with Ag, A, returns—1 to Ay,
which terminate€ollectPublicParentinfo(j) with —1 returned.

. AgentAg then returngalseto A; as the result of the callindNonDsepnodeByHub(j)

from A,. Subsequenth, returnsfalseto Ag, which in turn returngalseto A4, which
terminated-indNonDsepnodeByHub(j)with falsereturned.

Continuing the processingfindNonDsepnode A4 next checksount(k = 0. It calls
CollectPublicParentinfo(j) on itself.CollectPublicParentinfo(j) is then activated in
A3, A2, A]_, andAo.

AgentsAg and A; return—1 to Ay, which returns 1 toAz because its interface with
Ay contains the parentof k, its interface withA; contains the parerit of k, and its
interface withAz contains no parent d&f. Agent Az passes 1 té\4, which returns 1 as
the result of callingCollectPublicParentinfo(j) on itself.

Continuing the processingindNonDsepnode A4 next checkgount() = 0. It calls
CollectPublicParentinfo(l) on itself. CollectPublicParentinfo(l) is then activated in
Az and A,. Eventually,—1 is returned toA,.

AgentA, calls FindNonDsepnodein Az. Because each variable thag shares with
A; is also shared wittz, A3 callsFindNonDsepnodein A;.

In responsed, checkscount(f) = 0 and callsCollectPublicParentinfo(f) on itself.
Agent A, then callsCollectPublicParentinfo(f) on Ag and A;. As a result,A, even-
tually returns—1.

Continuing the processing FindNonDsepnode,A, checkscount{) = 0 and calls
CollectPublicParentinfo(i) on itself. The call is propagated to all other agents.
AgentsAg andA; return—1to A,. ThenAy returns—1 to As, which returns-1to A,.
Hence,A; terminatesCollectPublicParentinfo(i) with —1 returned.

Continuing the processing FindNonDsepnode, A, checkscount@) = 0 and calls
CollectPublicParentinfo(g) on itself. The call is activated i\; because?; and A;
shareg and its parenh. Eventually,A, returns—1 from CollectPublicParentinfo(g).
AgentA; checksounth) = 0 and callollectPublicParentinfo(h) on itself. The call
is activated inA;, and eventuallyA; returns—1 from CollectPublicParentinfo(h).
AgentA; callsFindNonDsepnoddn Ag andA;, which returrfalseimmediately. Then
A, returnsfalse as the result of a call dfindNonDsepnodefrom Az, which in turn
returnsfalseto Ay.

Finally, A4 returnsfalsefrom the call ofFindNonDsepnodeon it by the system coor-
dinator. It is concluded that the DAG union satisfies the d-sepset condition.

9.7 Complexity of Cooperative d-sepset Testing

We show that multiagent cooperative verificationMgyifyDsepsetis efficient. We
use the following notations:

e t: the maximum cardinality of a node adjacency in a local DAG.
¢ k: the maximum number of nodes in an agent interface.
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¢ s: the maximum number of agents adjacent to any given agent on the hypertree.
¢ n: the total number of agents in the hypertree DAG union.

First, we considefindNonDsepnodeByPrivateParentlts computation is dom-
inated by callingCollectPrivateParentinfo. Each agent may calCollectPri-
vateParentinfo O(k s) times — one for each shared node. Each call may propagate
to O(n) agents. To examine whether a shared node has private parents in a loce
DAG takesO(t) time. Hence, the total time complexity &indNonDsepnode-
ByPrivateParentis O(n? k s t).

Next, we consideFindNonDsepnode Its computation time is dominated by the
call of CollectPublicParentinfo either directly or througkindNonDsepnodeBy-

Hub. Each agent may calollectPublicParentinfo O(k s) times. Each call may
propagate tdO(n) agents. When processing public parent sequence information,
an agent may comparg(s) pairs of agent interfaces. Each comparison examines
O(k?) pairs of shared nodes. Hence, the total time complexiimdNonDsepn-
odeis O(n? k® s?). The overall complexity o¥/erifyDsepsetis then

on? (k3s® +k s t),

and the computation is efficient.

9.8 Bibliographical Notes

The issue of subdomain verification was inspired during a discussion with Finn
Jensen while | was visiting Aalborg University in 1998. The solution was presented
in Xiang, Olesen, and Jensen [93]. Multiagent cooperative verification of DAG
union acyclicity was proposed by Xiang [87]. Xiaoyun Chen assisted in refining
multiagent d-sepset verification.

9.9 Exercises

1. Determine from\\, throughW;s in Section 9.1 whether a hypertree can be constructed
from Vg throughVs.

2. Modify the algorithnmCollectFamilylnfo to make it more efficient using the idea hinted
in Section 9.5.4.

3. Trace the execution dfindNonDsepnodeByPrivateParentfor the hypertree DAG
union in Figure 9.19 with the arg|( j) reversed.

4. Determine the type of public parent sequence of the hyperchain of local DAGs in
Figure 9.24.

5. Prove Corollan®.13.

6. Prove Proposition 9.14.
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7. Letx be a public node in a hyperstar DAG union, where all parentsare public and
each local DAG contains eith&ror some parents of. There are exactly two local DAGs
from the center of the star to each terminal inclusive. Provexitist d-sepnode.

8. Prove Theorem 9.20.

9. In the second step of algorithRindNonDsepnodeByPublicParent,Ag calls on itself
CollectPublicParentInfo(x) if x is not shared byA.. Itis possible tha#\. contains some
parents ofk. Hence CollectPublicParentinfo(x) will not include these parents afin
its examination of the public parent sequences.of

Analyze the consequence of this omission.
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Looking into the Future

In Chapters 6 through 9, we studied in detail why a set of agents over a large anc
complex domain should be organized into an MSBN and how. We studied how they
can perform probabilistic reasoning exactly, effectively, and distributively. In this
chapter, we discuss other important issues that have not yet been addressed but w
merit research effort in the near future.

10.1 Multiagent Reasoning in Dynamic Domains

Practical problem domains cangtaticor dynamic. In a static domain, each domain
variable takes a value from its space and will not change its value with time. Hence,
at what instant in time an agent observes the variable makes no difference. On th
other hand, in a dynamic domain, a variable may take different values from its
space at different times. The temperature of a house changes after heating is turne
on. The pressure of a sealed boiler at a chemical plant increases after the liqui
inside boils. A patient suffers from a disease and recovers after the proper treatmen
A device in a piece of equipment behaves normally until it wears out. Dynamic
domains are more general, and a static domain can be viewed as a snapshot of
dynamic domain at a particular instant in time or within a time period in which the
changes of variable values are ignorable.

A Bayesian network can be used to model static and dynamic domains. In gen:
eral, given a dynamic domain, a domain variab{e) whose value changes with
timet can be modeled by a sequence of variably, v(1), v(2), ..., v(), ...,
wherei indexes a time instant. The collection of variables corresponding toitime
and their dependence relations can be modeled by a Bayesian (sub)network. Th
variablev(i) may also be dependent on some variatlg), wherej < i. Such
dependence is calladmporal dependenand can be represented by an arc from
x(j) to v(i). In this way, all Bayesian subnetworks corresponding to different time

274
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instants are connected into one Bayesian network. Probabilistic reasoning can the
be performed as usual.

However, ifitis necessary to model and reason about a domain over an unbounde
period of time, the preceding method is impractical, for the Bayesian network will
grow to an unbounded size. To handle this, the first common step is to assum
that the dynamic domain &ationary. That is, (1) the dependence relations among
variables at timé are identical to those &t, and (2) the temporal dependence
relations between variables at timesnd | are identical to those between variables
attimes + kandj + k, wherek is a positive integer. Condition (1) implies that all
Bayesian subnets, one for each time instant, are isomorphic. Condition (2) mean
thatif there is an arc from(j) towv(i), then there is an arc from(j + k) to v(i + K).

The second common step is to assume that the dynamic domMdamksvian. That
is, the state of the domain attime- 1 is independent of the states allQ...,i — 1
given the state at This assumption implies that the Bayesian subnet atitinses
only incoming arcs from the Bayesian subnet at time1l and has only outgoing
arcs to the Bayesian subnet at time 1.

Given a dynamic domain that is both stationary and Markovian, the modeling
task and reasoning task are much simplified. It is now only necessary to model th
domain at a particular timeand its dependence on tinhe- 1. The sequence of
identical Bayesian subnets connected by temporal arcs is callgthmic Bayesian
network(DBN). To reason about the domain using a DBN, an agent starts with
the Bayesian subnet at time 0. When an observation is available, the agent uf
dates belief as usual and propagates its belief to the Bayesian subnet at time
Because the Bayesian subnet at time 1 now contains all the relevant historic infor
mation at time O, the Bayesian subnet at time 0 need not be maintained. Repeatir
this operation, the agent can reason about the domain over an unbounded tirr
period by maintaining nho more than two Bayesian subnets at consecutive time
instants.

We would like multiple agents to be able to reason about a large dynamic do-
main over an unbounded time period in a similar fashion. The multiagent MSBN
framework presented in Chapters 6 through 9 allows modeling and reasoning abot
a dynamic domain over a finite time, { + 1, ...,i + k) between instants and
i + k, wherek > 0. Figure 10.1(a) shows the structure of an MSBN over one time
instant (k= 0), and (b) shows the structure of an MSBN over two time instants
(k = 1). Note the temporal dependence signified by the ag®() and Qo, 91).

One way to apply the framework to an unbounded time period directly is to let
agents initialize to prior belief at the beginning of e&elmstant period. The limi-
tation of this method is that the relevant information acquired during the previous
k-instant period cannot be used.
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Figure 10.1: MSBNs of a trivial dynamic domain. (a) Over one time instant. (b) Over two
time instants.

Ideally, we would like multiple agents to be able to benefit from each other’s
knowledge up to the relevant history. Unfortunately, exact multiagent probabilistic
reasoning over an unbounded time period is impractical. Clearly, it is impractical
to use the preceding representation and increase the kaludoundedly. We
consider another alternative following the idea of dynamic Bayesian networks. Let
us assume that the dynamic domain is stationary and Markovian. We would like
each agent to maintain its belief on its subdomain for the current time instant. For
example, at timé = 0, we would like agent$, and A; to maintain the subneGS
andGY in Figure 10.2(a), respectively. At= 1, we would like them to maintain
the subnetG} and Gi in (b). By Proposition 6.4, each agent interface should
render subdomains in the two induced (hyper)subtrees conditionally independent
Otherwise, exact probabilistic reasoning through message passing is impossible i
general. In this example, the issue becomes whether

| ({ag, by, 1}, {dy, €1}, { f1, 91, h1})

Figure 10.2: (a) Subnets to be maintained by agents atttin®. (b) Subnets to be main-
tained by agents at tinte= 1.



10.2 Multiagent Decision Making 277

holds. From Figure 10.1(b), we can see that, although

[ ({ay, by, c1}, {do, €, d1, €1}, { f1, 01, h1})
holds,

I ({ag, by, c1}, {d1, €1}, { f1, 01, hy})

does not because the path

p = (&, ag, do, Go, 01)

is rendered open big;, e;} according to d-separation. Therefore, message passing
betweem, andA; by exchanging belief over their interfafih, e;} does notensure
correct belief updating in each agent. This demonstrates that exact multiagent prok
abilistic reasoning over unbounded time periods cannot be achieved by maintainin
agent belief over a finite time.

In summary, exact multiagent probabilistic reasoning over unbounded time pe-
riods is impractical. Therefore, approximations using heuristic methods are neces
sary. Many alternatives are yet to be explored.

10.2 Multiagent Decision Making

Throughout the book, we have concentrated on how multiple agents can organiz
themselves in reasoning about the state of a large and complex domain. If an age
believes that a device in a piece of equipment is faulty, the agent should then eithe
sound an alarm or replace the device with a backup. If a heating agent in a smal
house believes that the people in the house have gone to work or school and on
pets are wandering in the house, the agent can reduce the heating to save ener
As we understand better how agents can cooperate to reason about their uncerte
environment, a natural step forward is to investigate how agents can make decisior
and take actions in the environment.

According to the decision theory, an agent should choose among alternative ac
tions based on its belief about the state of the domain, the possible consequenc
of actions, and its preference about the consequences. The preference can be re
resented by a value distribution over the states.

In a multiagent system, an agefsthas at least three types of actions to take. To
update its beliefA; may choose to observe a local variable, which may incur a cost.
We refer to this action type dscal observation. AlternativelyA; may choose to
communicate with other agents so that it can benefit from others’ observations. W
refer to this action type asommunication. Local observation and communication
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are information-gathering actions, and they do not change the state of the domain.
Finally, A; may take actions to change the domain state such as replacing a devic
in a piece of equipment with a backup or reducing the heating in a smart house. We
refer to this action type astate transition

When deciding on state transition actioAsmay deliberate its actions stepwise.
That is, it decides on a state transition action, takes it, performs a local observatior
or communication to update its belief about the new state of the domain, and decide
on the next state transition action. Alternativedy, may plan a sequence of state
transition actions before any one is executed. The sequence may interleave sta
transition actions with local observations and communications.

The research issues include the following:

¢ Influence diagram@Howard and Matheson [26], Oliver and Smith [43larkov decision
processes (MDP) (Puterman [57]), goattially observable Markov decision processes
(POMDPs) (Smallwood and Sondik [66], Monahan [41]) extend the Bayesian networks
and Markov chains to allow representation of alternative actions and user preferences
Can similar extensions be made to MSBNs so that stepwise decision making can be
supported? Can planning a sequence of actions be similarly supported?

It has been shown (Bernstein, Zilberstein, and Immerman [3]) that the computation for
solving distributed POMDPkas a very high complexity (probably more than exponen-
tial). Multiagent probabilistic inference using an MSBN representation is also based on
partial observations. It is distributed, exact, and efficient (when the DAG union is sparse).
Therefore, extensions of the MSBN framework yice good candidates for tackling
problems intended by POMDPs.

How should the preference of cooperative agents be represented distributively?
Although cooperative agents work for a single principal, each is limited by its resources.
Conflicts may occur when an agent needs to perform multiple activities while it can only
perform one at a time. For exampld, may be asked to perform a communication by
another agent whildy is trying to take a state transition action. How should such conflicts
be resolved in a decision-theoretic fashion?
In deciding local observation and communications actions, an agent needs to trade th
expected value of an information-gathering action with its cost. Trade-off between the
information value of observation and its cost has been studied under the single-agen
paradigm. The possibility of trading local observation with communication opens new
opportunities and new issues.
¢ Afterastate transition action is performed, the beliefs of agents based on past observation
may no longer be valid. For instance, after a faulty device is replaced, observations on
variables that depend on the state of the device are invalidated and so are the agent
beliefs based on these observations. Other observations, however, may still be valid an

[N

Strictly speaking, information gathering may involaetive sensingn which the sensors may be relocated or
repositioned (e.g., relocation of a video camera or a robot). In such cases, the state of domain may be change
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were costly to obtain in the first place. How to make use of still valid observations while
discarding invalid ones in updating the agents’ beliefs is an open issue.

10.3 What If Verification Fails?

In Chapter 9, we presented a set of algorithms for verifying the integrity of inte-
grated multiagent system against the technical requirements of an MSBN. Aftel
the verifications succeed, agents will go on to perform compilation and inference
operations. What should agents do if some verifications fail? We briefly consider
such failures.

e Failure in hypertree verification: The subdomain partition (Section 9.3) among a set of
agents may not admit a hypertree organization. In that case, the interface graph the
the system integrator created based on its knowledge of public variables is not chorda
(Theorem 9.1). The integrator may advise the agents to modify their subdomains by
enlarging or reducing public variables. There are usually many possible modifications
yielding subdomain partitions that admit hypertree organizations. Some schemes requir
modifications of subdomains of more agents than other schemes. Some schemes requi
more significant subdomain modifications for each agent involved than other schemes
Some schemes compromise agent privacy more than other schemes. How the integrat
can generate proposals that minimize the subdomain revision and compromise of agel
privacy is yet to be explored.

¢ Failure in acyclicity verification: Once the hypertree organization is verified, the hyper-
tree DAG union may still be acyclic (Section 9.5). The algorithms presented can easily
be extended to indicate explicitly which agents are causing the acyclicity. How should
these agents cooperate to resolve the problem? How can they modify their local structur
without compromising the integrity of their local knowledge representation? How can
they minimize the modification to their local structures in trying to satisfy the global
acyclicity constraint?

¢ Failure in d-sepset verification: An agent interface in an acyclic hypertree DAG union
may not be a d-sepset (Section 9.6) because some public nodes in the interface are n
d-sepnodes. To convert a non-d-sepnode into a d-sepnode, some of its parent nodes m
either be removed or become public. Again, the potential compromise of integrity of
knowledge representation at each agent involved and the degree of compromise of age
privacy should be considered and minimized.

10.4 Dynamic Formation of MSBNs

Large and complex domains are often open-ended. That is, the set of domain var
ables grows and shrinks from time to time. To cope with such open-endedness
multiagent systems respond by a changing agent population. As the problen
domain grows in size and complexity, more agents with proper knowledge are
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deployed or activated. When their special knowledge is no longer needed owing
to changes in the problem domain, some agents are deactivated. For example, t
installation of a new appliance in a smart house requires one or more agents to be de
ployed with knowledge about the effective utilization of the appliance in the home
environment. When the appliance is replaced with a new model, the associate
agents must be deactivated and a new set of agents added.

Another need that accounts for the open-endedness of a multiagent system |
that of being able to zoom in and zoom out at different abstraction levels. The
issue under the single-agent paradigm was studied by Srinivas [69], Kollar and
Pfeffer [35] and Wong and Butz [78]. For example, the functionality of a com-
ponent may be represented at the component level, which is usually sufficient
However, it may sometimes be necessary to examine the component at its devic
level. The agent knowledgeable at the component level may not have knowledge
at the device level, thus necessitating activation and consultation of a proper nev
agent. In summary, change in agent population arises when a change in domai
dimensions or abstraction levels occurs. How can such dynamic formation and
reformation be realized without human intervention or with the minimum human
intervention in the context of an MSBN-based multiagent system?

¢ When the need for a new agent arises, how should it be integrated into the existing
hypertree organization? It may be possible for the new agent to be added to the hypertre
as a terminal, in which case no adjustméortthe adjacency among existing agents is
needed except the agent adjacent to the new agent. But what if this is not possible? Hov
should the hypertree be restructured in such cases?

¢ Arelated issue is the effects of hypertree restructuring on the agents’ beliefs. In the case o
a new terminal agent, how should the beliefs of the new agent as well as those of existing
agents be updated according to the knowledge and observations in the existing systel
and the knowledge embedded in the new agent? If the hypertree must be restructure
significantly, how can belief updating be accomplished?

10.5 Knowledge Adaptation and Learning

Besides the more dramatic changes in problem domain dimensions and abstractic
levels discussed in Section 10.4, a problem domain may evolve slowly over time.
That is, the space of a given variable may change over time. Some values in the
original space may become impossible, and others may need to be introduced. Fc
example, the air conditioning switch will never be on in the winter but may be

turned on and off during the summer. The prior distribution of variables and the de-
pendence strength among variables may gradually change over time. As a mechal
ical component in a piece of equipment wears out, the likelihood of a breakdown
increases gradually. Just as learning is important for a single agent to evolve its
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knowledge of its problem domain, so is it for a multiagent system. It appears that
techniques developed for sequential learning in graphical models under the single
agent paradigm, such as those of Spiegelhalter and Lauritzen [68], can be applied d
rectly. Careful theoretical and empirical studies are needed before this is confirmec

In addition to the model adaptation just described, other aspects of operations a
MSBN-based multiagent system’s can be made more effective through learning
For example, regional communication (Section 8.9) is less expensive than full-scals
communication. However, given an agent that needs to communicate regionally tc
resolve the uncertainty on a particular variable or a set of variables, which nearby
agents should be included in the regional communication must be based on th
dependence relations between the target variables and variables in the other ager
Note that we have insisted that the internal details of each agent be kept private
Hence, a centralized sensitivity analysis is out of the question. By learning from
past communications experience using different regions, an agent can improve it
estimation of the proper region of communication given a set of target variables.
How to control and vary communications regions, how to represent past experi-
ence regarding different regions concisely, and how to use learning to improve the
efficiency of future communications are yet to be explored.

10.6 Negotiation over Agent Interfaces

The cardinality of an agentinterface (the d-sepset) inan MSBN may be perceived a
the ultimate factor determining the efficiency of communication. Such a perception
may originate from the observation that the cardinality of a separator in the JT
representation of a BN indeed determines the volume of a concise message pass
over the separator and directly affects the inference efficiency. However, this is
only partly true for inference in a multiagent MSBN owing to the linkage tree
representation for each d-sepset.

Figure 10.3 shows the local JTs of two agents in a trivial MSBN and their
interface. The linkage trek has two linkages. Suppose that the space of each

Figure 10.3: A trivial linkage tree.
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Figure 10.4: (a) Two subnets in an MSBN. (b) The local moral graphs.

variable has the cardinality of 4. The raw-space complexity isfthen 4 + 4° =

128, whereas the cardinality of the full-state space of the d-sgpdetc, h}is 4* =

256. Because the size of an e-message is determined by the raw-space complexity
the linkage tree, this example illustrates that the raw-space complexity of the linkage
treeisamore direct factor for communications efficiency inan MSBN. Furthermore,

the following example shows that it is possible to increase the cardinality of a

d-sepset while decreasing the raw space complexity of the linkage tree.

Figure 10.4(a) partially shows two adjacent subnets in an MSBN. The d-sepse!
is {y1, ..., Yn}. Assume that there are no other paths between the nodes explicitly
illustrated in (a) except those that are shown. After moralization, the local moral
graphs are those in (b). During cooperative triangulation (Section 7.6), the agen
Ap needs to eliminata, x4, ..., X, beforey;, (i = 1, ..., n). Asaconseqguence, the
d-sepset will be completed. The resultant linkage tree is trivial and has a raw-spac
complexity O(2").

Suppose that the d-sepset is enlarged by making variatdesib public. The
new subneG, is shown in Figure 10.5(a) and its local moral graph in (b). During

Figure 10.5: (a) The subnet for agels with enlarged d-sepset. (b) The local moral graph
of Ap. (c) The local junction tree o\ and its linkage tree with\;.
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cooperative triangulationdy can eliminatex, .. ., X, beforea, b, y1, ..., yn. If

it eliminates in the orderx, ..., Xn, Y1, ..., ¥n, & b), no fill-in is added. The
resultant partial local JT foAg is shown to the left of (c), and the corresponding
linkage tree is shown to the right. The linkage tree now has reduced the raw-spac
complexity fromO(2") to O(23 n). A similar reduction can be obtained Ay.

In general, such reductions can be obtained when the new public variables hel
partition each subdomain involved into conditionally independent parts. For exam-
ple, every two variables inthe set . . ., X, are rendered conditionally independent
by the new d-sepset.

Note that the modification does not require assessment of a new set of probs
bility distributions. For example, nodg is assigned(y1|x1) in the subneGg in
Figure 10.4(a). With the new subr@g in Figure 10.5(a), there is no need to assess
P(y1]X1, &, b) and reassigty; this distribution. The reason is that the remodeling
does not alter any dependence relations among variables. It simply exploits som
existing independence in the total universe. As a consequence, the JPD of the ne
MSBN is identical to the previous one, and no node needs to change its previousl:
assigned distribution in a nontrivial way.

This phenomenon gives rise to a promising opportunity. That is, agents may
explore this opportunity to reduce the raw-space complexity of their linkage trees
and ultimately improve the efficiency of their communications. Because the internal
structure of each agent is private, identification of a potentially useful enlargement
of public variables can only be achieved through distributed search and cooperatio
among agents. Inasmuch as some previously private variables must be made publ
negotiation among agents may be needed as well.

10.7 Relaxing Hypertree Organization

In Section 6.3, we introduced Basic Assumption 6.3 stating that a simpler agent or
ganization (as a subgraph of the communications graph) is preferred. It asserts th
even though the communications graph with degenerate cycles can support belie
updating by message passing, a hypertree organization is preferred because it
simpler and more efficient to process. The hypertree restriction is sometimes per
ceived as “undesirable” because agents are prevented from communicating freel
with each other. Flexibility is the main reason to desire its relaxation.

Using the graph-theoretical equivalence between cluster graphs and commun
cations graphs (Chapter 6), we can extend the results on degenerate and nonc
generate cycles in Chapter 3 to multiagent systems. In Chapters 3 and 6, we ha
shown that when nondegenerate cycles exist in the communications graph, exal
multiagent belief updating by concise message passing is impossible. Hence, onl
degenerate cycles offer an opportunity for agents to communicate more freely. A
degenerate cycle in a communications graph is signified by the presence of a
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agent interface contained in every other agent interface on the cycle. Hence, if a se
of agents is located on a strong degenerate cycle in their communications grapt
they can pass e-messages to each other in arbitrary sequences. For weak deg
erate cycles, the flexibility is more limited. Consider a weak degenerate cycle
0={Qo, Q1,..., Qx_1, Qo), where K >3 and the separatob= Qo N Q is
contained in each other separator. Two paths exist between any two clusters: on
goes througt® and the other does not. Because each separator in the other path is
superset of, the information capacity of the path throuhs inferior. The exact
degree of flexibility that weak degenerate cycles can provide needs to be furthe
explored.

In summary, exploration of degenerate cycles in communications graphs offers ¢
promising possibility for relaxing the hypertree constraint when greater flexibility
in communications is important. Existing degenerate cycles can be utilized to its
full capacity in providing such flexibility and agent interfaces can be enlarged to
create new strong degenerate cycles. The trade-off involves the discloser of som
private variables and increased message traffic.

10.8 Model Approximation

Multiply sectioned Bayesian networks provide a framework in which a set of agents
populating a large and complex uncertain total universe can reason about it by con
cise message passing. The inference computation is efficient when the dependen
relations in the total universe are sparse. That is, individual subnets are not densel
connected and individual agent interfaces have low cardinality and can be concisel
represented by linkage trees. On the other hand, if subnets are densely connecte
agent interfaces are large when determined naturally, or agent interfaces do not ac
mit concise representation, the communications and inferences of an MSBN-base
multiagent system can be computationally expensive.

One alternative that can be explored within the MSBN frameworkiglel
approximationwhich entails simplifying some subnets. The most obvious simpli-
fication is the removal of arcs corresponding to weak dependence relations. The
positive consequences are not only sparser subnets but more concise agent interfa
representations (lower raw-space complexity of linkage trees). Because the weake:
arcs are continuously removed, it is expected that the efficiency of inference anc
communication improves gradually whereas the accuracy of inference degrade
gradually.

It is not clear what approximation can be performed when the cardinality of
an agent interface is too high. One possibility is to reduce the number of public
variables. Issues arise in choosing the variables to eliminate from the agent interfac
and deciding how to turn them into private variables. Another possibility is to
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explore the technique outlined in Section 10.6. Instead of trying to reduce the agen
interface, it can be enlarged so that the raw-space complexity of the correspondin
linkage tree is reduced.

10.9 Mixed Models

Throughout the book, we have concentrated on the total universe consisting of onl
discrete variables. Many problem domains involve continuous variables — that is
variables whose spaces are continuous ranges. Although a continuous variable ¢
always be discretized, discretization into a low-cardinality space introduces errors
whereas discretization into a high-cardinality space increases the computatione
complexity. Hence, there are cases in which direct representation of, and infer
ence with, continuous variables are desirable. One approach under the single-age
paradigm that has been well studied is the usewltivariate Gaussian distribution
(Lauritzen [36], Cowell et al. [9]). Both discrete and continuous variables can be
present in a single graphical model. Extending the MSBN framework following
this approach is yet to be explored.

In Chapter 6, we posited Basic Assumption 6.4, which states that a DAG structur-
ing of each agent’s knowledge is preferred. In Chapter 7, we compiled each subne
into a junction tree representation. Although a causal structuring of probabilistic
knowledge is commonly preferred (see Basic Assumption 6.4), the possibility of
performing local inference and communication using the junction tree representa
tion means that causal structuring is not necessary. Undirected graphical mode|
such adVarkov networkgPearl [52]), and hybrid graphical models suchchain
graph modelgLauritzen [36]) have been studied under the single-agent paradigm.
Itis conceivable that different agents may adopt different graphical models as thei
original internal representation. For local inference and communication, the local
models can be compiled into the junction tree representation, and the algorithms i
Chapter 8 can then be applied. The technical details of such a scheme are yet to |
worked out.

10.10 Bibliographical Notes

Dynamic Bayesian networks (DBNs) were proposed by Dean and Kanazawa [15]
Russel and Norvig [60] gave an intuitive introduction of reasoning in DBNSs.
Kjaerulff [34] and Xiang [86] have proposed exact methods for inference in
DBNSs, and Forbes et al. [17] have presented an approximate method. The or
portunity for reducing raw-space complexity for agent interface was analyzed by
Xiang et al. [93].
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h-separation, 66, 68, 79, 156, 180
head, 25

head-to-head, 65, 66

head-to-tail, 65, 66

hybrid graph, 25

hyperlink, 128

hypernode, 128
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hypertree, 128, 147
hypertree MSDAG, 132, 147

I-map, 63, 180

i-message, 118

in-degree, 26

incident, 25

induced dependence, 70, 78, 128
interaction, 147

interface, 118

interface graph, 219

internal node, 26

junction tree, 57, 174
junction tree as I-map, 71
junction tree representation, 94

leaf, 26, 100

link, 25

linkage, 155

linkage tree, 144, 155, 175

LJF, 176

locally consistent, 188

logic sampling, 33

loop cutset conditioning, 31, 209

marginal, 21, 92
marginalization, 22
marginalization intractability, 23
marginalized out, 22
marginally independent, 27
Markovian, 275

massive message passing, 34
maximal cluster tree, 81
maximal spanning tree, 82
merge, 154

message, 30, 43, 44
message passing, 34, 40, 118
moral graph, 70, 147, 148
MSBN, 110, 134

MSDAG, 132

multiagent, 9, 108, 112
multiply connected, 26, 42

multiply sectioned Bayesian network, 110, 134

negation rule, 22

node, 25

nondegenerate cycle, 42, 47, 123
normalize, 104

numerator, 91

0O(), 23

observable, 5

open path, 64

order independent, 91
out-degree, 26

Index

parent, 25

path, 26

path length, 26

posterior, 22

potential, 43, 44, 48-50, 56-58, 88,
184, 187

principal, 1

prior, 22

privacy, 146

private node, 226

private variable, 219

product of potential, 89

product rule, 22

projection, 89

public node, 226

public variable, 219

quotient, 91
quotient of potential, 90

raw space complexity, 154, 282
restriction, 149

reversibility, 92

root, 26, 100

separation, 64
separator, 41, 81

simple path, 26
simplicial, 74

skeleton, 70

span, 26

state, 4

stationary, 275
stochastic simulation, 33
subdomain, 118
subgraph, 26, 129, 131
sum rule, 21

supportive, 98, 188
system potential, 96, 104

tail-to-tail, 65, 66

temporal dependence, 274
terminal node, 26

total universe, 117

tree, 26

u-separation, 65, 79
undirected cycle, 26
undirected graph, 25

uniform potential, 96, 183, 187
updating intractability, 23

weight, 81

zero-consistent, 90



