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Preface

This book investigates opportunities for building intelligent decision support sys-
tems offered by multiagent, distributed probabilistic reasoning. Probabilistic rea-
soning with graphical models, known as Bayesian networks or belief networks, has
become an active field of research and practice in artificial intelligence, operations
research, and statistics in the last two decades. Inspired by the success of Bayesian
networks and other graphical dependence models under the centralized and single-
agent paradigm, this book extends them to representation formalisms under the
distributed and multiagent paradigm. The major technical challenges to such an
endeavor are identified and the results from a decade’s research are presented. The
framework developed allows distributed representation of uncertain knowledge on
a large and complex environment embedded in multiple cooperative agents and
effective, exact, and distributed probabilistic inference.

Under the single-agent paradigm, many exact or approximate methods have been
proposed for probabilistic reasoning using graphical models. Not all of them ad-
mit effective extension into the multiagent paradigm. Concise message passing
in a compiled, treelike graphical structure has emerged from a decade’s research
as one class of methods that extends well into the multiagent paradigm. How to
structure multiple agents’ diverse knowledge on a complex environment as a set of
coherent probabilistic graphical models, how to compile these models into graph-
ical structures that support concise message passing, and how to perform concise
message passing to accomplish tasks in model verification, model compilation, and
distributed inference are the foci of the book. The advantages of concise message
passing over alternative methods are also analyzed.

It would be impossible to present multiagent probabilistic reasoning without
an exposition of its single-agent counterpart. The results from single-agent in-
ference have been the subject of several books (Pearl [52]; Neapolitan [43];
Lauritzen [36]; Jensen [29]; Shafer [62]; Castillo, Gutierrez, and Hadi [6]; and
Cowell et al. [9]). Only a small subset of these results, which were most influential

ix
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to the work presented on multiagent probabilistic reasoning, is included in this
book. In particular, only the theory and algorithms central to concise message-
passing methods are covered in detail. These results are attributed mainly to the
work of J. Pearl and his disciples as well as the Hugin researchers in Denmark.
In presenting these results, instead of describing them as given solutions, the book
is structured to emphasize why essential aspects of these solutions are necessary.
Results from the author’s own research in this regard are presented.

The book is organized into two parts. The first part includes Chapters 1 through
5 and covers probabilistic inference by concise message passing under the single-
agent paradigm. Readers are prepared for comprehension of the second half of the
book on multiagent probabilistic inference. The second part comprises Chapters 6
through 10 in which a formal framework is elaborated for distributed representation
of probabilistic knowledge in a cooperative multiagent system and for effective,
exact, and distributed inference by the agents.

Chapter 1 outlines the roles of intelligent agents and multiagent systems in deci-
sion support systems and substantiates the need for uncertain reasoning. Chapter 2
introduces Bayesian networks as a concise representation of probabilistic knowl-
edge and demonstrates the idea of belief updating by concise message passing.
Chapter 3 introduces cluster graphs as alternative models for effective belief up-
dating by concise message passing. Through analyses of possible types of cycles
in cluster graphs, this chapter formally establishes that belief updating by con-
cise message passing requires cluster trees and, in particular, junction tree models.
Chapter 4 defines graphical separation criteria in three types of graphical mod-
els and the concept of I-maps. The chapter describes stepwise how to compile
a Bayesian network into a junction tree model while preserving the I-mapness as
much as possible. Chapter 5 defines common operations on potentials and presents
laws governing mixed operations. Algorithms for belief updating by passing po-
tentials as messages in a junction tree are presented. Chapter 6 sets forth five basic
assumptions on uncertain reasoning in a cooperative multiagent system. The logic
consequences of these assumptions, which imply a particular knowledge repre-
sentation formalism termed a multiply sectioned Bayesian network (MSBN), are
derived. Chapter 7 presents a set of distributed algorithms used to compile an
MSBN into a collection of related junction tree models, termed a linked junction
forest, for effective multiagent belief updating. Chapter 8 describes a set of algo-
rithms for performing multiagent communication and belief updating by concise
message passing. The material presented in this chapter establishes that multiagent
probabilistic reasoning using an MSBN is exact, distributed, and efficient (when
the MSBN is sparse). Chapter 9 addresses the issues of model construction and
verification and presents distributed algorithms for ensuring the integration of in-
dependently developed agents into a syntactically and semantically correct MSBN.
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Chapter 10 puts the state of affairs in cooperative multiagent probabilistic reason-
ing in perspective and outlines several research issues in extending MSBNs into
more powerful frameworks for future intelligent decision support systems.

The book is intended for researchers, educators, practitioners, and graduate stu-
dents in artificial intelligence, multiagent systems, uncertain reasoning, operations
research, and statistics. It can be used for self-study, as a handbook for practition-
ers, or as a supplemental text for graduate-level courses on multiagent systems or
uncertain reasoning with graphical models. A set of exercises is included at the
end of most chapters for teaching and learning. Familiarity with algorithms and
mathematical exposure from a typical computer science undergraduate curriculum
(discrete structure and probability) are sufficient background. Previous exposure to
artificial intelligence and distributed systems is beneficial but not required.

The book treats major results formally with the underlying ideas motivated and
explained intuitively, and the algorithms as well as other results are demonstrated
through many examples. All algorithms are presented at sufficient levels of de-
tail for implementation. They are written in pseudocode and can be implemented
with languages of the reader’s choice. The executable code of a Java-based toolkit
WebWeavr, which implements most of the algorithms in the book, can be down-
loaded from

http://snowhite.cis.uoguelph.ca/facultyinfo/yxiang/

Most of the chapters (Chapters 2 through 9) contain a Guide to Chapter section as
a short roadmap to the chapter. Styled differently from the rest of the chapter, this
section presents no formal materials. Instead, the main issues, ideas, and results are
intuitively described and often illustrated with simple examples. These sections can
be used collectively as a quick tour of the more formal content of the book. They can
also be used by practitioners to determine the right focus of materials for their needs.

The following convention is followed in numbering theorem-like structures:
Within each chapter, all algorithms are numbered with a single sequence, and all
other formal structures are numbered with another sequence, including definitions,
lemmas, propositions, theorems, and corollaries.

The input, inspiration, and support of many people were critical in making this book
a reality, and I am especially grateful to them: David Poole introduced me to the
literature on uncertain reasoning with graphical models. Michael Beddoes made the
PainULim project, during which the framework of single-agent oriented MSBNs
was born, possible. Andrew Eisen and Bhanu Pant provided domain expertise in the
PainULim project, and their intuition inspired the ideas behind the formal MSBN
framework. Judea Pearl acted as the external examiner for my Ph.D. dissertation
in which the theory of MSBNs was first documented. I owe a great deal to Bill



xii Preface

Havens for supporting my postdoctoral research. Nick Cercone has been a long-
time colleague and has given me much support and encouragement over the years.
Finn Jensen invited me for a research trip to Aalborg University during which many
interesting interactions and exchanges of ideas took place. Victor Lesser was the
host of my one-year sabbatical at the University of Massachusetts, and for years he
has encouraged and supported the work toward a multiagent inference framework
based on MSBNs. Michael Wong taught me much when I was a junior faculty
member.

The work reported has benefited from my interaction with many academic
colleagues, mostly in the fields of multiagent systems and uncertain reasoning:
Craig Boutilier, Brahim Chaib-draa, Bruce D’Ambrosio, Keith Decker, Abhijit
Deshmukh, Robert Dodier, Edmund Durfee, Piotr Gmytrasiewicz, Randy Goebel,
Carl Hewitt, Michael Huhns, Stephen Joseph, Uffe Kjaerulff, Burton Lee, Alan
Mackworth, Eric Neufeld, Kristian Olesen, Simon Parsons, Gregory Provan,
Tuomas Sandholm, Eugene Santos, Jr., Paul Snow, Michael Wellman, Nevin
Lianwen Zhang, and Shlomo Zilberstein. Students in the Intelligent Decision
Support Systems Laboratory have been very helpful. Xiaoyun Chen read and com-
mented on the drafts. I thank the users of theWebWeavrtoolkit throughout the world
for their interest and encouragement, and I hope to make an enhanced version of the
toolkit available soon. My thanks also go to anonymous reviewers whose comments
on the early draft proved valuable.

The Natural Sciences and Engineering Research Council (NSERC) deserves
acknowledgment for sponsoring the research that has led to these results. Additional
funding was provided by the Institute of Robotics and Intelligent Systems (IRIS)
in the Networks of Centres of Excellence program. A significant portion of the
research presented was conducted while I was a faculty member at the University
of Regina. I am grateful to my many colleagues there, chaired by Brien Maguire
at the time of my departure, for years of cooperation and friendship. Some of the
manuscript was completed while I was visiting the University of Massachusetts at
Amherst, and it was partially funded by the National Science Foundation (NSF)
and the Defense Advanced Research Projects Agency (DARPA).

I would like to thank the editorial and production staffs, Lauren Cowles and
Caitlin Doggart at Cambridge University Press, and Eleanor Umali and John
Joswick at TechBooks for their hard work.

I am greatly indebted to my parents for their caring and patience during my
extended absence. I especially would like to thank my wife, Zoe, for her love,
encouragement, and support. I am also grateful to my children, Jing and Jasen, for
learning to live out of a cardboard box as we moved across the country.
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Introduction

1.1 Intelligent Agents

An intelligent agentis a computational or natural system that senses its environment
and takes actions intelligently according to its goals. We focus on computational
(versus natural) agents that act in the interests of their human principals. Such in-
telligent agents aid humans in making decisions. Intelligent agents can play several
possible roles in the human decision process. They may play the roles of a consul-
tant, an assistant, or a delegate. For simplicity, we will refer to intelligent agents as
justagents.

When an agent acts as a consultant (Figure 1.1), it senses the environment but
does not take actions directly. Instead, it tells the human principal what it thinks
should be done. The final decision rests on the human principal. Many expert
systems, such as medical expert systems (Teach and Shortliffe [75]), are used in
this way. In one possible scenario, human doctors independently examine patients
and arrive at their own opinions about the diseases in question. However, before
the physicians finalize their diagnoses and treatments, the recommendations from
expert systems are considered, possibly causing the doctors to revise their original
opinions. Intelligent agents are used as consultants when the decision process can
be conducted properly by humans with satisfactory results, the consequences of a
bad decision are serious, and agent performance is comparable to that of humans
but the agents have not been accorded high degrees of trust.

When an agent acts as an assistant (Figure 1.2), the raw data and observations
aredirectlyprocessed only by the agent. It either preprocesses the information and
presents it to the human principal for further decision making or conducts the entire
decision process and offers the recommendations to the human principal for ap-
proval and execution. Software systems commonly referred to asdecision support
systems(Druzdzel and Flynn [16]) are used as human assistants. For example, a
corporate executive manager may use such a system to model past business data,
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Observations

Actions

Observations

Recommendations

Figure 1.1: An agent as a consultant. The globe denotes the environment, and the computer
denotes the agent.

analyze the consequences of alternative business actions, and arrive at a business
decision. Due to the vast amount of business data and the complex interdependence
among different aspects of business practice (such as material supply, production,
personnel, marketing, sales, and investment), human cognitive capabilities limit

Observations

Actions

Recommendations

Figure 1.2: An agent as an assistant.
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Observations

Actions

Figure 1.3: An agent as a delegate.

the manager from effectively processing all available information and arriving at a
rational decision. With the aid of decision support systems, the manager only needs
to evaluate preprocessed information and final or semifinal decision recommenda-
tions, which are much smaller in volume and higher in abstraction level. Intelligent
agents are used as assistants when the entire decision process is beyond human
cognitive capabilities given the time and decision quality constraints, for intelli-
gent agents are capable of producing quality decision recommendations in a short
time.

When an agent acts as a delegate (Figure 1.3), it not only processes the observa-
tions and generates the decision but also directly executes the chosen action without
requiring approval from the human principal. Autonomous robots, Internet infobots
(who search Web sites and gather relevant information for human principals), in-
telligent tutors, and embedded intelligent systems (such as an autodriver in a smart
car) are some examples of agents being used as delegates. For example, an intelli-
gent tutor probes the mind of a student by posing queries, determines the student’s
level of knowledge on the subject, detects misconceptions and weakness in skills,
devises lessons and exercises to educate the student, corrects misconceptions, and
strengthens the student’s skills. Throughout the decision process, the tutor receives
no intervention from the student’s human teachers or parents (the principals of
the agent). Intelligent agents are used as delegates for humans when the costs of
humans’ performing the tasks are too high or the tasks are too dangerous to be
performed by humans and the agents are capable of high-quality performance and
have won human trust.
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As the information available to human decision makers continues to grow beyond
human cognitive capabilities, as the cost of computing power continues to drop,
and as more intelligent agents with equihuman or superhuman performance are
developed, we expect to see more agents deployed as human assistants and delegates
that will play increasingly important roles in daily life.

1.2 Reasoning about the Environment

Whether an agent acts as a consultant, an assistant, or a delegate, its task contains
a set of essential activities. We consider agents whose activities can be described
in general as follows: The agent is associated with an environment or a problem
domain of interest and carries a model or a representation or some prior knowledge
about the domain. Its goal is to change (or maintain) the state of the domain in
some desirable way (according to the interest of its human principal). To do so, it
takes actions (or recommends actions to its human principal) from time to time. To
take the proper action, it makes observations on the domain, guesses the state of the
domain based on the observations and its prior knowledge about the domain, and
determines the most appropriate action based on its belief and goal. We refer to the
activity of guessing the state of the domain from prior knowledge and observations
asreasoningor inference.

An agent’s activities may not fall under the preceding description. It may not sep-
arate reasoning about the state of the domain from choosing the actions but instead
encodes its action directly as a function of observations. For example, an if-then
rule in a rule-based expert system may have itsif part specifying some observations
and itsthenpart specifying a desirable action when the observations are obtained.
An if-then rule is made out of symbols (observations and actions are specified in
terms of symbols). Hence, an agent constructed from a rule-based system uses a
symbolic (Poole, Mackworth, and Goebel [55]) knowledge representation of the
domain. An agent may not even use a symbolic representation. For example, an
agent’s behavior may be based on anartificial neural network(Hassoun [23]) in
which the observations are mapped to proper actions through network links and
hidden units that do not have well-defined semantics.

In this book, we consider agents using symbolic knowledge representations and
reasoning explicitly about the state of the domain. Reasoning about the state of the
domain can be a challenging task by itself, as we shall see. Separating the reasoning
task from the selection of actions allows decomposing the decision process into two
stages and working on each through divide-and-conquer techniques. To develop
agents with quality performance, one approach is to ensure that agents’ behavior
can be analyzed formally and rigorously. Separating inference about the state from
choice of action also facilitates the analysis and explanation of agents’ behavior by
analyzing and understanding each stage of the decision process individually.
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1.3 Why Uncertain Reasoning?

The main focus of this book is on guessing (reasoning about) the state of the domain.
We have used the wordguessingfor several reasons.

1. Some aspects of the domain are often unobservable and therefore must be estimated
indirectly through observables. Consider a neurologist who needs to know which part of
an epileptic brain is abnormal. Direct examination of the brain is not an option except
as part of the surgical procedure after the diagnosis has been completed and surgery has
been considered necessary. Instead, to estimate the state of the brain, the seizure behavior
of the patient is observed, and the electroencephalogram (EEG) is recorded.

Complex equipment, such as automobiles, airplanes, automatic production lines,
chemical plants, computer systems, and computer networks, is used widely in mod-
ern society. Each piece of equipment is made of many components, each of which is
further composed of many devices and parts. Whether a device or component is func-
tionally normal or faulty or on the verge of breaking down is usually not observable.
For example, whether the bearing of a helicopter propeller is about to break down is not
directly observable without disassembling the propeller, but such knowledge is crucial
to prevent accidents. To estimate the state of the bearing, sensors are often used to collect
the vibration patterns of the bearing.

In making financial and economic decisions as corporate executives and government
officials do, it is often advantageous to take the upcoming economic climate into account.
Is a recession or an economic boom on the horizon? Although this process is more
concerned with predicting the future than evaluating current conditions, the trend can be
viewed as one characteristic of the present economic state that is not directly observable.

In playing card games such as poker, knowing the opponent’s hand allows a player
to determine his or her best strategy with certainty. Because the opponent’s hand is not
observable, the best one can do is to guess it based on the cards revealed so far and the
past behavior of the opponent.

2. The relations among domain events are often uncertain. In particular, the relationship
between the observables and nonobservables is often uncertain. Therefore, the nonob-
servables cannot be inferred from the observables with certainty. The uncertain relation
prevents a reasoner from arriving at auniquedomain state from observation, which ac-
counts for the guesswork. For instance, certain seizure behavior can be caused by lesions
at different locations of the brain, which makes it difficult to determine exactly where
surgery should take place.

Most equipment is intended to work deterministically. Given the input of a piece of
equipment or, in general, the input history, a unique, desirable response or response
sequence is expected. For example, when the brake pedal is pressed, a running car
should slow down. After an enlarging scale has been entered into a photocopier, pressing
the start button should cause the lens to reposition accordingly before photocopying
is performed. However, equipment may fail due to failure of components and devices.
Because failure is normally not designed, the faulty behavior of a piece of equipment is
generally uncertain. The break down of different devices or parts of a piece of equipment
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may cause the same failure mode. On the other hand, the same faulty device may generate
different failures owing to the mode of the equipment, the raw material or input being
processed at the time, and other factors. A somewhat worn-out propeller bearing may
last quite a while if the helicopter carries light loads and flies in good weather conditions,
but the bearing may break down much sooner and cause an accident if the aircraft flies
in severe weather with heavy loads.

Earthquakes are often preceded by indicators such as sudden changes in water
well levels, abnormal behavior of domestic animals, and instrumental indications. On
February 4, 1975, a major earthquake (Holland [25]) struck a heavily populated area
400 miles northeast of Beijing, China. Ninety percent of the buildings in some areas
were destroyed as was the entire town of Haicheng. On the basis of the indicators, a pre-
diction was made, and nearly one million people who lived in the area were evacuated just
hours before the earthquake. As a result, no one was killed when the earthquake struck.
However, reliable predictions of major earthquakes are not yet a reality, and successful
predictions such as this one have been rare. Consequently, disasters due to unpredicted
major earthquakes do occur from time to time.

3. The observations themselves may be imprecise, ambiguous, vague, noisy, and unreliable.
They introduce additional uncertainty to inferring the state of the domain. The EEG
recorded from a patient cannot reflect the electromagnetic activities that are far from the
scalp. On the other hand, the signals recorded from each electrode are the summation
of the activities of many neurons (some normal and some lesioned) in the nearby brain
plus artifacts (e.g., due to electrode movement or muscle activity).

To monitor complex equipment, sensors are commonly used to extract information
about the temperature, pressure, displacement, altitude, speed, vibration, and other phys-
ical quantities from the components or devices. The states of the components and the
equipment are then inferred from the sensor outputs. However, sensors may not respond
to the target quantities evenly under different conditions and hence can introduce errors.
Sensors can pick up signals from nearby sources in addition to the target sources. Sensors
can fail and consequently produce outputs correlated or uncorrelated to the source quan-
tities. Sensor outputs can be contaminated by noise while being transmitted from the
sensors to theprocessing units. For example, if the helicopter bearing vibration is mon-
itored by a sensor and the sensor output is transmitted to a unit located in the cockpit,
what is received by the unit may contain other nearby electromagnetic signals.

When a witness testifies in court and states that he or she saw a suspect on site from
a distance on the night of a murder, the reliability of this statement is to be judged by
taking into account the illumination of the scene, the distance between the witness and
the suspect at the time, the vision of the witness, and the relation between the witness
and the suspect. Similarly, when asking for direction in an unfamiliar area, if you are
told that your destination is “not too far,” a wide range of distance is still possible.

4. Even though many relevant eventsare observable, very often we do not have the re-
sources to observe them all. Therefore, the state of the domain must be guessed based
on incomplete information. In medicine, even though many laboratory tests may help
improve the accuracy of a patient’s diagnosis, not all such tests will be performed on a
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patient due to the cost involved and the potential side effects. Hence, the diagnosis must
be made based on the routine physical examination and limited laboratory tests.

On battlefields, gathering more intelligence reports can result in more accurate knowl-
edge about the enemy’s location, movement, and intention and hence can lead to a more
informed strategy. Because of the time and risk involved in gathering these reports, the
enemy’s state must very often be guessed using only limited reports.

5. Even though event relations are certain in some domains, very often it is impractical to
analyze all of them explicitly. Consequently, the state of the domain is estimated from
computationally more efficient but less reliable means. In board games, the configuration
is certain, and the consequences of all legal moves of the player and the opponent are
also certain. However, for many board games, due to the huge number of combinations
of legal moves it is not feasible to analyze each of them (to an endgame) before making
the current move. As a result, less reliable but more efficient heuristic functions are used
to evaluate each board configuration and potential move.

A mechanical workshop manufacturing parts on contract needs to schedule which
machine processes which part at which time slot. As the number of machines, the number
of different parts to be manufactured, and the operations to be performed on each part
increase, finding the optimal schedule for manufacturing all parts in the shortest time
becomes impracticable.

In the light of these factors and others, the reasoner’s task is not one of deter-
ministic deduction but rather uncertain reasoning. That is, the reasoner must infer
the state of the domain based on incomplete and uncertain knowledge about the
domain and incomplete and uncertain observations. Many competing theories exist
on how to perform such uncertain reasoning. This book focuses on methodolo-
gies founded on Bayesian probability theory. In other words, it focuses onproba-
bilistic reasoning. A body of literature exists that compares the relative merits of
alternatives.

1.4 Multiagent Systems
We have considered an agent that makes observations on a domain, performs proba-
bilistic inference based on its knowledge about the relations among domain events,
and estimates the state of the domain. However, a single agent is limited by its
knowledge, its perspective, and its computational resources. As the domain be-
comes larger and more complex, open, and distributed, a set of cooperating agents
is needed to address the reasoning task effectively.

Imagine a smart house (Boman, Davidsson, and Younes [4]), which is likely
to be available in the near future. Compared with existing houses, the appliances
and other components in a smart house are operated more energy efficiently and
provide better comfort to the occupants. Curtains are closed automatically in the
evening when it becomes dark, and lights are turned on. In the winter, heating is
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reduced when people are out working and is restored to the previous setting before
the occupants return. Air conditioning is handled similarly on hot summer days.
The temperature in each room is adjusted individually according to the preference
of the occupant(s) and the activity conducted. Perhaps the room for fitness is kept
cooler than the family room. The refrigerator sends an order to the local grocery
supplier through the Internet whenever the supply of milk and eggs is low. The oven
starts cooking in the late afternoon before family members are home so that the
dinner will be ready at the right time. The sprinkler system turns on after several
dry summer days but will save the water when it rains from time to time.

The proper operation of these components depends on believing that certain
events have happened or are about to happen such as “people are out working,”
“people will return shortly,” “the grocery supply is low,” and “it’s been dry for quite
a while.” Knowledge and reasoning generate such beliefs. Consider estimating the
occurrence of “people are out working.” A simple timing based on a rigid schedule
is not sufficient because one family member may be sick at home on a certain day
and not follow the regular schedule. Motion detectors are not foolproof either. A
dog may be wandering around the house when no one else is home. The dog may
cause the motion detector to believe that a family member is home; hence, heating
will not be reduced as expected. A patient may have caught the flu and be in bed
without much motion during the day. Because no motion is detected and no one
is believed at home, heating is reduced. This may worsen the patient’s condition.
Prior knowledge about each family member’s normal work schedule, the expected
activities during sickness, the existence of a pet and its behavior, as well as outputs
from different sensors can all contribute, through reasoning, to the belief “people are
out working.” The available prior knowledge is generally uncertain. For example,
how much remaining grocery supply constitutes a “low” supply depends on the
eating habits of the family, the day of the week (people may eat differently on
weekdays than weekends), and other factors.

The proper operation of these components also depends on the knowledge of, and
belief in, the functionality and expected behavior of appliances. When to turn off the
sprinkler depends on determining whether the lawn has been watered sufficiently.
This in turn depends on the knowledge of the sprinkler system’s capacity and the
size of the lawn and the belief about the lawn’s degree of dryness. How early to start
cooking before the family is back from work depends on the belief about what is to
be cooked and knowledge of how long it takes the oven to do the cooking. Clearly,
diverse knowledge about household components is needed. With new appliances
installed or upgraded, an open-ended set of knowledge needs to be managed and
maintained.

Often, activities in different sections of the house need to be coordinated. After
the dishwasher in the kitchen is loaded and ready to wash, it may be better to



1.4 Multiagent Systems 9

delay dish washing if it is believed that a family member will start taking a shower
upstairs in the washroom. If both activities are going forward, it is likely that the
hot water will run out before the person finishes the shower. Such coordination can
be achieved if relevant events occurring in different areas of the house are assessed
properly.

Building and maintaining a single intelligent agent to manage such complex,
distributed, and open-ended activities would be very costly if not impossible. An
alternative to the single-agent paradigm is the paradigm ofmultiagent systems. A
multiagent system consists of a set of agents acting in a problem domain. Each agent
carries only a partial knowledge representation about the domain and can observe
the domain from a partial perspective. Although an agent in a multiagent system
can reason and act autonomously as in the single-agent paradigm, to overcome
its limit in domain knowledge, perspective, and computational resource, it can
benefit from other agents’ knowledge, perspectives, and computational resources
through communication and coordination. This multiagent paradigm is promising
for overcoming the limitation of the single-agent paradigm, as discussed in the
following paragraphs.

1. In large and complex domains, diverse knowledge is required. In the smart house do-
main, the knowledge of different household appliances and components and of human
activities and behaviors is needed to operate intelligently. A powerful tool to handle
such complexity and diversity ismodularity. Under the multiagent paradigm, for each
appliance or component we can construct an agent capable of operating the unit. Because
such an agent requires only limited knowledge, this approach simplifies development.
The interdependence between units is handled by coordination among agents.

As a different example, consider equipment monitoring and diagnosis (M&D). The
total complexity of a piece of complex modern equipment (e.g., an airplane or a chemical
plant) is usually beyond the comprehension of a single person or even a single team.
One reflection is that it is increasingly common for the manufacturer of a particular
piece of equipment to purchase half or even more of the components from other vendors
(Parunak [47]). LetRbe a manufacturer who needs a componentc for its product andS
be the supplier ofc. ThenRmust have the knowledge of howc should function in terms
of its input–output relation so thatR can integratecwith other components – purchased
or manufactured. However, more detailed knowledge about the internals ofc, which is
necessary to monitor and diagnosec, may not be available fromS. Even if it is available,
Rmay not want to bother with it in order to manage its core business more efficiently. In
such a case, to build an M&D system,Rmay instead use an M&D agent forc developed
by Sand let it cooperate with agents responsible for other components.

2. In large and complex domains, sensors are often distributed. In a smart house, sensors can
collect data on temperature, humidity, object movement, lighting, water usage, and other
events in each room and near the house. Components in a complex system are often phys-
ically distributed (e.g., heaters and compressors in a chemical plant). Sensors to collect
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Figure 1.4: Major plants in a fertilizer factory.

observations are therefore also distributed. Figure 1.4 shows a top-level decomposition
of a fertilizer factory consisting of four plants. Each plant can be further decomposed into
several major components. Figure 1.5 shows the decomposition of the water treatment
plant. A large number of sensors are normally placed throughout the factory to collect
observations about components.

Traditionally, the observations from distributed sensors are transmitted to a central
place. There, they are processed by a single agent, the necessary actions are decided,
and the control signals are transmitted to the locations where the actions take place.
Transmission of the observations and action control signals, however, is limited by the
available bandwidth, the time delay, and potential interruptiondue to failure of the
communication channels. The multiagent paradigm suggests deployment of multiple
agents, each near a component or a small group of nearby components, so that the sensor
outputs can be processed on site and actions be taken more promptly (e.g., opening a
local valve to release pressure believed to be beyond the safety level).

3. Many complex problem domains are open-ended. Each smart house will have a different
set of appliances and components in accord with the family’s need and budget. As time
goes by, new appliances may be installed and existing appliances may be replaced or
upgraded. Similar situations happen with equipment. New functional components may
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Figure 1.5: Major equipment in a water treatment plant.
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be added as the need arises or as the vendors release them. By capturing the knowledge
and decision making relative to each component into a separate agent, the addition of
new components is handled in a multiagent system by dynamically adding agents and
letting existing agents adapt to the new agent community.

An important feature of multiagent systems is that agents in such systems are
autonomous. The autonomy is reflected in the interrelation of agents and their hu-
man principals as well as between agents. Due to the large number of agents in
a multiagent system, it is impractical for a human principal to guide each agent
closely during its activities. Although the entire system can still play the three
possible roles (consultant, assistant, and delegate), individual agents within the
system must be able to reason and act on their own most of the time with minimal
human intervention. In other words, a centralized intervention is mostly unavail-
able. Furthermore, because each agent is intended to process a locally accessible
information source and to solve a partial problem based on its local computational
resource, it follows that communicationbetween agents will be concise and infre-
quent. In other words, constant and raw-data-based communication among agents
is mostly unavailable. As will be seen in this book, these implications of autonomy
exert significant constraints on the design choices of multiagent systems.

Research and practice using multiagent systems are closely related toobject-
oriented programmingin which an object encapsulates its state, can only be ac-
cessed and modified by its own methods, and forms a unit in software design; are
closely related todistributed systemsresearch through which hardware, software,
and network structures for fast and reliable communication and efficient distributed
computation are developed; and are closely related tohuman–computer interface
research in which task delegation is used as an alternative to direct manipulation.
Sycara [71] discusses one set of criteria with which the relation and difference
between these (and related) research and multiagent systems can be identified. In
this book, we take a relatively loose notion of agents reminiscent of Poole et al. [55]
and hence a loose notion of multiagent systems. In the next section, we introduce
the task of probabilistic reasoning by multiple agents. In the later chapters of the
book, we precisely define the task of multiagent probabilistic reasoning and study
how such a task can be performed.

1.5 Cooperative Multiagent Probabilistic Reasoning

In our discussion of single-agent decision making, we decomposed the agent’s
decision process into reasoning about the domain state and selection of actions. We
will apply a similar decomposition to a multiagent system and study the subtask of
how multiple agents can collectively reason about the state of the domain based on
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their local knowledge, local observation, and limited communication. This subtask
is referred to by some authors asdistributed interpretation(Lesser and Erman [38]).
As can be imagined, the needs and the opportunities of communication lead to
additional issues for multiagent reasoning.

What is the objective of communication in a cooperative multiagent system?
Should agents exchange their observations or their beliefs? If each agent has only
a partial perspective of the domain, what should be the relationship between their
beliefs? For example, should agents be allowed to hold inconsistent beliefs? Is there
such a thing as the collective belief of multiple agents? If so, what form does it take?

If communication is to restore belief consistency among agents, how should the
communication be structured and organized? Whom should an agent communicate
with? Should an agent be allowed to communicate with any other agent? What
is the consequence of free communication with respect to the objective of agent
communication?

What information should an agent exchange with other agents? Too much infor-
mation is unnecessary and inefficient. Too little information does not benefit from
the full potential of communication. How do we determine the right amount of
information to be exchanged?

In data communication, data can be compressed and then transmitted so that the
same amount of data can be communicated with less bandwidth and channel time.
Such channel coding can be applied at different levels of abstraction (e.g., at bit
level or at word level). How can the information to be exchanged between agents
be efficiently encoded at the knowledge level?

In building complex systems, there is always the trade-off between system per-
formance and system complexity required to deliver that performance. For agents
to communicate effectively and believe rationally, a certain structure and organiza-
tion may be necessary. Once such structure and organization are identified, how can
agents constructed by independent vendors be integrated into a multiagent system
that respects the structure and organization? How can the structure and organization
be verified without violating agent privacy (and ultimately protecting the propri-
etary information and technical know-how of the agent vendor)? We will study
these issues in this book.

Each agent in a multiagent system may serve the interest of a different principal.
Because the human principals may have conflicting interests (such as a business
whose main concern is profit and a customer whose main concern is the quality of
goods and service purchased), agents that serve multiple principals of conflicting
interests are calledself-interestedagents. If all agents in a multiagent system serve
the interest of a single principal (which could be a human organization), they are
calledcooperativeagents.
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The communications behaviors of cooperative versus self-interested agents are
quite different. Although cooperative agents can be assumed to be truthful to each
other because they are working for a common principal, a self-interested agent may
deliberately provide false information to other agents who serve different princi-
pals. This difference in agent communications behavior implies that assumptions,
principles, and techniques applicable to cooperative multiagent reasoning may not
be applicable in general to reasoning of self-interested agents. The focus of this
book is on cooperative agents and, in particular, on probabilistic reasoning of co-
operative agents. Readers who are interested in inference and decision making in
systems consisting primarily of self-interested agents are directed to references
such as Rosenschein and Zlotkin [59] and Sandholm (Chapter 5 in Weiss [77]).

1.6 Application Domains

Not all complex domains are suitable forcooperativemultiagent systems. Depend-
ing on the degree and nature of the uncertainty in the domain and its impact on
the quality of decision, uncertain reasoning may not be a significant component in
a cooperative multiagent system. For example, Tacair–Soar (Jones et al. [31]), a
large-scale combat flight simulation system, does not explicitly perform uncertainty
reasoning. As explained by a Tacair–Soar team member, their system was devel-
oped in this way because the worst-case scenario is usually the basis for combat
pilot decision making.

Nevertheless, uncertain problem domains suitable for cooperative multiagent
systems are abundant. Many of them involve a nontrivial subtask of estimating the
current state of the domain to facilitate action formulation. We have mentioned
monitoring and diagnosis of complex equipment and processes as well as smart
houses. These domains are examples of general sensor networks for surveillance,
monitoring, hazard prediction and warning for buildings, warehouses, restricted
areas, computer networks, and industrial processes. In business domains, moni-
toring and interpretation of corporate operating status is an important subtask in
management decisions. In distributed design, whether design choices made at dif-
ferent components by diverse designers lead to a system of desirable performance
that takes into account many uncertain factors in materials, manufacturing, oper-
ation, and maintenance can also be treated as a problem of cooperative uncertain
reasoning.

Cooperative multiagent probabilistic reasoning in complex domains is a non-
trivial task, as we will see. The general technical issues involved are better com-
prehended when illustrated with examples. However, examples for sophisticated
technical domains demand significant background domain knowledge from the
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readers, which hinders reader comprehension. To avoid such a burden, we choose
digital electronic systems as the source of examples when a large problem domain
is needed. Digital electronic systems are suitable for this purpose for the reasons
discussed next.

Although a domain of about 20 variables may be sufficient to illustrate many
issues involved in modeling a single agent, it will be too small to illustrate issues
involved in modeling a multiagent system. On the other hand, comprehension of
technical details of an example from a specialized domain with a reasonable size
(e.g., the fertilizer factory in Figure 1.4) demands an unreasonable amount of back-
ground knowledge from readers, which distracts them from the general issues in
question. The compromise made is to construct large examples from a domain of
knowledge common to most readers. A basic understanding of digital electronics
can safely be assumed for all professionals in information technology and for many
in science and engineering. Perhaps this is one of the major reasons why digital
electronics has been the source of problems for many researchers in diagnosis (e.g.,
Davis [11], Genesereth [20], de Kleer and Williams [13], Pearl [52], Poole [54],
and Srinivas [69]).

As with any other equipment, a digital system is intended to work determin-
istically, but the failure behavior is uncertain. Hence, the use of a digital domain
does not diminish the number of general issues related to uncertain reasoning.
Furthermore, the complexity in modeling and inference using probabilistic graphi-
cal models grows as the degree of network nodes increases and the number of loops
in the network increases. In a digital system, the former corresponds to the number
of inputs and outputs for a particular gate or device, and the latter is reflected in the
circuit topology.

A digital system may becombinatorialor sequential. In a combinatorial circuit,
output values depend on only the input values, whereas in a sequential circuit
output values depend also on the internal state of the circuit which is determined
by the history of inputs. Therefore, a combinatorial circuit system provides astatic
domain, whereas a sequential circuit system provides adynamicdomain. Hence,
issues on diagnosis in both static and dynamic domains can be illustrated properly
using digital electronic systems.

1.7 Bibliographical Notes

Motivations for uncertain reasoning in intelligent systems can be found in several
recent artificial intelligence textbooks including Russell and Norvig [60]; Dean,
Allen, and Aloimonos [14]; and Poole et al. [55]. A collection edited by Shafer and
Pearl [63] presents a number of alternative approaches to uncertain reasoning. The
February 1988 issue ofComputational Intelligencejournal contains a lively debate



1.7 Bibliographical Notes 15

over alternative approaches for commonsense reasoning with a position paper by
Cheeseman [7] and comments by 20 authors. Limitations of human reasoning under
uncertainty are studied in Kahneman, Slovic, and Tversky [32].

The notion of agents has been adopted by all recent artificial intelligence text-
books (Russell and Norvig [60], Dean et al. [14], Poole et al. [55], and Nilsson [44]).
Introductions to multiagent systems can be found in Wooldridge and Jennings [79]
and Sycara [71]. Earlier multiagent system research is covered in Bond and Gasser
[5], and more recent advances are contained in a comprehensive collection edited
by Weiss [77]. Reasoning and decision making for self-interested agents are studied
in Rosenschein and Zlotkin [59] and Sandholm (Chapter 5 in Weiss [77]).



2

Bayesian Networks

To act in a complex problem domain, a decision maker needs to know the current
state of the domain in order to choose the most appropriate action. In a domain about
which the decision maker has only uncertain knowledge and partial observations, it
is often impossible to estimate the state of the domain with certainty. We introduce
Bayesian networks as a concise graphical representation of a decision maker’s
probabilistic knowledge of an uncertain domain. We raise the issue of how to
use such knowledge to estimate the current state of the domain effectively. To
accomplish this task, the idea of message passing in graphical models is illustrated
with several alternative methods. Subsequent chapters will present representational
and computational techniques to address the limitation of these methods.

The basics of Bayesian probability theory are reviewed in Section 2.2. This is
followed in Section 2.3 by a demonstration of the intractability of traditional belief
updating using joint probability distributions. The necessary background in graph
theory is then provided in Section 2.4. Section 2.5 introduces Bayesian networks
as a concise graphical model for probabilistic knowledge. In Section 2.6, the fun-
damental idea of local computation and message passing in modern probabilistic
inference using graphical models is illustrated using so-calledλ − π message pass-
ing in tree-structured models. The limitation ofλ − π message passing is discussed
followed by the presentation of an alternative exact inference method, loop cutset
conditioning, in Section 2.7 and an alternative approximate inference method, for-
ward stochastic sampling, in Section 2.8. The behaviors of the alternative methods
with respect to message passing are characterized, which motivates the inference
methods to be presented in subsequent chapters.

2.1 Guide to Chapter 2

Consider an intelligent agent whose job in part is to monitor a digital circuit
(Figure 2.1) in an appliance. The agent needs to know whether the circuit functions

16
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Figure 2.1: A simple digital circuit.

normally or abnormally and which devices are faulty when it functions abnormally.
The state of each device is not directly observable and can only be inferred from
observation of the inputs and outputs of gates. Because observations are costly (the
effort to collect them and the time and bandwidth to transmit them to the agent), it
is desirable not to have to observe all inputs and outputs for all gates. How should
the agent go about doing its job?

We can let the agent carry a representation of its knowledge or belief about the
expected behavior (both normal and abnormal) of the circuit. It can then use this
knowledge plus any observation to infer the current state of the circuit. Because
the knowledge is uncertain (e.g., about the abnormal behavior of the circuit), it can
be coded as a probability distribution. Section 2.2 reviews the basic concepts of
probability, describes the conditions that govern what is or is not a valid probability
distribution, and presents several useful rules for manipulating probability. As any
time, the probability distribution reflects the current belief of the agent about the
state of the circuit. Aprior probability distribution reflects the agent’s belief before
any observation is made, and aposteriorprobability distribution reflects the agent’s
belief after the observation.Belief updatingrefers to the computation carried out
by the agent to update its prior belief to its posterior belief.

For the digital circuit, the agent can encode its prior belief as a probability
distribution P(a, b, c, d, e, g, r, t), where each symbol represents the input of a
gate (e.g.,b), or the output of a gate (e.g.,e), or the state of a gate (e.g.,g). For
example,

P(a = 0,b= 0,c= 0,d = 0,e= 1,g= normal,r = normal,t = normal)= 0.2

represents the agent’s belief that 20% of the time the inputsa andb are 0, all gates
are normal, and the outputsc andd are 0 and the outpute is 1. On the other hand,

P(a = 0,b = 0,c = 0,d = 0,e = 0,g = normal,r = normal,t = abnormal)
= 0.009

represents the agent’s belief that 0.9% of the time all other values are the same
as those given above but the gatet is abnormal and the outpute is 0. The agent’s
belief about any gate such asg can also be derived from the preceding probability
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distribution in the form of a probability distributionP(g). The procedure for per-
forming such derivations is shown in Section 2.2.

Section 2.3 describes how belief updating can be performed by updating the prior
P(g) to the posteriorP(g|a = 0, b = 0, e = 0) whena, b, ande are observed. It
also demonstrates that, as the number of gates in the circuit increases, representation
and belief updating based on such representations become intractable. Coping with
these intractabilities is the primary concern of this book.

This leads to the idea of encoding the probabilistic knowledge concisely using
graphical models and effectively updating belief with these models. Agraph is
made ofnodesandlinks that connect them. We can use nodes to represent events
and links between a pair of nodes to represent the relation between them. To do so,
we first need to be able to describe the topology of a graph. Section 2.4 introduces
the basic concepts and terminologies for graphs.

Graphs can be of different types such asdirected(where links in the graph have
directions),undirected(where links have no directions), andhybrid. For undirected
graphs, terminologies are introduced to describe the neighborhood of a node, apath
from one node to another, acyclein a graph, a graph within another graph, and other
aspects of connectivity of a graph. For directed graphs, additional terminologies
are introduced to describe a directed path or cycle and to name nodes at different
locations on a directed path.

Section 2.5 relates the probabilistic knowledge of an agent to a graphical model
called aBayesian network(BN). Such a network is a directed graphical model.
Each node in the graph signifies an event. Each directed link represents a causal
dependence between two events. Figure 2.2 shows the graph of a BN representing
an agent’s knowledge of the digital circuit. How to construct such a graph and how
to encode the agent’s probabilistic knowledge concisely using the graph will be
discussed in Section 2.5. The way in which BNs help cope with the representation
intractability mentioned earlier is also shown.

Section 2.6 addresses the belief updating intractability stated earlier. It intro-
duces the idea of message passing along arcs of BNs as a means of effective
belief updating. A method calledλ − π message passing is used to illustrate how

t

e
b

a r

g

d

c

Figure 2.2: The graphical model for the digital circuit.
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belief updating can be performed by passing concise messages in treelike BNs.
Section 2.7 presents howλ − π message passing can be applied to nontree BNs
by first converting a nontree BN into multiple treelike BNs. The method is called
loop cutset conditioning. Section 2.8 presents an approximate method,forward
stochastic sampling, for belief updating by passing massive (versus concise) mes-
sages in a nontree BN directly.

2.2 Basics on Bayesian Probability Theory

An agent needs to know the actual state of a problem domain or parts of the domain.
However, it can only directly observe some events of the domain and infer the un-
observables from the observables. Suppose a technician needs to find out which
components are responsible for an abnormal chemical process. Detailed examina-
tion of every component is not feasible. The technician must use the observed events
to help focus on a small number of components as the candidates for the culprit.

Formally, a domain is described in terms of a set of variablesV = {v1, . . . , vn}.
We consider only discrete variables in this book, but in general these variables
may be discrete or continuous. To make the discussion concrete and manageable,
consider the task of monitoring and trouble-shooting a simple digital circuit in
Figure 2.3. To determine the state of the circuit, the domain is modeled byV =
{g1, g2, g3, g4, a, b, c, d, e, f, h}, which consists of variables describing the state
of each gate (e.g.,g1) as well as its digital input and output (e.g.,b ande).

Each variablevi takes its value from a finitespace Dvi of possible values, namely,
vi ∈ Dvi . For example, the space forg1 is Dg1 = {norm, ab}, where “norm” stands
for normaland “ab” stands forabnormal. The space for the signala is Da = {0,1}.

For a subsetX ⊂ V , its spaceDX is the Cartesian product of the spaces for the
variables inX, namely,DX = ∏

x∈X Dx. For instance, the space forX = {g1, e} is

DX = {(g1 = norm,e = 0), (g1 = norm,e = 1), (g1 = ab, e = 0),
(g1 = ab, e = 1)}.
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Figure 2.3: A simple digital circuit.
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Each element ofDX (denoted byx) is called aconfigurationof X. A configuration
x represents anevent, namely, that each variable inX takes the value specified
in x. If the event is known to be true, it is denoted asX = x. For example,X =
(g1 = norm, e = 0) signifies that the gateg1 is normal and its output is 0. For the
problem domainV , each configurationv describes a possible state of the domain.
For example, the configuration

(g1 = norm, g2 = norm, g3 = norm, g4 = norm, a = 0,

b = 0, c = 0, d = 1, e = 0, f = 1, h = 0)

describes a possible state of the domain, which, for simplicity, we sometime write as

(norm, norm, norm, norm, 0, 0, 0, 1, 0, 1, 0).

The configuration

(norm, norm, norm, norm, 0, 0, 0, 1, 0, 1, 1)

(same as above excepth = 1) describes a state that isimpossible.
Let X andY be two subsets ofV andx andy be their configurations. Configu-

rationsx andy arecompatibleif for every v ∈ X ∩ Y, its values inx and iny are
identical. The two configurations ofV above are incompatible. The configurations
(g1 = norm, b = 0) and (g3 = ab, b = 0) are compatible.

To infer the state of the domain from observation, an agent must rely on the
constraints or dependence between observables and unobservables. For example,
it can infer the state of OR gateg2 from observations on its inputsa ande and its
outputh. Very often, the dependence is not deterministic but rather is uncertain.
For example, wheng2 is at the state ab, its outputh may or may not be 0 when both
inputs are 0.

The Bayesian probability theory tells us that an agent’s knowledge about the
uncertain dependence between variables can be represented in terms of a probability
function P defined over these variables. HenceP(X = x|Y = y) represents the
(degree of)belief of a reasoner on the truth ofx when he or she already knows
that y is true. It is called theconditional probabilityof x given y. The expression
P(X|Y) represents the beliefs for each combination ofx andy and is referred to as
aconditional probability distributionof X givenY. For simplicity, we writeP(x|y)
instead ofP(X = x|Y = y). GivenX = {h} andY = {a, g2}, we writeP(X|Y) as
P(h|a, g2) instead ofP({h}|{a, g2}), and we writeP(h|a = 0, g2 = norm) instead
of P(h|Y = (a = 0, g2 = norm)).

An agent’s knowledge of the normal behavior ofg2 when both inputs are 0
can be represented asP(h = 0|a = 0, e = 0, g2 = norm)= 1. If it is known that
wheng2 is abnormal the gate will output correctly 70% of time when both inputs



2.2 Basics on Bayesian Probability Theory 21

Table 2.1:Conditional probability distribution P(h|a, e, g2)

h a e g2 P(h|a, e, g2) h a e g2 P(h|a, e, g2)

0 0 0 norm 1.0 0 0 0 ab 0.7
0 0 1 norm 0 0 0 1 ab 0.6
0 1 0 norm 0 0 1 0 ab 0.6
0 1 1 norm 0 0 1 1 ab 0.2
1 0 0 norm 0 1 0 0 ab 0.3
1 0 1 norm 1.0 1 0 1 ab 0.4
1 1 0 norm 1.0 1 1 0 ab 0.4
1 1 1 norm 1.0 1 1 1 ab 0.8

are 0, this can be represented byP(h = 0|a = 0,e = 0,g2 = ab)= 0.7. A possible
distribution forP(h|a, e, g2) is shown in Table 2.1. Because each variable is binary,
the distribution has 24 = 16 entries.

Sometimes, for simplicity, the background knowledge of the reasoner is not
explicitly represented withinV. We then have theunconditionalprobability P(x)
and unconditional distributionP(X). The unconditional distributionP(V) over
the entire domain is referred to as thejoint probability distribution(JPD). When
it is emphasized thatX is a subset ofV or is a subset of some setY such that
X ⊂ Y ⊂ V , P(X) is referred to as amarginaldistribution ofP(V) (or P(Y)).

Although P can be specified subjectively, it must satisfy a set of axioms
(Eqs. (2.1) through (2.4)). LetX, Y, Z be any nonempty subsets ofV . Equation
(2.1) says that the probability of any event is a real number between 0 and 1:

0 ≤ P(x|y) ≤ 1, (2.1)

wherex ∈ DX andy ∈ DY. Equation (2.2) stipulates that certainty is represented
by 1:

P(x|x) = 1, (2.2)

wherex ∈ DX. The followingsumrule says that, ifx and y aremutually exclu-
sive, then the probability that either one will occur is the sum of the individual
probabilities:

P(x or y|z) = P(x|z) + P(y|z), (2.3)

wherex ∈ DX, y ∈ DY, andz ∈ DZ. Equations (2.2) and (2.3) imply that a prob-
ability distribution sums to 1:

∑

x∈DX

P(x|Y) = 1.
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The followingproductrule says that the probability of the joint event that both
x andy occur is the probability of one event multiplied by the probability of the
other event conditioned on the first:

P(x, y|z) = P(x|y, z)P(y|z), (2.4)

wherex ∈ DX, y ∈ DY, andz ∈ DZ. In the equation, the comma “,” represents
logic conjunction “and.” For simplicity, we write

P(X, Y|Z) = P(X|Y, Z)P(Y|Z).

We will adopt the simple notation whenever there is no confusion.
Many useful properties of probability distributions can be proven from the pre-

ceding axioms. One such property isBayes’s rule:

P(X|Y, Z) = P(Y|X, Z)P(X|Z)

P(Y|Z)
. (2.5)

Another property is thenegationrule:

P(X �= x|y) = 1 − P(X = x|y), (2.6)

wherex ∈ DX andy ∈ DY. We often need to derive the distribution overX from
the distribution overY ⊃ X. This is what themarginalizationrule allows us to do:

P(x|z) =
∑

w∈DW

P(x, w|z), (2.7)

whereX ⊂ Y, W = Y\X, x ∈ DX, andz ∈ DZ. The operator\denotesset differ-
ence. For simplicity, we write

P(X|Z) =
∑

W

P(X, W|Z) =
∑

W

P(Y|Z),

and the subsetW of variables is said to bemarginalized out.
The purpose of representing knowledge over a problem domainV using a prob-

ability distribution is to be able to reason about the state of the domain given some
observations. The distributionP(X) on a subsetX ⊂ V of variablesbeforemak-
ing any observation is referred to as theprior distribution. After y is observed
for Y ⊂ V , the distributionP(X|Y = y) (or simply P(X|y)) is referred to as the
posteriordistribution. A fundamental task in probabilistic reasoning calledbelief
updatingis to update a prior distribution into a posterior distribution when obser-
vations are available.
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2.3 Belief Updating Using JPD

Given a problem domainV , in principle an agent can reason about the domain
using the JPDP(V). Let’s consider each step involved:

First, the agent needs to acquire the parameters ofP(V). Denote the cardinality
of V byn = |V | and the cardinality of the largest variable space byd = maxv |Dv|.
Then the agent needs to acquireO(dn) probability values to specifyP(V) fully.
The expressionO(dn) means thatdn values (or a constant time of those) are to
be acquired in theworst case. As the cardinality ofV increases, this will be an
intractable task. We refer to this difficulty asacquisition intractability.

Next, suppose the agent observes a variablea = a0 and would like to know the
posterior distributionP(b|a = a0) for b ∈ V . This can be done by first updating
the JPD toP(V |a = a0) and then marginalizing it to getP(b|a = a0).

To obtainP(V |a = a0), the product rule can be used:

P(V |a = a0) = P(V, a = a0)/P(a = a0).

For P(V, a = a0), the observationa = a0 forcesP(v) = 0 for eachv ∈ DV , where
a �= a0. Hence, these terms ofP(V) are set to zero. According to Eq. (2.7), the
denominatorP(a = a0) is just the sum of the remaining terms. Each remaining
term is then divided by this sum. This operationis callednormalization. Notice that
the process involves updatingO(dn) probability values. We refer to this difficulty
asupdating intractability.

Finally, marginalization yields

P(b|a = a0) =
∑

V\{b}
P(V\{b}, b|a = a0).

This involves summingO(dn) probability values, which we refer to asmarginal-
ization intractability.

To illustrate the calculation (but not the intractability), consider a trivial example
whereV = {a, b}, Da = Db = {0,1}, andP(V) is given in Table 2.2. After setting
terms inconsistent witha = 0 to zero inP(a, b), Table 2.3 is obtained. After nor-
malization, the intermediate result in Table 2.4 is obtained. After marginalization,

Table 2.2:A JPD over V= {a, b}

a b P(a, b)

0 0 0.1
0 1 0.2
1 0 0.3
1 1 0.4
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Table 2.3:Setting terms inconsistent
with a = 0 to zero

a b P(a, b|a = 0)P(a = 0)

0 0 0.1
0 1 0.2
1 0 0
1 1 0

using a vector notation, we obtain the final result as follows:

P(b|a = 0) =
∑

a

P(a, b|a = 0) = [ p(b = 0|a = 0), p(b = 1|a = 0)]

= (1/3, 2/3).

We have seen that belief updating in large problem domains by using JPD directly
suffers from acquisition intractability, updating intractability, and marginalization
intractability. In the remaining sections of this chapter, we introduce graphical
representations of probabilistic knowledge known as Bayesian networks. As we
shall see, they allow effective acquisition and inference in many practical domains.
The wordeffectiveis used loosely in this book to refer to a method or algorithm
that isefficienton an average input instance but can be intractable in the worst case.

2.4 Graphs

The fundamental idea underlying effective representation and inference with prob-
abilistic knowledge is that in the real world not every variable isdirectlydependent
on every other variable. The output of a digital gate is directly dependent on its input
and the state of the gate. Given the input and the state of the gate, the condition of
the rest of the circuit is irrelevant to the output. This feature of the world is termed
conditional independence:The output of the gate is independent of the rest of the

Table 2.4:Posterior distribution
P(a, b|a = 0)

a b P(a, b|a = 0)

0 0 1/3
0 1 2/3
1 0 0
1 1 0
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circuit conditioned on the input and state of the gate. Belief updating using JPD is
inefficient because it does not take advantage of the independence and is based on
a very conservative assumption that everything is directly dependent on everything
else.

To exploit the conditional independence, a graph can be used in which each
node represents a variable or a subset of variables, and each edge (or link) signifies
the direct dependence between the variables being connected. Two variables are
conditionally independent if other variables block connections between them in
the graph. The links in the graph may also be directed to signify an asymmetric
dependence. Depending on whether we want links directed, we can usedirect graphs
in which all links are directed,undirected graphsin which all links are undirected,
or hybrid graphsin which some links are directed. We will introduce the relevant
graph-theoretic concepts throughout the book as they become necessary. Definitions
of some basic concepts for graphs are given in the paragraphs that follow.

A graph is an ordered pairG = (V, E). V = (vi |1 ≤ i ≤ n, n > 0) denotes a
set of nodes, where eachvi is called anodeor a vertex.E is defined differently
depending on whetherG is a directed, undirected, or hybrid graph. IfG is an
undirected graph, thenE = (〈u, v〉|u, v ∈ V, u �= v), where each〈u, v〉 is called
a link or anedgeandu andv are calledendpointsof the link. The link〈u, v〉 is
said to beincident to the nodesu andv. Note that a link from a node to itself
is disallowed because each link is intended to model the dependence between two
distinct variables. The notations〈u, v〉 and〈v, u〉 denote the same link. Figure 2.4(a)
shows an undirected graph with five nodes.

If G is adirected graph, thenE = [(u, v)|u, v ∈ V, u �= v], where each (u, v) is
called anarc. An arc (u, v) is directed fromu (called thetail of the arc) tov (called
theheadof the arc). We also refer tou as aparentof v and tov as achild of u.
When the direction of an arc (u, v) is not the current concern, we will treat it as a
link 〈u, v〉. Figure 2.4(b) shows a directed graph.

If G is ahybrid graph, thenE consists of both links and arcs. Figure 2.4(c) shows
a hybrid graph.
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Figure 2.4: (a) A undirected graph. (b) A directed graph. (c) A hybrid graph. (d) A multiply
connected undirected graph. (e) A multiply connected DAG.
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For any nodev, thedegree d(v) is the number of links incident tov. In a directed
graph, thein-degree d−(v) is the number of arcs with headv, and theout-degree
d+(v) is the number of arcs with tailv. A nodev is aroot if d−(v) = 0. A nodev is
a leaf if d+(v) = 0. If v is neither a root nor a leaf, then it is aninternalnode. In an
undirected graph, a nodev is aterminalnode ifd(v) ≤ 1. Otherwise,v is internal. In
Figure 2.4(a),d(v2) = 3. The nodev1 is terminal andv2 is internal. In Figure 2.4(b),
d−(v4) = 2, d+(v2) = 1. The nodev1 is a root,v3 is a leaf, andv2 is internal.

Two nodesu andv areadjacentif 〈u, v〉 ∈ E. A set of nodes adjacent to a nodev

(excludingv) is theadjacencyof v, which is denoted byadj(v). A pathis a sequence
of nodes such that each pair of consecutive nodes is adjacent. A path issimpleif
no two nodes in the path are identical, except that the first node may be identical
to the last node. We denote a path by enclosing the node sequence in〈〉. In Figure
2.4(a),〈v1, v2, v4, v3〉 is a simple path. Note that〈v1, v2, v4, v3〉 and〈v3, v4, v2, v1〉
denote the same path. In this book, only simple paths are considered; hence, we
drop the wordsimplewhenever no confusion is possible. Thelengthof a path with
a sequence ofk ≥ 2 nodes isk − 1.

A pathρ in a directed graph is adirected pathif each node inρ, other than the
first and the last, is the head of one arc inρ and the tail of the other arc inρ. If
there is a directed path from a nodeu to a nodev, thenu is called anancestorof
v andv is called adescendantof u. We denote a directed path by enclosing the
node sequence in (). In Figure 2.4(b), (v5, v2, v4, v3) is a directed path, andv5 is an
ancestor ofv3.

A path is acycle if it contains two or more distinct nodes and the first node is
identical to the last node. A cycleθ in a directed graph isdirectedif each node
in θ is the head of one arc inθ and the tail of the other arc inθ . Otherwise,θ is
undirected. We denote undirected cycles by enclosing the node sequence in〈〉 and
denote directed cycles using (). A directed graph isacyclicor is a directed acyclic
graph if it contains no directed cycles. A directed acyclic graph is often referred to
as a DAG. In Figure 2.4(d),〈v1, v5, v2, v3, v1〉 is a cycle. The cycle in Figure 2.4(e)
is undirected, and therefore the graph is a DAG.

A graph isconnectedif there exists a path between every pair of nodes. A
connected graph is atree if there exists exactly one path between every pair of
nodes; otherwise, it ismultiply connected. All graphs in Figure 2.4 are connected.
The graphs in (a), (b), and (c) are trees. The graphs in (d) and (e) are multiply
connected.

Given two graphsG = (V, E) andG′ = (V ′, E′), we sayG′ is a subgraphof
G if V ′ ⊆ V andE′ ⊆ E, where endpoints of each link or arc inE′ are elements
of V ′. The graph in (b) is a subgraph of (e), but (a) is not a subgraph of (d). A
subgraphG′ = (V ′, E′) of G = (V, E) is spannedby a subsetV ′ ⊂ V of nodes if
E′ contains exactly those links ofE with both endpoints inV ′.
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2.5 Bayesian Networks

Effective representation of probabilistic knowledge using graphical structures is
based on conditional independence, as hinted in Section 2.4. We define the notion
formally below.

Definition 2.1 Let X, Y , and Z be disjoint subsets of variables of V . Subsets X
and Y areconditionally independentgiven Z, denoted by I(X, Z, Y), if and only
if for every x and for every y, z such that P(y, z) > 0, the following holds:

P(x|y, z) = P(x|z).

When Z is empty, X and Y are said to bemarginally independent, which is denoted
by I(X, ∅, Y).

It can be proven easily thatI (X, Z, Y) holds if and only if I (Y, Z, X) holds,
namely,

I (X, Z, Y) ⇐⇒ I (Y, Z, X). (2.8)

Consider a simple example of conditional independence. Bad habits in tooth clean-
ing increase the chances of cavity formation, which in turn causes toothache. The
domain can be modeled by three variables:

habit∈ {good,bad}, cavity ∈ {yes,no}, toothache∈ {yes,no}.
The JPD from a particular population is given in Table 2.5. To test ifI (h, c, t)
holds, computeP(t |c, h) = P(h, c, t)/P(c, h). As the result in Table 2.6 shows,
I (h, c, t) does hold.

To derive Table 2.5, one has to assess seven probability values (the last is deter-
mined by the negation rule (Eq. (2.6)). However, by the product rule (Eq. (2.4)), it

Table 2.5:JPD for P(h, c, t)

h c t P(h, c, t)

good yes yes 0.0595
good yes no 0.0105
good no yes 0.0315
good no no 0.5985
bad yes yes 0.204
bad yes no 0.036
bad no yes 0.003
bad no no 0.057
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Table 2.6:P(t |c, h) and P(t |c)

t c h P(t |c, h) t c P(t |c)

yes yes good 0.85 yes yes 0.85
yes yes bad 0.85 yes no 0.05
yes no good 0.05 no yes 0.15
yes no bad 0.05 no no 0.95
no yes good 0.15
no yes bad 0.15
no no good 0.95
no no bad 0.95

follows that

P(t, c, h) = P(t |c, h)P(c|h)p(h) = P(t |c)P(c|h)p(h).

Hence, the following five values completely define Table 2.5.

P(h = good)= 0.7
p(c = yes|h = good)= 0.1 p(c = yes|h = bad)= 0.8
p(t = yes|c = yes)= 0.85 p(t = yes|c = no) = 0.05.

This suggests a more efficient way to obtain Table 2.5: First, identify the conditional
independenceI (h, c, t) and then assess the five values above. The conditional
independenceI (h, c, t) then ensures that the five values uniquely define the JPD.

The identification ofI (h, c, t) is aided by the perception of causality: Given
the direct causes, a variable is conditionally independent of all other variables ex-
cluding its own effects. The conditional independenceI (h, c, t) is thus identified
by recognizingcavityas the direct cause oftoothache.

A Bayesian network (BN) encodes conditional independence through a DAG.

Definition 2.2 ABayesian networkis a triplet(V, G,P). V is a set of variables, G
is a connected DAG whose nodes correspond one-to-one to members of V such that
each variable is conditionally independent of its nondescendants given its parents.
Denote the parents ofv ∈ V in G byπ (v); P is a set of probability distributions:

P = {P(v|π (v))|v ∈ V}.

The DAGG is commonly referred to as the (dependence)structureof the BN.
Figure 2.5 shows a BN for the cavity example. Each distributionP(v|π (v)) is
considered to be associated with (or stored in) the nodev. Because nodes inG
map one-to-one to variables inV , we will usenodeandvariable interchangeably
when there is no confusion.
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habit cavity toothache

P(h) P(t c)P(c h)| |

Figure 2.5: A Bayesian network for the cavity example.

Theorem 2.3 shows how the BN representation can help cope with the acquisition
intractability. This theorem is commonly referred to as thechain rule.

Theorem 2.3Let (V, G,P) be a Bayesian network. The following holds:

P(V) =
∏

v∈V

P(v|π (v)).

Proof: We prove by induction on|V |. The theorem is trivially true when|V | = 1.
Assume it is true when|V | = n − 1.

Consider|V | = n. BecauseG is a DAG, it has at least one leafa. Let S =
(V, G,P) andS′ = (V ′, G′,P ′) be obtained by removinga from S. By assump-
tion, P(V ′) = ∏

v∈V ′ P(v|π (v)). By the product rule,P(V) = P(a|V ′)P(V ′). Be-
causeS is a BN, by Definition 2.2,a is conditionally independent of its nonde-
scendants given its parents. Hence,P(a|V ′) = P(a|π (a)). This impliesP(V) =
P(a|π (a))P(V ′) = ∏

v∈V P(v|π (v)). �

Consider the circuit in Figure 2.3 (duplicated in Figure 2.6(a)). The domain
consists of 11 binary variables. A direct specification of the JPD must assess
211 − 1 = 2047 probability values. Figure 2.6(b) shows the DAG of a BN for this
domain constructed by following the causal dependence among variables. For each
of the seven root nodes, only one value is to be specified (e.g.,P(a = 1)). For the
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Figure 2.6: (a) A digital circuit. (b) A BN structure for the circuit.



30 Bayesian Networks

outputd of the NOT gate, four values are to be specified (e.g.,P(d = 1|c, g4)).
For each output of the remaining gates, eight values are to be specified (e.g.,
P(h = 1|a, e, g2)). Hence, a total of only 35 probability values needs to be specified.

2.6 Local Computation and Message Passing

We have seen that encoding conditional independence in the graphical structure of
a BN can help cope with acquisition intractability. Can the graphical structure also
help cope with the updating and marginalization intractability? The answer is yes.
The basic idea is to avoid updating the JPD directly and then marginalizing down.
Instead, we update local distributions that involve only a small number of variables
and propagate their impact to other local distributions through message passing.
The graphical dependence structure will aid us in deciding how small each local
distribution should be and on which other distributions it might have an impact.

To illustrate this idea, consider the cavity example. Suppose that a child suffers
from toothache and a diagnostic agent would like to update its belief about the child’s
habits in tooth-cleaning. In other words, the posterior distributionP(h|t = y) is to
be computed.

Recall from Figure 2.5 that the DAG has the topologyh → c → t . The obser-
vation is at the nodet , whereP(t |c) is stored. First, let the nodet send a message
along the arc betweenc andt :

P(t = y|c) = [0.85, 0.05].

Upon receiving the message, the nodec computes its own message and sends it to
the nodeh:

P(t = y|h) =
∑

c

P(t = y, c|h) =
∑

c

P(t = y|c, h)P(c|h)

=
∑

c

P(t = y|c)P(c|h) = [0.13, 0.69],

where the third equality is due toI (h, c, t). Note that the computation is based
on the local distributionP(c|h) and the incoming messageP(t = y|c). Whenh
receivesP(t = y|h), it can compute

P(h|t = y) = constP(t = y|h)P(h) = [0.3054, 0.6946],

where const stands for aconstant, which is determined through normalization.
In the preceding illustration, messages are sent by each node along the arcs of

the DAG. The dimensions of distributions that each nodex manipulates are no
larger than that ofP(x|π (x)). No direct manipulation of the JPDP(h, c, t) is ever
required. In fact, what we have shown are the operations performed by a general
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Figure 2.7: Theλ − π message passing at a typical node in a tree-structured BN.

algorithm calledλ − π message passingproposed by Pearl [52]. The algorithm is
capable of computing in linear time the posterior distribution of every variable in a
BN whose DAG is a tree. Figure 2.7 illustrates the message flow at a typical node
duringλ − π message passing. Each arrow fromx to a nodev signifies a message
sent fromx to v that is obtained by combining all incoming messages intox except
the one fromv and the conditional probability distributionP(x|π (x)). After one
message is passed along each direction of an arc, the posterior distribution of each
variable can be obtained at the corresponding node.

Unfortunately, not all problem domains have tree-dependence structures. For
example, the DAG in Figure 2.6(b) is multiply connected. Because theλ − π

message-passing algorithm is derived under the assumption of tree-dependence
structures, there is no theoretical guarantee for the correctness of the posterior
distributions when it is applied to multiply connected BNs. Experimental study
(Murphy, Weiss, and Jordan [42]) applyingλ − π message passing to multiply
connected BNs obtained posterior distributions highly correlated with the correct
distributions in some BNs and oscillated posterior distributions in others.

2.7 Message Passing over Multiple Networks

One alternative method introduced by Pearl [52] to obtain correct posteriors from
multiply connected BNs byλ − π message passing is calledloop cutset condition-
ing. We illustrate the method with an example. Consider a BN whose dependence
structure is shown in Figure 2.8(a) in which each variable has a space{0,1}. Suppose
thate = 1 has been observed and we need to computeP(c|e = 1).

To apply loop cutset conditioning, a nodea is selected whose deletion would cut
the cycle〈a, b, d, c, a〉 open. For each value ofa, a new BN is formed in which
a is assumed to be observed at a particular value. Hence, two new BNs will be
formed, as shown in Figure 2.8(b) and (c). Equivalently, the two new BNs can be
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Figure 2.8: (a) The DAG structure of a BN.

represented, as in Figure 2.9. Note thata is now removed, and the observation of
a is reflected in the distributions stored at nodesb andc. Because both BNs in
Figure 2.9 are tree-structured,λ − π message passing can be applied to each of
them to obtainP(c|a = 0, e = 1) (from (a)) andP(c|a = 1, e = 1) (from (b)). To
combine the two results and obtainP(c|e = 1), the marginalization rule can be
used:

P(c|e = 1) = P(c|a = 0, e = 1)P(a = 0|e = 1)

+ P(c|a = 1, e = 1)P(a = 1|e = 1),

whereP(a = 0|e = 1) andP(a = 1|e = 1) remain to be computed. From Bayes’s
rule,

P(a = 0|e = 1) = P(e = 1|a = 0)P(a = 0)/P(e = 1),

and

P(a = 1|e = 1) = P(e = 1|a = 1)P(a = 1)/P(e = 1).

The expressionsP(a = 0) andP(a = 1) can be obtained from the prior distribution
P(a), P(e = 1|a = 0) can be obtained fromλ − π message passing in (a) without
using the observatione = 1, andP(e = 1|a = 1) can be obtained similarly in (b);
P(e = 1) is simply a normalizing constant.

We have seen how the hypothetical observation ofa can be used to cut open the
cycle and permit correct application ofλ − π message passing. In general, if the BN
hask cycles, thenO(k) variables must be hypothetically observed to cut open all
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Figure 2.9: (a) The DAG structure of a BN.
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cycles, andλ − π message passing inO(2k) new BNs (one for each configuration
of the O(k) variables) needs to be performed. Therefore, as far as the behavior of
message passing is concerned, we will refer to loop cutset conditioning as message
passingover multiple networks. We refer to the standardλ − π message passing in
tree-structured BNs as message passingover a single network.

2.8 Approximation with Massive Message Passing

Another class of alternative methods uses stochastic simulation to compute ap-
proximate posteriors. Given a BN over a setV of variables and the observation
X = x of a subsetX of variables, a stochastic simulation method computes the
posterior distribution of each unobserved variablev ∈ V as follows: It generates
a sufficiently large number of configurations ofV randomly from the JPDP(V)
defined by the BN. The posterior probability forv = v0 is then approximated by

P(v = v0|X = x) ≈ Number of configurations whereX = x andv = v0

Number of configurations whereX = x
(2.9)

As an example, consider the digital circuit in Figure 2.6 and its BN representa-
tion in (b). Suppose that we have observedb = 1 andh = 0 and need to compute
P(v|b = 0,h = 1) for each other variablev. One of the simpliest stochastic simu-
lation methods islogic samplingor forward samplingproposed by Henrion [24].
Configurations ofV are generated one at a time. For each configuration, the value
for each variable is determined by starting from the root nodes of the BN and
proceeding along the direction of arcs.

Suppose that the first root selected isc, which has a distribution

[ P(c = 0) = 0.3,P(c = 1) = 0.7].

It is viewed as defining two binsbin(c = 0) : [0, 0.3] andbin(c = 1) : (0.3,1].
To determine the value ofc, a random numberα is generated from a uniform
distribution over [0, 1]. Say, for example, the value isα = 0.4. Because it falls into
the binbin(c = 1), the value ofc is set to 1. Similarly, we can obtain the values for
other root variables, say

(a = 0,b = 1,c = 1,g1 = norm,g2 = norm,g3 = norm,g4 = ab).

To determine the values for remaining variables, we start with a variable such that
the values of its parents have been determined, say,d. Suppose that the conditional
probability distributionP(d|c, g4) specifies

[ P(d = 0|c = 1,g4 = ab) = 0.6,P(d = 1|c = 1,g4 = ab) = 0.4]
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andα = 0.2 is generated. The value ofd is then set to 0. Repeating this process,
suppose we obtain

(a = 0, b = 1, c = 1, d = 0, e = 0, f = 1, h = 0, g1 = norm,

g2 = norm, g3 = norm, g4 = ab).

Because this configuration is compatible with the observationb = 1 andh = 0,
it contributes 1 to the denominator in Eq. (2.9). WhenP(a = 0|b = 1, h = 0) is
estimated, this configuration also contributes 1 to the numerator of Eq. (2.9) but
will contribute 0 if P(a = 1|b = 1, h = 0) is estimated because it is incompatible
with a = 1.

On the other hand, if a configuration is generated as

(a = 0, b = 1, c = 1, d = 1, e = 1, f = 1, h = 1, g1 = norm,

g2 = norm, g3 = norm, g4 = ab),

where the values ford, e, h differ from the preceding configuration, it will contribute
0 to both the denominator and numerator of Eq. (2.9) because it is incompatible with
the observationh = 0. After a large number of configurations have been generated,
the posteriors of desired variables can be estimated using Eq. (2.9). The larger the
number of simulations, the more accurate is the estimation.

Because forward sampling produces approximateposteriors, it is commonly
referred to as anapproximateinference method. Theλ − π message passing in tree-
structured BNs and the loop cutset conditioning are referred to asexactinference
methods, for they produce exact posteriors.

From the message-passing point of view, forward sampling passes messages
from root nodes along the direction of arcs to internal nodes and then to leaf nodes.
Each message from a parent nodex to a child nodey is the value ofx simulated for
the current configuration instead of a distribution, as inλ − π message passing. The
child nodey is ready to simulate its own value as soon as it has received values from
all its parents. Hence, a message is passed along each arc for every configuration
simulated. This implies that, unlikeλ − π message passing in tree-structured BNs,
where exactly two messages need to be passed along each arc, amassivevolume
of messages needs to be passed in order to get reasonably accurate posteriors. We
will refer to the forward sampling as a method ofmassive message passingand to
theλ − π message passing in tree-structured BNs as a method ofconcise message
passing.

In Section 2.6, we noted thatλ − π message passing is limited to tree-structured
BNs. Although it can be applied to multiply connected BNs through loop cutset
conditioning, when the BN contains many cycles,λ − π message passing over
an exponential number of networks needs to be performed. Forward sampling, on
the other hand, does not suffer from the existence of cycles. Instead, it is limited
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from a different perspective. We have shown that when a simulated configuration
is incompatible with the observation, it contributes nothing to the estimation of the
posteriors; the computation spent in simulating this configuration is thus wasted.
When the observation corresponds to a rare event, the problem becomes particularly
serious because most configurations are incompatible. Several alternative stochastic
simulation methods exist (e.g., Geman and Geman [19]; Pearl [51]; Shachter and
Poet [61]; Fung and Favero [18]; Jensen, Kong, and Kjarulff [27]; and Ortiz and
Kaelbling [46]) with different degrees of improvement in efficiency.

The limitations of loop cutset conditioning as well as forward sampling are not
unusual. It has been shown that probabilistic inference in multiply connected BNs
is NP-hard in general no matter which exact inference methods (Cooper [8]) or
approximate inference methods (Dagum and Luby [10]) are used. Therefore, it is
unlikely that efficient inference algorithms can be developed for general multiply
connected BNs. Instead, any algorithm is likely to perform well only for BNs with
certain topological or distributional properties. In Chapters 3 through 5, we present
an alternativeexactmethod for inference inmultiply connectedBNs that passes
concisemessages in asinglenetwork. The method uses the so-called junction tree
representation. Although all the preceding methods work well (subject to the worst-
case limitations) for single-agent inference, in the second half of the book, we show
that the junction tree method can be extended to inference in multiagent systems,
whereas loop cutset conditioning and stochastic simulation do not seem to extend
well into multiagent systems.

2.9 Bibliographical Notes

Intractabilities of belief updating by JPD were analyzed by Szolovits and Pauker
[72]. Pearl [48] introduced Bayesian networks to probabilistic inference in in-
telligent systems. Since the publication of Pearl’s 1988 book [52], several other
books on probabilistic reasoning using graphical models have appeared, including
Neapolitan [43]; Lauritzen [36]; Jensen [29]; Shafer [62]; Castillo et al. [6]; and
Cowell [9]. Jensen [29] contains an extensive account for construction of Bayesian
networks for many practical situations.

Definition 2.1 on conditional independence and the use ofI (, ,) notation are
consistent with the usage by Pearl [52]. Pearl originated an axiomatic system for
the conditional independence relationI (, ,). Gaag and Meyer [76] proposed an
enhancement to Pearl’s axiomatic system for conditional independence when sets
of variables may overlap. It has been shown (Studeny [70]) that no finite set of
axioms can completely characterize the conditional independence relation.

Theλ − π message-passing algorithm was introduced by Pearl [48] and Kim and
Pearl [33]. Loop cutset conditioning was proposed in Pearl [49]. Forward sampling
was introduced by Henrion [24]. Improvements to these methods and alternative
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� Conference on Uncertainty in Artificial Intelligence (UAI),
� International Conference on Information Processing and Management of Uncertainty

(IPMU),
� Workshop on Artificial Intelligence and Statistics, and the
� International Joint Conference on Artificial Intelligence (IJCAI);

in the proceedings of many national and regional conferences (with international
participation), including the

� National Conference on Artificial Intelligence (AAAI),
� Canadian Artificial Intelligence Conference (AI), and the
� Florida Artificial Intelligence Research Society Conference (FLAIRS);

and in journals such as

� Approximate Reasoning,
� Networks,
� Artificial Intelligence, and
� Artificial Intelligence Research.

2.10 Exercises

1. Prove the negation rule using axioms (Eqs. (2.1) through (2.4)).
2. Prove the marginalization rule using axioms (Eqs. (2.1) through (2.4)).
3. An AND gate with two uniformly distributed input signals produces incorrect output

80% of the time when it malfunctions. The gate has a 1% chance of failure. What is the
posterior probability distributionP(gate|input1 = 0, output= 0)? What is the posterior
distributionP(gate|input1 = 0, output= 1)?

4. Compute the JPD of the tooth-cleaning habit network bythe chain rule.
5. ComputeP(h|t = yes) using the JPD obtained in the last question.
6. ComputeP(t |h = bad) by message passing in the network of Figure 2.5.
7. Contaminated oxygen as well as weakened health may cause hallucinations when a

fighter pilot is on duty. An accident occurred recently caused by the pilot’s hallucinating.
Although the health report of the pilot is available, it was issued 3 months ago. Construct
a BN for the investigator of the accident.

8. Use forward sampling to computeP(h|t = yes) from the tooth-cleaning habit network.
9. Assume thatobs= (a = 0, b = 1, c = 1, h = 1) has been observed for the digital

circuit in Figure 2.6. Use forward sampling to computeP(v|obs) for each unobserved
variablev.
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Belief Updating and Cluster Graphs

Chapter 2 introduced several methods using message passing as a mechanism for
effective belief updating in BNs. Theλ − π message passing method along the
arcs of a BN produces exact posteriors only in tree-structured BNs. Loop cutset
conditioning requires converting a nontree BN into multiple tree-structured BNs
and carrying outλ − π message passing in each of them. The stochastic simulation
can be applied directly to a nontree BN to compute approximate posteriors but
requires massive message passing in the BN. In this chapter, we focus onconcise
message passing and will drop the wordconcisewhen there is no confusion. We
explore the opportunities presented by reorganizing the DAG structure of a BN into
a cluster graphstructure. The objective is to develop an alternative exact method
that uses concise message passing in a single cluster graph structure for belief
updating with nontree BNs. A cluster graph consists of an interconnected set of
clusters. Each cluster is a subset of nodes (variables) in the original BN. Message
passing is performed between adjacent clusters in the cluster graph. We investigate
under what conditions such message passing leads to correct belief updating.

Section 3.2 introduces cluster graphs. A set of conventions on how a cluster
graph constrains message passing is outlined in Section 3.3. Section 3.4 addresses
the relation between message passing in cluster graphs andλ − π message passing
in BNs and demonstrates thatλ − π message passing can be viewed as message
passing in a particular cluster graph given a BN. Cycles in cluster graphs are studied
in Sections 3.5 and 3.6 in relation to message passing. In particular, we study
two classes of cycles in cluster graphs,degenerateandnondegeneratecycles, and
analyze their impact on belief updating by message passing. Section 3.5 shows that
belief updating cannot be achieved in a cluster graph with nondegenerate cycles,
no matter how message passing is performed. Section 3.6 demonstrates that some
degenerate cycles admit belief updating by message passing, whereas others do
not. Because cluster graphs with only degenerate cycles are much less common, the
results of these analyses formally establish the necessity of tree-structured cluster

37
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graphs for general message-based belief updating. Finally, Section 3.7 shows that
only a subclass of cluster trees, calledjunction trees, can support belief updating
with message passing. Reorganization of a BN into a junction tree will be presented
in Chapter 4.

3.1 Guide to Chapter 3

In this chapter, the idea of belief updating by concise message passing in a single
graphical structure is further explored. Theλ − π message passing does this when
the graph is a tree-structured DAG. However, when the DAG is not a tree,λ − π

message passing directly in the DAG does not work. Because concise message
passing in a single graphical structure is such a simple and attractive approach
to belief updating, this chapter considers an alternative graph structure – cluster
graphs.

Given a BN, a cluster graph can be constructed as follows: Group the variables
of the BN so that each variable is contained in at least one group (may be in more
than one) called acluster. Draw a graph with each cluster as a node. If two clusters
share some variables, they can be connected by a link called aseparator, but they
need not be. If two clusters share no variables, they cannot be connected. Label
each cluster with its group of variables and label each separator with the variables
shared by the two corresponding clusters. The resultant is a cluster graph. Figure 3.1
shows the DAG of a BN in (a) and a possible cluster graph in (b). Each cluster is
drawn as an oval and labeled by its variables, and each separator is drawn as a
link with a labeled box. For naming convenience, an extra name,Qi , is given to
each cluster as well. A formal definition of cluster graphs and more examples are
presented in Section 3.2. You may wonder about the impact of the arcs in the BN
on the construction of a cluster graph. That will be discussed in the next chapter.

If there is a single path between every pair of clusters, the cluster graph is
a cluster tree (e.g., Figure 3.1(b)). Many (such as Spiegelhalter [67]; Lauritzen
and Spiegelhalter [37]; Shafer, Shenoy, and Mellouli [64]; Jensen et al. [30]; and
Madsen and Jensen [39]) have studied how to perform belief updating in cluster
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Figure 3.1: (a) A DAG. (b) A cluster graph.
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Figure 3.2: (a) A BN structure. (b) A cluster graph for (a).

trees. However, it is not known whether it isimpossibleto update belief by concise
message passing in a nontree cluster graph. This chapter addresses this issue.

Section 3.3 specifies the rules of the game, namely, the rules for concise message
passing in a cluster graph. Each cluster is associated with a probability distribution
defined over its variables. Each cluster can only send messages to adjacent clusters.
Each message must be a distribution defined over the corresponding separator vari-
ables. For example, the clusterQ2 in Figure 3.1 can be associated withP(b, c, d).
It can send a message to the clusterQ0, but it cannot send messages toQ1 directly.
The message that it sends toQ0 can beP(b) but cannot beP(b, d).

Although cluster graphs appear to be quite different from DAGs, it turns out that
λ − π message passing in DAGs is just a special case of message passing in cluster
graphs. Section 3.4 demonstrates that this is the case. It shows thatλ − π message
passing corresponds to message passing in a particular cluster tree according to the
rules outlined above. Hence, our study of message passing in cluster graphs unifies
the study of all known concise message passing methods in a single graph structure.

Section 3.5 analyzes message passing using the cluster graph in Figure 3.2(b).
Suppose that an initial belief state of the cluster graph is given, including distribu-
tions overQ0, Q1, andQ2. The analysis demonstrates that infinitely many belief
states of the cluster graph exist, each of which has the same distribution in cluster
Q0 as the given state, the same distribution in clusterQ1, but distinct distribution
in Q2. Nevertheless, the messages sent fromQ2 to Q0 are all identical as well as
those sent toQ1. That is, the messages are not sensitive to the infinitely many ways
of difference on the initial distribution atQ2. Hence, such a cluster graph cannot
support belief updating by message passing in general no matter how the message
passing is performed. The key feature of the cluster graph in (b) is its cycle in which
no separator is contained in all other separators. We conclude that any cluster graphs
with such cycles cannot support belief updating by message passing.

Section 3.6 considers cluster graphs with a different type of cycle in which one
separator is contained in each other separator. Two such cluster graphs are shown in
Figure 3.3. The analysis shows that belief updating by message passing is achievable
in cluster graphs such as (a) but not in those such as (b). Furthermore, deleting a
separator from either cluster graph does not change the situation. That is, belief
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Figure 3.3: Cluster graphs with cycles in which one separator is contained in every other:
(a) Message passing is achievable in this cluster graph, and (b) message passing cannot be
performed correctly in this cluster graph.

updating can be achieved in a cluster tree obtained from (a) but not in a cluster tree
obtained from (b).

Given a connected graph, a connected subgraph with the same nodes but the
minimum number of links is a tree. That is, trees are the simplest subgraphs that
retain connectedness. This simplicity makes them easier to analyze and more effi-
cient to use. A cluster tree is more efficient to use than the corresponding cluster
graph with cycles, because at least there are less separators to process.

This leads us to focus on cluster trees as the cluster graph structure for supporting
belief updating with concise message passing. Section 3.7 demonstrates why some
cluster trees such as the one in Figure 3.4 do not support belief updating by message
passing. It is shown that a cluster tree can support belief updating with message
passing if and only if it belongs to a subclass of cluster trees calledjunction trees. All
known algorithms for belief updating by message passing use junction trees explic-
itly or implicitly (e.g.,λ − π message passing). We now understand why this is so.

3.2 Cluster Graphs

Although concise message passing along the arcs of a BN (such asλ − π mes-
sage passing) does not yield exact posterior probability distributions in multiply
connected BNs as discussed in Section 2.6, it is still possible to convert the DAG
into a different structure so that local computation and concise message passing
will achieve correct belief updating. We explore this possibility using a graph
structure called acluster graph. Unlike the directed or undirected graphs in which
nodes are connected by arcs or links, a cluster graph consists ofclustersthat are

a,b,x c,d,x x

b,c,xd,e,x

c,x x

Figure 3.4: A cluster tree that cannot support belief updating by message passing.
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interconnected. Each cluster is a set, and a connection between two clusters is
labeled by the intersection between the two sets. In the DAG of a BN, a node rep-
resents a variable in a problem domain. In a cluster graph, each cluster denotes a
subset of domain variables. In the DAG of a BN, an arc represents the direct causal
dependence between two variables. In a cluster graph, a connection between two
clusters signifies the direct probabilistic dependence between the two subsets of
variables. The relevant graph-theoretic concepts are introduced in this section.

Given a setV , let POW(V) denote its power set. The conceptjunction graphis
defined as follows.

Definition 3.1 A junction graph is a triplet (V, �, E). Set V is nonempty and is
called thegenerating set, and� is a subset of POW(V) such that∪Q∈� = V . Each
element Q of� is called acluster.

E = {〈Q1, Q2〉|Q1, Q2 ∈ �, Q1 	= Q2, Q1 ∩ Q2 	= ∅},
where each unordered pair〈Q1, Q2〉 is called aseparatorbetween the two clusters
Q1 and Q2 and is labeled by the intersection Q1 ∩ Q2.

A cluster is analogous to a node in an undirected graph, and a separator is analogous
to a link. When there is no confusion,we will refer to a separator〈Q1, Q2〉 and the
corresponding cluster intersectionQ1 ∩ Q2 interchangeably.

Figure 3.5 shows three junction graphs. Each cluster is shown as an oval, and
each separator is shown as a box. For the junction graph in (c),

V = {a, b, c, d},
� = {Q1 = {a, b}, Q2 = {a, c}, Q3 = {b, c, d}},

E = {〈Q1, Q2〉, 〈Q1, Q3〉, 〈Q2, Q3〉}.
For simplicity, we often omit the separators in a figure. For instance, Figure 3.6(b)
depicts the same junction graph as the one in Figure 3.5(b).

The concepts ofadjacentclusters,path, andcyclein junction graphs have defini-
tions similar to those of the same concepts applied to undirected graphs. For exam-
ple, in Figure 3.5(b), the clusters{a, b} and{a, e} are adjacent. There are two paths
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b c
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Figure 3.5: Junction graphs with clusters shown in ovals and separators shown in boxes.
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Figure 3.6: Cluster graphs.

between them: the path〈{a, b}, {a, e}〉 and the path〈{a, b}, {b, c, d}, {c, e}, {a, e}〉.
In other words, there is a cycle in (b).

Let H = (V, �, E) be a junction graph. If some separators are removed from
H , it is no longer a junction graph. The resultantH ′ = (V, �, E′) is referred to
as acluster graphoverV , whereE′ ⊂ E is the remaining subset of separators. In
general, a junction graph is a cluster graph (with no separators removed), but the
reverse is not necessarily true. For example, Figure 3.5(a) is a junction graph as well
as a cluster graph, whereas Figure 3.6(a) is a cluster graph but not a junction graph.

In a cluster graphH ′, if there exists exactly one path between each pair of
clusters,H ′ is acluster treeover V . If there exist more than one path between a
pair of clusters,H ′ is multiply connected. If there exists no path between at least
one pair of clusters,H ′ is disconnected. For example, Figure 3.6(c) is a cluster tree,
(a) is a multiply connected cluster graph, and (d) is a disconnected cluster graph.

Let ρ be a cycle in a cluster graph. If there exists a separatorS on ρ that is
contained in every other separator, thenρ is adegenerate cycle. Otherwise,ρ is a
nondegenerate cycle. All cycles in Figure 3.5(a) and the cycle in Figure 3.7(a) are
degenerate because a separator{d} is contained in every other separator. The cycles
in Figure 3.5(b) and (c) and the cycle in Figure 3.7(b) are nondegenerate because
no separator is contained in all other separators.

d,h

d,g,hb,c,d,i

d,e,i
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(a) (b)b,c,d, f

a,b, f a,e, f

c,e, fd
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c, f

Figure 3.7: Cluster graphs with cycles.
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A degenerate cycleρ is a strong degenerate cycle if all separators inρ are
identical. Otherwise,ρ is aweakdegenerate cycle. The cycles in Figure 3.5(a) are
all strong degenerate cycles, whereas the cycle in Figure 3.7(a) is a weak degenerate
cycle.

A nondegenerate cycleρ is astrongnondegenerate cycle if∩i Si = φ, wherei is
over every separatorSi in ρ. Otherwise,ρ is aweaknondegenerate cycle. The cycle
in Figure 3.5(c) is a strong nondegenerate cycle, whereas the cycle in Figure 3.7(b)
is a weak nondegenerate cycle because∩i Si = { f }.

As will be seen in the next section, degenerate cycles behave very differently
from nondegenerate cycles as far as message passing in a cluster graph is concerned.
The study of these cycles will lead to a subclass of cluster graphs that can support
belief updating by message passing.

3.3 Conventions for Message Passing in Cluster Graphs

If the cluster graph is to be used to structure the representation of probabilistic
knowledge and message passing, the representation and the content of the mes-
sage must respect the structure of the cluster graph. The following conventions,
which dictate how the structure of a cluster graph constrains the representation and
message passing, are imposed:

1. The generating set of the cluster graph is the setV of domain variables. That is, each
cluster must be a subset of domain variables, and the union of all clusters must cover the
entire domain.

2. Each clusterQ (a subset ofV) is associated with one or more nonnormalized (not
summing to 1) probability distributions calledpotentialsdefined overQ or its subsets. A
potential is equivalent to a probability distribution because it differs only by a normalizing
constant and the constant can be removed at any time. We denote the potential over a set
X of variables byB(X). Using potentials instead of probability distributions affords the
flexibility of not having to normalize out the constants for intermediate results during a
long sequence of operations on some probability distributions. When the final result is
obtained, one normalization is sufficient to acquire the intended probability distribution.
As a simple example, consider the domainV = {a, b}, Da = Db = {0,1} with P(a, b)
given in Table 3.1. It was used in Section 2.3 to illustrate belief updating by JPD.
Using the potential representation, whena = 0 is observed, the terms inconsistent with
the observation are set to zero. The intermediate result is shown in Table 3.1 as the
potentialB(a, b). To obtain the posterior probability distribution overb, the variablea
is marginalized out ofB(a, b). The intermediate result is shown as the potentialB(b).
Finally, B(b) is normalized to obtain the end resultP(b|a = 0).

A cluster graph with potentials attached is referred to as acluster graph representation
of the domain or simply acluster graph.
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Table 3.1:Illustration of belief updating with potential representation

a b P(a, b) a b B(a, b) b B(b) b P(b|a = 0)

0 0 0.1 0 0 0.1 0 0.1 0 1/3
0 1 0.2 0 1 0.2 1 0.2 1 2/3
1 0 0.3 1 0 0
1 1 0.4 1 1 0

3. A message can only be sent to an adjacent cluster, and the content of the message must
be a potential over the corresponding separator. For example, ifa problem domain is
represented as the cluster graph in Figure 3.6(b), messages from the cluster{a, b} can
only be sent to the clusters{a, e} and{b, c, d} but not to the cluster{c, e}. The message
from {a, b} to {a, e} must be a potentialB(a), and the message from{a, b} to {b, c, d}
must be a potentialB(b).

In the remaining sections, we consider what is (or is not) achievable under these
conventions.

3.4 Relation withλ − π Message Passing

Message passing in a cluster graph can be viewed as a more general operation than
λ − π message passing in a BN. This is because the domain of the BN can be
organized into many different cluster graphs with at least one of them containing
the same set of message paths used inλ − π message passing, as we demonstrate
herein.

Consider the cluster graph in Figure 3.8 for the cavity example. Each cluster is
made of{v} ∪ π (v) for a nodev in Figure 2.5. The probability distribution stored in
v in the BN is shown here as the potential associated with the cluster. Each message
sent in Section 2.6 is shown as a potential over a separator.

The BN structure in the cavity example is a chain. Theλ − π algorithm is
applicable to belief updating in any tree-structured BNs. To demonstrate that for
any such BN a cluster graph exists that can supportλ − π message passing, we first
briefly describe the basic scheme of theλ − π algorithm. Figure 3.9 illustrates the
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Figure 3.8: A cluster graph corresponding to message passing in the cavity BN.
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Figure 3.9: Theλ − π message passing at a typical node in a tree-structured BN.

messages passed in and out of a typical node in a BN according to the algorithm.
Each message is denoted as a potential over a given variable sent from a given node.
For instance,Bx(u1) is a potential over the variableu1 sent from the nodex. If the
same node sends messages over the same variable to different destinations, we use
superscripts to differentiate these messages. For example, in Figure 3.9,B2

x(x) is
a potential overx sent from the nodex to y2. The source and destination of each
message are indicated by the corresponding arrow in Figure 3.9. The exact form of
each message and its formal derivation are not the focus here and can be found in
Pearl [52]. In his formulation, the messages along the direction of arcs of the BN
(e.g.,B2

x(x)) are calledπ messages, and those against the direction of arcs (e.g.,
Bx(u1)) are calledλ messages. Some key computational aspects of the algorithm
are summarized as follows:

� Each nodex in the BN is associated with a conditional probability distributionP(x|
(x)),
where
(x) is the set of parents ofx. Note that the usual notationπ (x) has been replaced
with 
(x) to avoid confusion with theπ message.

� Each message is a potential over a single variable. In particular, eachλ message sent from
x to a parentu is a potential overu, and eachπ message sent fromx to a child y is a
potential overx.

� Each message sent fromx to an adjacent nodez is computed fromP(x|
(x)) as well as
all messages incoming tox except the message incoming fromz.

� The posterior probability distribution ofx is computed fromP(x|
(x)) and all messages
incoming tox.
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Figure 3.10: A cluster{x} ∪ 
(x) and its adjacent clusters in a cluster tree, wherex is a
typical node in a tree-structured BN with its parents
(x).

Given a tree-structured BN, a cluster graphH is created as follows: For each
nodex with its parents
(x) in the BN, create a cluster{x} ∪ 
(x) in H . If u
is a parent ofx in the BN, connect the clusters{u} ∪ 
(u) and{x} ∪ 
(x) in H .
Becauseu ∈ 
(x) and the BN is tree-structured, the separator between the two
clusters is{u}. Figure 3.10 shows the cluster{x} ∪ 
(x) and its adjacent clusters
in H . Some key topological features ofH are summarized below:

� There is a one-to-one mapping between the clusters inH and the nodes in the BN. In
particular, for each nodex with its parents
(x) in the BN, there is a unique cluster
{x} ∪ 
(x) in H .

� If x hasn parents andm children in the BN, the cluster{x} ∪ 
(x) has exactlyn + m
adjacent clusters inH .

� H is a cluster tree.
� For each parentu of x in the BN, there is a cluster{u} ∪ 
(u) in H adjacent to the cluster

{x} ∪ 
(x) such that their separator is{u}.
� For each childy of x in the BN, there is a cluster{y} ∪ 
(y) in H adjacent to the cluster

{x} ∪ 
(x) such that their separator is{x}.

The cluster treeH can supportλ − π message passing as follows:

� For eachλ message sent fromx to a parentu in the BN, the separator between clusters
{x} ∪ 
(x) and {u} ∪ 
(u) in H is just the variableu over which the message is de-
fined. Hence, theλ message can be sent along the separator according to our convention
(Section 3.3).

� For eachπ message sent fromx to a childy in the BN, the separator between clusters
{x} ∪ 
(x) and{y} ∪ 
(y) in H is just the variablex over which the message is defined.
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Figure 3.11: Illustration of theλ − π message passing in a cluster graph.

� For each cluster{x} ∪ 
(x), the distributionP(x|
(x)) can be associated with it. Hence,
the cluster has all the information necessary to process the incoming and outgoingλ and
π messages and to compute the posterior distribution ofx.

Figure 3.11 illustrates how each message in Figure 3.9 can be passed in the
cluster treeH . From the preceding comparison, we conclude thatλ − π message
passing corresponds to message passing in a particular type of cluster tree.

Becauseλ − π message passing cannot produce correct posterior distributions
for multiply connected BNs in general, we investigate in the remaining sections
what types of cluster graph structures allow such computation. It will be seen
that multiply connected cluster graphs do not support belief updating by message
passing in general.

3.5 Message Passing in Nondegenerate Cycles

We investigate message passing in a cluster graph with nondegenerate cycles. We
start with a domain that has the dependence structure of Figure 3.12(a). All variables
are assumed binary. The variables can be organized into the cluster graph in (b).
That is, the generating set isV = {a, b, c, d}, and there are three clustersQ0 =
{a, b}, Q1 = {a, c}, andQ2 = {b, c, d}. Note that there is a strong nondegenerate
cycle in (b).
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Figure 3.12: (a) A DAG dependence structure. (b) A cluster graph of (a) with a nondegen-
erate cycle.

Given a clusterQ, let BQ(Q) signify the potential associated withQ, where the
subscript denotes the associated cluster, and the argument inside “()” represents the
domain of the potential. When there is no confusion, the subscript will be dropped.

Each cluster in (b) is associated with a potentialB(a, b) = P(a, b), B(a, c) =
P(a, c), andB(b, c, d) = P(b, c, d), respectively. It is assumed that the potentials
satisfy

∑

b

B(a, b) =
∑

c

B(a, c),
∑

a

B(a, b) =
∑

c,d

B(b, c, d),

∑

a

B(a, c) =
∑

b,d

B(b, c, d),

andH is said to belocally consistent. In general, if two adjacent clustersQ andQ′

satisfy
∑

Q\Q′
B(Q) = const

∑

Q′\Q

B(Q′),

where const stands for a positive constant, thenQ andQ′ are said to beconsistent.
If every pair of adjacent clusters is consistent, the cluster graph islocally consistent.
The cluster graph representation is denoted byH . BecauseH is locally consistent,
if any clusterQ with an adjacent clusterQ′ passes a potential over their separator,
the message cannot changeB(Q′).

Suppose thatd = d0 is observed and each potential is to be updated to the cor-
responding posterior:

B(a, b) → P(a, b|d = d0), B(a, c) → P(a, c|d = d0),

B(b, c, d) → P(b, c, d|d = d0).

For Q2, the method in Section 2.3 (treatingB(b, c, d) as a JPD) can be used to
obtainP(b, c, d|d = d0) locally. For Q0 andQ1, belief updating must rely on the
messageP(b|d = d0) sent byQ2 to Q0 and the messageP(c|d = d0) sent byQ2

to Q1. In the following discussion, we show that in general it is impossible forQ0

andQ1 to update their potentials correctly based on these messages.
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Before presenting the general result, we illustrate with a particular JPD over
V . From Theorem 2.3, we can independently specifyP(a), P(b|a), P(c|a), and
P(d|b, c). A JPD is thus specified as follows, where, for simplicity,P(b = b0|a =
a0) is written asP(b0|a0):

P(a0) = 0.26

P(b0|a0) = 0.98 P(b0|a1) = 0.33

P(c0|a0) = 0.02 P(c0|a1) = 0.67

P(d0|b0, c0) = 0.03 P(d0|b0, c1) = 0.66

P(d0|b1, c0) = 0.7 P(d0|b1, c1) = 0.25

Denote the JPD defined according to the preceding distributions byjpd. The cluster
potentials are assigned as follows:

B(a, b) = P(a)P(b|a), B(a, c) = P(a)P(c|a), B(b, c, d) = P(b, c)P(d|b, c),

whereP(b, c) = ∑
a P(a)P(b|a)P(c|a). This initial state ofH is referred to ass

and is detailed below:

B(a, b): P(a0, b0) = 0.2548 P(a0, b1) = 0.0052

P(a1, b0) = 0.2442 P(a1, b1) = 0.4958

B(a, c): P(a0, c0) = 0.0052 P(a0, c1) = 0.2548

P(a1, c0) = 0.4958 P(a1, c1) = 0.2442

B(b, c, d): P(b0, c0, d0) = 0.0050613 P(b0, c0, d1) = 0.16364871

P(b0, c1, d0) = 0.21799143 P(b0, c1, d1) = 0.11229861

P(b1, c0, d0) = 0.23260301 P(b1, c0, d1) = 0.09968701

P(b1, c1, d0) = 0.042177506 P(b1, c1, d1) = 0.12653252.

Clearly, H is locally consistent unders. Supposed = d0 is then observed. The
message fromQ2 to Q0 is computed using the method in Section 2.3, andP(b|d0) =
(0.448,0.552) is obtained. Similarly, the message fromQ2 to Q1 is P(c|d0) =
(0.477,0.523).

Now consider a different JPD that differs fromjpd by replacingP(d|b, c) with
the following:

P′(d0|b0, c0) = 0.533604 P′(d0|b0, c1) = 0.115431

P′(d0|b1, c0) = 0.14 P′(d0|b1, c1) = 0.66.

Denote this JPD byjpd′. If cluster potentials are assigned accordingly,
B′(b, c, d) 	= B(b, c, d) but B′(a, b) = B(a, b) andB′(a, c) = B(a, c). This initial
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state ofH is referred to ass′ andH is locally consistent ats′. Now afterd = d0 is
observed, if the messagesP′(b|d0) andP′(c|d0) are computed, they will be identical
to those obtained from states (see Exercise 3). That is, the messages are insensitive
to the difference between the two initial states. Because the initial states are

B′(a, b) = B(a, b), B′(a, c) = B(a, c),

and messages are

P′(b|d0) = P(b|d0), P′(c|d0) = P(c|d0),

the posterior distributions inQ0 andQ1 will be identical in the two cases.
One may ask whether this should be the case. To find out, the chain rule can be

used to obtainP(a, b, c, d) andP′(a, b, c, d), and then the belief updating method
in Section 2.3 can be applied. Froms, P(a1|d0) = 0.666 is obtained, and froms′,
P′(a1|d0) = 0.878 is obtained (see Exercise 4). The difference is significant.

We now show that the phenomenon above is not accidental. Without losing
generality, it is assumed that the JPDs involved are strictly positive. Lemma 3.2
says that, for infinitely many different initial potentials ofQ2, the messages from
Q2 to Q0 (Q1) are identical.

Lemma 3.2 Let jpd be a strictly positive JPD over V and s be a locally consistent
state of H derived from jpd.

Let jpd′ be another JPD identical to jpd in P(a), P(b|a), and P(c|a) but distinct
in P(d|b, c). Let s′ be the locally consistent state of H from jpd′. The jpd′ and s′

are such that the message P(b|d = d0) (P(c|d = d0)) produced from s′ is identical
to that produced from s.

Then, given jpd, the number of distinct jpd′s potentials that satisfy the above
conditions is infinite.

Proof: The message componentP(b0|d0) can be expanded as

P(b0|d0) = P(b0, d0)/(P(b0, d0) + P(b1, d0)) =
[
1 + P(b1, d0)

P(b0, d0)

]−1

=
[
1 + P(b1, c0, d0) + P(b1, c1, d0)

P(b0, c0, d0) + P(b0, c1, d0)

]−1

=
[
1 + P(d0|b1, c0)P(b1, c0) + P(d0|b1, c1)P(b1, c1)

P(d0|b0, c0)P(b0, c0) + P(d0|b0, c1)P(b0, c1)

]−1

.
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Similarly, the message componentP(c0|d0) can be expanded as

P(c0|d0) =
[
1 + P(c1, d0)

P(c0, d0)

]−1

=
[
1 + P(d0|b0, c1)P(b0, c1) + P(d0|b1, c1)P(b1, c1)

P(d0|b0, c0)P(b0, c0) + P(d0|b1, c0)P(b1, c0)

]−1

.

According to the assumption,s ands′ agree onP(a, b), P(a, c), and P(b, c)
but differ in P(d|b, c). If messages froms′ are identical to that froms, namely,
P′(b|d0) = P(b|d0) andP′(c|d0) = P(c|d0), thenP′(d|b, c) must be the solutions
of the following equations:

P′(d0|b1, c0)P(b1, c0) + P′(d0|b1, c1)P(b1, c1)

P′(d0|b0, c0)P(b0, c0) + P′(d0|b0, c1)P(b0, c1)
= P(b1, d0)

P(b0, d0)

P′(d0|b0, c1)P(b0, c1) + P′(d0|b1, c1)P(b1, c1)

P′(d0|b0, c0)P(b0, c0) + P′(d0|b1, c0)P(b1, c0)
= P(c1, d0)

P(c0, d0)
.

BecauseP′(d|b, c) has four independent parameters but is constrained by only two
equations, it hasinfinitely many solutions. Each solution defines an initial states′

of H that satisfies all conditions in the lemma. �

Lemma 3.3 says that, with such difference in initial states as specified in
Lemma 3.2, correct belief updating will produce distinct posteriors.

Lemma 3.3 Let jpd be a strictly positive JPD over V and jpd′ be another JPD
identical to jpd in P(a), P(b|a), and P(c|a) but distinct in P(d|b, c).

Then P(a|d = d0) produced from jpd′ is distinct from that produced from jpd in
general.

Proof: From jpd, it follows

P(a|d0) =
∑

b,c

P(a|b, c)P(b, c|d0). (3.1)

From jpd′, it follows

P′(a|d0) =
∑

b,c

P(a|b, c)P′(b, c|d0), (3.2)

whereP(a|b, c) has been used becausejpd′ is identical withjpd in P(a), P(b|a),
and P(c|a). If P(b, c|d0) 	= P′(b, c|d0) (which is shown below), then in general
P(a|d0) 	= P′(a|d0).
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The following hold:

P(b, c|d0) = P(d0|b, c)P(b, c)

P(d0)
= P(d0|b, c)P(b, c)∑

b,c P(d0|b, c)P(b, c)
,

P′(b, c|d0) = P′(d0|b, c)P(b, c)

P′(d0)
= P′(d0|b, c)P(b, c)∑

b,c P′(d0|b, c)P(b, c)
.

Because P(d|b, c) 	= P′(d|b, c) by assumption, in generalP(b, c|d0) 	=
P′(b, c|d0). �

Theorem 3.4Belief updating cannot be achieved using the cluster graph H in
general no matter how message passing is performed.

Proof: By Lemma 3.2, messages (e.g.,P(b|d = d0) andP(c|d = d0)) from H are
insensitive to the initial states ofH , and hence the posterior distributions (e.g.,
P(a|d = d0)) computed based on these messages cannot be sensitive to the initial
states either. However, by Lemma 3.3, the posterior distributions should be different
in general given different initial states. Hence, correct belief updating cannot be
achieved inH . �

Note that the preceding difficulty is due to the nondegenerate cycle inH . Observe
in Eqs. (3.1) and (3.2) that correct belief updating requiresP(b, c|d0). According to
the message-passing conventions (Section 3.3), to pass such a message, a separator
must contain{b, c}, the intersection betweenQ2 and Q0 ∪ Q1. The existence of
the nondegenerate cycle signifies the splitting of such a separator (into separators
{b} and{c}). The result is the passing of marginals ofP(b, c|d0) (the insensitive
messages) and ultimately incorrect belief updating.

This analysis can be generalized to an arbitrary, strong nondegenerate cycle of
length 3 (the length of the cycle inH ), where each ofa, b, c, d is a set of var-
iables. The result in Lemmas 3.2, 3.3, and Theorem 3.4 can be similarly derived
(Exercise 5).

This analysis can be further generalized to an arbitrary, strong nondegenerate
cycle of lengthK > 3. By clumpingK − 2 adjacent clusters into one big clusterQ,
the cycle is reduced to length 3. Any message passing among theK − 2 clusters
can be considered as occurring in the same way as before the clumping but “inside”
Q. Now the analysis above for an arbitrary, strong nondegenerate cycle of length 3
applies.

Furthermore, the result can be generalized to an arbitrary, weak nondegenerate
cycleρ of lengthK ≥ 3. Let

ρ = 〈Q0, Q1, . . . , QK−1, Q0〉,
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the separator betweenQi andQi +1 be Si (0 ≤ i < K − 1), the separator between
QK−1 andQ0 beSK−1, andR = ∩K−1

i =0 Si . Let the potential of each cluster be

BQi (Qi ) = constPQi (Qi \R|R)PQi (R).

Note that PQi (R) and PQj (R) may be different due to, say, an observation on
r ∈ R available toQi but not toQj . Message passing inρ can be considered as
independent passing of two message streams, one determined byPQi (Qi \R|R) and
one determined byPQi (R). For example, the message fromQ0 to Q1 is

BQ0(S0) = constPQ0(S0\R|R)PQ0(R),

wherePQ0(S0\R|R) can be obtained by marginalization ofPQ0(Q0\R|R).
The first message stream according toPQi (Qi \R|R) is equivalent to the message

passing in a strong nondegenerate cycle

ρ ′ = 〈Q′
0, Q′

1, . . . , Q′
K−1, Q′

0〉,
where each clusterQ′

i = Qi \R. According to the preceding analysis, belief up-
dating cannot be achieved by message passing inρ ′. The second message stream
according toPQi (R) is straightforward. It in general has no impact on the first mes-
sage stream. Therefore, belief updating cannot be achieved by message passing in
ρ in general.

To summarize, the difficulty will arise whenever a cluster graph contains nonde-
generate cycles. This is stated in the following corollary.

Corollary 3.5 In general, belief updating cannot be achieved in a cluster graph
with nondegenerate cycles no matter how message passing is performed.

3.6 Message Passing in Degenerate Cycles

Can a cluster graph with only degenerate cycles support belief updating? We con-
sider the strong and weak degenerate cycles separately, for they behave differently.
Consider a cluster graph withK clustersQi (i = 0,1, . . . , K − 1) forming a strong
degenerate cycle where every separator isX (see Figure 3.13). Suppose that

I (Qi \X, X, Qj \X)

holds, and each cluster potential is set toBQi (Qi ) = P(Qi ). If a ∈ Q0 is observed
to bea0, we can updateBQ0(Q0) to P(Q0|a0) and then send a message

P(X|a0) =
∑

Q0\X

P(Q0|a0)
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Figure 3.13: A cluster graph with a strong degenerate cycle.

to an adjacent cluster, say,Q1, as shown by the arrow in Figure 3.13. The cluster
potentialBQ1(Q1) can then be updated to

P(Q1|a0) = P(Q1\X|X)P(X|a0) = P(Q1)P(X|a0)/P(X),

where bothP(Q1) and P(X) are locally available inQ1. Message passing is re-
peated along the cycle untilQ0 receives what it sent and terminates the process.
Hence, we conclude that a strong degenerate cycledoessupport belief updating.

Is the cyclic structure of a strong degenerate cycle necessary for belief updating?
The answer is no. Clearly, belief updating can be performed if the cycle is broken
at any separator into a cluster chain, as shown in Figure 3.14. The clusterQ0 can
then send the preceding message to adjacent clusterQ1, which in turn passes on to
the next adjacent cluster. The arrows in Figure 3.14 illustrate this process. When
the message is received by the clusterQK−1, it has no one to send the message to
and the process halts.

Next, consider a weak degenerate cycleρ in which separators are not all identical
but there exists a separatorS that is contained in each other separator. Let the cycle
be

ρ = 〈Q0, Q1, . . . , QK−1, Q0〉,

whereK ≥ 3. Let the clusters connected bySbe Q0 andQ1. There are two paths

X 2Q

X

X

X

Q1

0 XQ

QiQ

Q

K-1

K-2

Figure 3.14: Breaking a strong degenerate cycle into a cluster chain.
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betweenQ0 andQ1,

〈Q0, Q1〉 and 〈Q0, QK−1, QK−2, . . . , Q2, Q1〉.
The message that can be passed fromQ0 to Q1 alongS is a potential

BQ0(S) = constPQ0(S).

Because the message passed along any separatorS′ 	= S can be expressed as a
potential

B(S′) = constP(S′\S|S)P(S),

which containsP(S), the path〈Q0, Q1〉 is redundant:the same information can
be propagated through the other path. Therefore, whether or not belief updating is
achievable by message passing in a weak degenerate cycle can be determined using
the cluster chain obtained by breaking the cycle atS.

For example, whether belief updating is achievable by message passing in the
cluster graphs in Figure 3.15(a) and (c) can be determined by deleting the separator
{x} in (a) to obtain (b), and deleting any separator{x} in (c) to obtain, say, (d).
Belief updating by message passing is achievable in (b), and we will show how in
Section 5.5. On the other hand, belief updating by message passing isnotachievable
in (d), and we will explain why in Section 3.7. The key conclusion is that the cyclic
structure of a weak degenerate cycle is insignificant just as that of a strong degenerate
cycle is. Hence, a cluster graph with only degenerate cycles can always be treated
by first breaking the cycles at appropriate separators. The resultant is a cluster
tree.

Given a connected graphG, its connected subgraphs with the same nodes asG
and the minimum number of links are trees. That is, trees are the simplest subgraphs

a,b,x b,c,x

d,e,x

b,x

a,b,x c,d,x x

b,c,xd,e,x

 x

(a)

a,b,x b,c,x

d,e,x
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 x

a,b,x c,d,x x

b,c,xd,e,x  x

 x

(b)

(c) (d)

c,d,x c,d,x

c,x

c,x

c,x

c,x

d,x ,xd

Figure 3.15: Weak degenerate cycles in (a) and (c) are broken into chains in (b) and (d).
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that retain connectedness. Simplicity is conducive to efficiency. For message pass-
ing, a cluster tree is more efficient to maintain than the corresponding cluster graph
with degenerate cycles. There are less separators to maintain at the least.

Because a cluster graph with nondegenerate cycles cannot support correct belief
updating, whereas a cluster graph with degenerate cycles can always be substituted
with a simpler cluster tree, we will focus on using cluster tree structures to support
belief updating through message passing.

3.7 Junction Trees

We have identified cluster trees as the general cluster graph structure for belief
updating by message passing. We now consider if additional restrictions to the tree
structure are necessary. In Section 3.5, we introduced the notion of consistency
between a pair of adjacent clusters and that of a locally consistent cluster graph.
First we extend the notion of consistency to a larger scale.

Consider a cluster treeH over a domainV. Pick a variablev ∈ V that is contained
in two or more clusters. From each such clusterQ with a potentialBQ(Q), the
distributionPQ(v) of v can be obtained as

PQ(v) = const
∑

Q\{v}
BQ(Q).

Supposev = v0 is observed. After belief updating, we would expectP(v = v0) =
1.0 in each cluster that containsv. If v is not observed, we would expect the prior
distribution P(v) to be identical in those clusters. If other variables are observed,
we would expect the posterior distributionP(v|obs) to be identical after belief
updating, where obs denotes the observation.

We expect the preceding results becauseP(v) represents the belief of a single
agent no matter which cluster it is associated with, and a rational agent should not
contradict itself. Such a state of belief is formally defined as follows: If each pair
of clustersQ1 andQ2 (Q1 ∩ Q2 	= ∅) in a cluster treeH satisfies

∑

Q1\Q2

BQ1(Q1) = const
∑

Q2\Q1

BQ2(Q2),

H is globally consistent. Note that global consistency is applicable to both prior
and posterior potentials.

Does local consistency ensure global consistency? The answer is no, as illustrated
in Figure 3.16. Suppose each variable is binary with space{0, 1}. The potential
of each cluster has the value 1.0 for one configuration as shown and 0 for the
other configurations. The cluster tree is locally consistent becauseQ1 andQ2 have
identical P(b) and Q2 and Q3 have identicalP(c). However, it isnot globally
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Figure 3.16: A locally consistent but globally inconsistent cluster tree.

consistent, forPQ1(a = 1) = 1.0 butPQ3(a = 1) = 0. The same problem can also
occur in the cluster tree of Figure 3.15(d).

Local consistency can be achieved effectively by message passing in a cluster
tree. On the other hand, global consistency is required by the semantics of a cluster
tree. The preceding example illustrates that message passing along the separators
of an arbitrary cluster tree does not ensure global consistency. In order to achieve
global consistency through local consistency, the cluster trees must bejunction
trees, as we will show in Definition 3.6.

Definition 3.6 A cluster tree is ajunction tree(JT) if for every pair of clusters Q1
and Q2 and the pathρ between them, Q1 ∩ Q2 is contained in each cluster onρ.

Two representative junction trees are shown in Figure 3.17. In (a), the intersection
between nonadjacent clustersQ1 and Q3 is empty and hence the cluster tree is a
JT. In (b), the intersection betweenQ2 andQ4, namely{e}, is contained inQ3, and
so is the intersection betweenQ1 andQ4.

The importance of JT structures is established in the following theorem:

Theorem 3.7Let H be a cluster tree representation of a domain V .

1. If H is a junction tree, H is globally consistent whenever it is locally consistent.
2. If H is not a junction tree, then there exist potentials for clusters such that H is locally

consistent but not globally consistent.

Proof:
(1) We prove by induction on the lengthL of the longest path inH . Let H be a locally

consistent JT. IfL = 1, H is globally consistent. Assume thatH is globally consistent
whenL = k.

d,e,f

b,d,e
a,b,c

b,ca,b c c,d b,e,g
b

d,e
b,e

(a) (b)
1 2 3

1 3 4

2
Q Q Q

Q

Q

Q Q

b

Figure 3.17: Two junction trees.
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(a) (b)

ZQ C
Z

Q

C

Figure 3.18: Illustration of proof for Theorem 3.7 (1).

ConsiderL = k + 1. Let the two end clusters of a longest path inH beQ andZ, and
let C be the cluster adjacent toZ on the path, as shown in Figure 3.18(a). The relation
among the three setsQ, C, andZ is shown in the Venn Diagram in (b). Note thatQ ∩ Z
is contained inC becauseH is a JT.

The length fromQ to C is k. By assumption,Q andC are consistent, and we have

BQ(Q ∩ Z) =
∑

Q∩C\Z

BQ(Q ∩ C) = const
∑

Q∩C\Z

BC(Q ∩ C)

= const
∑

Q∩C\Z

∑

C\Q

BC(C) = const
∑

C\(Q∩Z)

BC(C).

BecauseH is locally consistent,C andZ are consistent, and we have

BZ(Q ∩ Z) =
∑

C∩Z\Q

BZ(C ∩ Z) = const
∑

C∩Z\Q

BC(C ∩ Z)

= const
∑

C∩Z\Q

∑

C\Z

BC(C) = const
∑

C\(Q∩Z)

BC(C).

Hence, we have

BQ(Q ∩ Z) = constBZ(Q ∩ Z).

(2) SupposeH is not a JT. Then there exist two clustersQ and Z and a third cluster
W on the path between them such thatQ ∩ Z is not contained inW. That is, we have
X = (Q ∩ Z)\W 	= ∅. LetC be the cluster adjacent toW on the path betweenQ andW,
as shown in Figure 3.19. Note that it is possible thatC = Q. Denote the subtree rooted
atC by TQ and the subtree rooted atW by TZ , as shown by the dashed dividing line in
Figure 3.19.

We now construct a potential for each cluster inH . A variable may occur in more
than one cluster. First, we assign a value for each occurrence of each variable. For
eachv ∈ V\X, assignv = v0 to each of its occurrences. For eachx ∈ X, assign

Q C W Z

TQ TZ

Figure 3.19: Illustration of proof for Theorem 3.7 (2).
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x = x0 to each of its occurrences inTQ, but assignx = x1 to each of its occurrences
in TZ. Note that eachx has at least one occurrence inTQ (e.g.,Q) and one occurrence
in TZ (e.g.,Z), but it does not occur in clusterW.

Next, we set the potential in each cluster. For each clusterY and each configura-
tion y, if there existsu ∈ Y such that its value iny differs from the value assigned
to the occurrence ofu in Y, then setBY(y) = 0. Otherwise, setBY(y) = 1. Note
that only a single configuration in each cluster has the nonzero potential value.

We claim that with potentials thus determined,H is locally consistent:TQ is
locally consistent because, for each pair of adjacent clusters, their configurations
with nonzero potential values are compatible. The same is true forTZ. Clusters
W andC are consistent becauseW ∩ X = ∅; hence,W ∩ C ⊂ (V\X). Therefore,
their configurations with nonzero potential values are compatible.

Clearly, H is not globally consistent because, for eachx ∈ X, PQ(x0) = 1 and
PZ(x0) = 0. �

Theorem 3.7 formally states that, in order to perform belief updating by message
passing, the domain variables must be organized into a junction tree. Given that a
JT structure must be used in general in order to achieve global consistency through
local consistency, we investigate in Chapter 4 how to convert a BN into a suitable
JT representation for inference.

3.8 Bibliographical Notes

A preliminary study of message passing in degenerate and nondegenerate cycles is
found in Xiang and Lesser [92] in the context of cooperative multiagent systems.
The analysis presented there has been extended significantly in this chapter for
justifying cluster-tree-based message passing. Theorem 3.7 (1) is taken from Jensen,
Lauritzen, and Olesen [30]. A special case of Theorem 3.7 (2), which has been
generalized here, was presented in Jensen [29].

Using message passing in junction tress for belief updating has been studied
by many, including Spiegelhalter [67]; Lauritzen and Spiegelhalter [37]; Shafer
et al. [64]; Jensen et al. [30]; and Madsen and Jensen [39]. The use of junction trees
in database management can be found in Maier [40], where they are referred to as
join trees.

3.9 Exercises

1. Describe the cluster graph in Figure 3.5 using the (V, �, E) notation.
2. Compare the computation performed in Table 3.1 and that in Tables 2.2, 2.3, and 2.4. If

the intermediate results in Table 3.1 were represented as probability distributions, what
would be the normalizing constants?
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3. For the example in Section 3.5, verify that messagesP(b|d0) andP(c|d0) on the non-
degenerate cycle computed fromjpd are identical to those computed fromjpd′.

4. For the example in Section 3.5, verify thatP(a|d0) computed fromjpd by correct belief
updating should be different from that computed fromjpd′.

5. Generalize Lemmas 3.2 and 3.3 and Theorem 3.4 on strong nondegenerate cycles to
the case in which each ofa, b, c, d is a set of variables.

6. Demonstrate that belief updating by message passing is not possible in general in the
cluster graph of Figure 3.15(d).

7. Let the domain of a BN beV = {a, b, c, d}. Find all cyclic junction graphs of three
clusters such that none of the clusters is a subset of another. Determine the ratio between
those junction graphs with degenerate cycles and those with nondegenerate cycles.

8. Determine if the cluster graphs in Figure 3.15 are junction trees.
9. From the generating setV = {a, b, c, d, e, f, g, h, i, j } construct a cluster tree that has

five clusters and is not a chain.
10. Check if the cluster tree created in Exercise 9 is a JT. If not, modify the membership of

clusters to make it a JT.
11. Assign potentials to clusters in the JT created in Exercise 9 such that the JT is locally

consistent. Verify its global consistence.
12. Prove that after several adjacent clusters of a JT are merged, the resultant cluster graph

is still a JT.
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Junction Tree Representation

Chapter 3 has shown that, in order to use concise message passing in a single
cluster graph for exact belief updating with a nontree BN, one must reorganize
the DAG into a junction tree. Graphical representations of probabilistic knowledge
result in efficiency through the exploration of conditional independence in terms of
graphical separation, as seen in Chapter 2. Therefore, the reorganization needs to
preserve the independence–separation relations of the BN as much as possible. This
chapter formally describes how independence is mapped into separation in different
graphical structures and presents algorithms for converting a DAG dependence
structure into a junction tree while preserving graphical separation to the extent
possible.

Section 4.2 defines the graphical separation in three types of graphs commonly
used for modeling probabilistic knowledge:u-separationin undirected graphs,
d-separationin directed acyclic graphs, andh-separationin junction trees. The
relation between conditional independence and the sufficient content of a message in
concise message passing is established in Section 4.3. In Section 4.4, the concept of
theindependence mapor I-map, which ties a graphical model to a problem domain
based on the extent to which the model captures the conditional independence of
the domain, is introduced. The concept of amoral graphis also introduced as an
intermediate undirected graphical model to facilitate the conversion of a DAG model
to a junction tree model. Section 4.5 introduces a class of undirected graphs known
aschordal graphsand establishes the relation between chordal graphs and junction
trees. It is shown that a moral graph model must be converted to a chordal graph in
order to construct a junction tree model. The expressiveness of chordal graphs and
junction trees in representing conditional independence is shown to be equivalent in
Section 4.7. Section 4.6 presents an algorithm known aseliminationfor converting
a moral graph into a chordal graph, and Section 4.8 describes algorithms to convert
a chordal graph into a junction tree.

61
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Figure 4.1: (a) An undirected graph. (b) A DAG. (c) A junction tree.

4.1 Guide to Chapter 4

The essential benefit from graphical representation of probabilistic knowledge is the
ability to specify only what is directly relevant. Graphs provide this ability through
graphical connection and separation. What is directly connected is directly relevant.
What is separated is irrelevant given the separating variables. Although graphical
connection is explicitly indicated by links in the graph, graphical separation is less
obvious. Section 4.2 specifies the criteria of graphical separation for three types of
graphs. For undirected graphs such as Figure 4.1(a), separation is determined by
path blocking. For example, the nodea is said to be separated fromb by ebecause
e blocks the path betweena andb. Separation can occur between groups of nodes
as well. For instance, nodese, g1 are separated from nodesf, g3 by nodesb, d. The
separation criterion for undirected graphs is termedu-separation.

For directed acyclic graphs such as Figure 4.1(b), separation is determined by
path analysis that takes into account the directions of arcs. In Figure 4.1(b),a is
separated fromb by e. However,a is notseparated fromb by h. The reason is that
the path betweena andb has arcs pointing ath. The rationale is thath represents
an effect or consequence of the causesa andb. Once the effect is known, the two
causes compete to explain the effect and hence become relevant. The separation
criterion for directed acyclic graphs is termedd-separation.

For junction trees such as that of Figure 4.1(c), separation is defined between
elements of clusters. The elementsa andb are separated bye becausee is the sep-
arator between the clusterC0 (containinga) and the clustersC1 andC2 (containing
b). The separation criterion for junction trees is termedh-separation.

Having defined criteria for graphical separation, we move to the issue of relevance
and irrelevance among variables (represented by nodes in the graph) in Section 4.3,
which is concerned with the following question: When a message is to be passed
between two groups of variables, what is the necessary and sufficient message to
update the belief at the destination group? A necessary and sufficient message would
make additional information about the source group irrelevant. The irrelevance can



4.1 Guide to Chapter 4 63

be described using the terminology of conditional independence. The conclusion
drawn is the following: If the variables shared by the two groups render them
conditionally independent, then the belief in the shared variables is the sufficient
message. Otherwise, the belief in the shared variables is an insufficient message.

Section 4.4 ties graphical separation and conditional independence together. An
ideal graph for encoding the knowledge about a problem domain is one in which
graphical separation always implies conditional independence. That is, the graph is
so connected that whenever two groups of nodes are separated by a third group, the
two corresponding groups of variables become irrelevant once the value of the third
group of variables is known. Hence, passing the belief of the third group between
the two groups is sufficient for belief updating. Such a graph for a given problem
domain is called anI-map, which allows effective representation of probabilistic
knowledge and effective belief updating by concise message passing.

Chapter 3 has established that belief updating in nontree BNs can be achieved
by concise message passing only in junction tree representations. As the first step
in converting a BN into a junction tree, Section 4.4 also presents the procedure for
converting a DAG I-map (the structure of a BN) into an undirected I-map called
a moral graph. The conversion essentially connects parents of each node and then
drops the directions of arcs. For example, if the DAG of a BN is that of Figure 4.1(b),
then its moral graph is that of Figure 4.1(a).

Section 4.5 investigates the next step of conversion. It raises the issue that,
for some moral graphs, no junction trees can be found. Therefore, to ensure the
conversion of a given moral graph into a junction tree, additional processing called
triangulation has to be performed on the moral graph. The process essentially
adds some links to the moral graph, and the resultant is called achordal graph.
Figure 4.1(a) is a “lucky” moral graph that is already chordal. Figure 4.2(b) shows
an “unlucky” moral graph obtained from the DAG in (a). After a link is added, as
shown in (c), the moral graph becomes chordal. Intuitively, the square in (b) has
been turned into triangles, and hence the nametriangulation.

Section 4.6 explains a simple method callednode eliminationto triangulate any
moral graphs. The method removes nodes in the moral graph one by one. Before
removal of each node, it makes sure that nodes in the neighborhood are pairwise
connected. For example, if the nodes in Figure 4.2(b) are removed in the order
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ad

cb

a a

b c

e

(a) (b) (c)

Figure 4.2: (a) A DAG. (b) The moral graph of (a). A chordal graph obtained from (b).
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(a, b, d, c, e), then a link〈b, d〉 needs to be added, which gives rise to the chordal
graph in (c).

Adding links during the conversion from DAGs to moral graphs and then to
chordal graphs exacts a price. The conversion destroys some graphical separations
and makes some conditional independence invisible. Before going into the last step
of the conversion, from the chordal graph into a junction tree, Section 4.7 tells us
that this last step is free from such expense.

Section 4.8 deals with the details of the last conversion step. The clusters of
the junction tree are first defined. Each cluster comes from a group of pairwise-
connected nodes in the chordal graph. For instance, the junction tree in Figure 4.1(c)
is converted from the chordal graph in (a). The elements of clusterQ0 in (c) are
pairwise connected in (a). Afterwards, each pair of clusters sharing some elements is
connected to form a cluster graph. Finally, some connections are deleted to turn the
cluster graph into a tree. The graphical structure of the junction tree representation
is then completed.

4.2 Graphical Separation

The fundamental property of graphs for effective probabilistic inference is graphical
separation. Graph separation is based on a path analysis. LetX, Y, andZ be disjoint
subsets of nodes in a graphG (directed or undirected). A path between nodesx ∈ X
andy ∈ Y is renderedclosed(or blocked), or open(or active) by Z. If every path
between every pair ofx and y is closed, thenX andY are said to beseparated.
On the other hand, if there exists one open path between a pairx and y, then
X andY are not separated. What condition renders a path closed or open differs
between directed and undirected graphs. These concepts are presented precisely in
the paragraphs that follow.

Let G = (V, E) be an undirected graph. A pathρ betweenx ∈ X andy ∈ Y is
closed byZ if there existsz ∈ Z onρ. Otherwise,ρ is rendered open byZ.

Intuitively, each node on a path is like a valve in a pipe. The default state of
the valve is open. A set of valves whose default states are reversed (from open to
closed) is denoted byZ. If one valve on a pipe is closed, then the pipe is closed.

Two nodesx andy areseparatedby a setZ of nodes if every path betweenx
andy is closed byZ; X andY are said to beseparatedby Z if for everyx ∈ X and
y ∈ Y, x andy are separated byZ; 〈X|Z|Y〉G is used to denote thatX andY are
separated byZ in G. When there is no confusion, we write〈X|Z|Y〉. When a set
is a singleton, say|X| = 1, we write〈x|Z|Y〉 instead of〈{x}|Z|Y〉 for simplicity.
In Figure 2.4(a), we have〈v5|v2|v3〉 and〈v5|{v2, v1}|v3〉, but¬〈v5|v1|v3〉.

When G is a DAG, 〈X|Z|Y〉G takes into account the direction of arcs. The
corresponding criterion is calledd-separation. The criterion defined above will be
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Figure 4.3: The nodev2 is tail-to-tail in (a), head-to-tail in (b), and head-to-head in (c).

referred to asu-separation, whereu stands forundirected. Before we proceed to
d-separation, the u-separation is summerized as follows:

Definition 4.1 Let G be an undirected graph and X, Y , Z be disjoint sets of nodes
in G. A pathρ between nodes x∈ X and y∈ Y isclosedby Z if there exists z∈ Z
onρ. Otherwise,ρ is renderedopenby Z.

Nodes x and y areu-separatedby Z if every path between x and y is closed
by Z.

X and Y areu-separatedby Z if for every x∈ X and y∈ Y , x and y are
u-separated by Z.

In a directed acyclic graph, when two arcs meet in a path, the node shared by
the arcs can be described as:tail-to-tail, head-to-tail, or head-to-head, as shown
for the nodev2 in Figure 4.3. The d-separation criterion for〈X|Z|Y〉 is identical to
that for u-separation if each path between anx and ay contains no head-to-head
nodes. A slight complication arises when some paths have head-to-head nodes. The
d-separation is defined precisely in the paragraphs that follow.

A pathρ between nodesx andy is closed byZ whenever one of the following
two conditions is true: (1) There existsz ∈ Z that is either tail-to-tail or head-to-tail
on ρ. (2) There exists a nodev that is head-to-head onρ, and neitherv nor any
descendant ofv is in Z. If both conditions are false, thenρ is rendered open byZ.

From the standpoint of the pipe and valve analogy, each tail-to-tail or head-to-tail
node on a path is like a valve whose default state is open. Each head-to-head node
is like a valve whose default state is closed. A set of valves whose default states are
reversed is denoted byZ. For a head-to-head node, if either it or a descendant is in
Z, the state of the valve is reversed.

Two nodesx andy are d-separated byZ if every path betweenx andy is closed
by Z; X andY are d-separated byZ if for every x ∈ X and y ∈ Y, x and y are
d-separated byZ. In Figure 4.4,〈a|{ f, d}|h〉 holds becausef is head-to-tail in both
paths froma to h. It is also true〈b|∅|d〉 because the upper path fromb to d has a
closed valvee and the lower path has a closed valvef . The statement〈c|d|e〉 is
false because, although the path fromc to e through f is closed, the other path is
open. The d-separation is summarized as follows:
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Figure 4.4: Illustration of d-separation.

Definition 4.2 Let G be a directed acyclic graph and X, Y , Z be disjoint sets of
nodes in G. A pathρ between nodes x∈ X and y∈ Y isclosedby Z if one of the
following two conditions holds: (1) There exists z∈ Z that is either tail-to-tail or
head-to-tail onρ. (2) There exists a nodev that is head-to-head onρ and neither
v nor any descendant ofv is in Z. If both conditions fail, thenρ is renderedopen
by Z.

Nodes x and y ared-separatedby Z if every path between x and y is closed
by Z;

X and Y ared-separatedby Z if for every x∈ X and y∈ Y , x and y are
d-separated by Z.

Because the JT representation of BNs is used for inference, we define〈X|Z|Y〉H

in a JTH overV , whereX, Y, Z ⊂ V ; 〈X|Z|Y〉H will be referred to ash-separation.
Let x ∈ X andy ∈ Y be contained in distinct clustersQx andQy, respectively, and
no cluster inH contains bothx andy. BecauseH is a tree, the pathρ betweenQx

andQy is unique. It is closed byZ if there exists a separatorS ⊆ Z onρ. Otherwise,
ρ is rendered open byZ. The following proposition shows that ifρ is closed by
Z, then every path between a cluster containingx and a cluster containingy is
closed.

Proposition 4.3 Let H be a JT over V . Let{x}, {y}, Z be disjoint subsets of V so
that x and y are contained in distinct clusters Qx and Qy, and no cluster contains
both x and y. If the pathρ between Qx and Qy is closed by Z, then every path
between a cluster containing x and a cluster containing y is closed.

Proof: We prove by contradiction. Suppose that there exist two clustersQ′
x and

Q′
y such that (1)x ∈ Q′

x andy ∈ Q′
y hold, (2) it is not the case that bothQ′

x = Qx

andQ′
y = Qy, and (3) the pathρ ′ betweenQ′

x andQ′
y is rendered open byZ. By

definition, (3) means that there exists no separatorS′ exists onρ ′ such thatS′ ⊆ Z.
Hence,ρ cannot be part ofρ ′. This leads to the possible relations betweenρ and
ρ ′, as shown in Figure 4.5.
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Figure 4.5: Relationbetween pathsρ andρ ′ in proof of Proposition4.3.

The pathsρ andρ ′ may be noncrossing as in (a), (b), and two other symmetric
cases (not shown), or they may cross each other at a clusterQ as in (c), whereρ1 +
ρ2 = ρ andρ ′

1 + ρ ′
2 = ρ ′. Each dashed line signifies possible additional clusters

on the path. Note that it is possibleQy = Q′
y in (a). Otherwise,Qy and Q′

y are
connected in (a) outsideρ andρ ′ becauseH is a tree, andQy andQ′

x are similarly
connected in (b). Consider case (a). Denote the path betweenQx and Q′

x by ω.
Becauseρ is closed byZ andρ is part ofω, there exists a separatorS ⊆ Z in ω.
Becausex �∈ Z, a separatorShas been found betweenQx andQ′

x such thatx �∈ S.
This implies thatH is not a JT, which is a contradiction. The same can be shown
similarly for case (b).

Next, consider case (c) in Figure 4.5. Becauseρ is closed byZ, there exists a
separatorS ⊆ Z in ρ. Becauseρ1 + ρ2 = ρ, S is either inρ1 or in ρ2. If S is in
ρ1, defineω = ρ1 + ρ ′

1. A separatorS has been found onω betweenQx and Q′
x

such thatx �∈ S. If S is in ρ2, defineω = ρ2 + ρ ′
2. A separatorShas been found on

ω betweenQy and Q′
y such thaty �∈ S. Either way, it implies thatH is not a JT,

which is a contradiction. �

On the basis of Proposition 4.3, when the pathρ betweenQx andQy is closed
by Z, it is said thatx is h-separatedfrom y by Z, or 〈x|Z|y〉, and X and Y
areh-separatedby Z if 〈x|Z|y〉 for every pair ofx and y. In Figure 3.17(b), we
have〈a|b|d〉, ¬〈a|∅|d〉, and〈{a, f }|{b, e}|g〉. The h-separation is summarized as
follows:

Definition 4.4 Let H be a JT over V , and X, Y , Z be disjoint subsets of V such that
no x ∈ X and y∈ Y are contained in the same cluster in H. For x∈ X contained
in cluster Qx and y∈ Y contained in cluster Qy, x and y areh-separatedby Z if
there exists a separator S⊆ Z exists on the path between Qx and Qy. Otherwise,
x and y are not h-separated by Z.
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Moreover, X and Y areh-separatedby Z if for every x∈ X and y∈ Y , x and y
are h-separated by Z.

Note that if there existsx ∈ X andy ∈ Y that are contained in the same cluster
in H , thenX andY are not h-separated byZ. In fact, they cannot be h-separated at
all. The h-separation could have been defined over general cluster graphs instead
of over junction trees, as in Definition 4.4. Such generality, however, is not needed
for the purposes of this book.

4.3 Sufficient Message and Independence

To perform effective probabilistic inference in junction trees, we pass con-
cise messages over separators between adjacent clusters. Under what condition
are the messages sufficiently informative to ensure correct inference? Consider
two adjacent clustersC = X ∪ Z and Q = Y ∪ Z, whereX, Y, and Z are dis-
joint and Z is the separator. Suppose each cluster is associated with a potential
PC(X, Z) = ∑

Y P(X, Y, Z) andPQ(Y, Z) = ∑
X P(X, Y, Z). If I (X, Z, Y) holds,

then P(X, Y, Z) = PC(X, Z)PQ(Y, Z)/PC(Z), where PC(Z) = ∑
X PC(X, Z) =∑

Y PQ(Y, Z) = PQ(Z).
Suppose some variables inC are observed. Using the method in Section 2.3,

update belief inC to get PC(X, Z|obs). To update belief inQ, pass the message
PC(Z|obs)= ∑

X PC(X, Z|obs) fromC to Q and replace the belief inQ by

PQ(Y|Z) ∗ PC(Z|obs)= PQ(Y, Z|obs).

The message passing is correct because

P(X, Y, Z|obs)= PC(X, Z|obs)PQ(Y, Z|obs)

PC(Z|obs)
.

What if I (X, Z, Y) does not hold? Consider the graphG in Figure 3.12(a). If a
BN is defined with the dependence structureG andP(a, b, c, d) is constructed by
chain rule, then in general,I (a, b, {c, d}) does not hold (see Exercise 3). It has been
shown in Lemma 3.2 that passing a message overb from cluster{b, c, d} to {a, b}
cannot produce a correct posterior in general. This is summarized in the following
proposition:

Proposition 4.5 Let X, Y , and Z be disjoint sets of variables with P(X, Y, Z)
defined. Let C= X ∪ Z be associated with PC(X, Z) = ∑

Y P(X, Y, Z) and Q=
Y ∪ Z be associated with PQ(Y, Z) = ∑

X P(X, Y, Z).

1. If I (X, Z, Y) holds, then belief updating can be performed correctly by passing a po-
tential over Z between C and Q.
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2. If I (X, Z, Y) does not hold, then belief updating cannot be performed correctly in general
by passing a potential over Z between C and Q.

To conclude, in general, whenI (X, Z, Y) holds, the sufficient amount of mes-
sage to be passed betweenC and Q is the potential overZ. Hence, to orga-
nize message passing effectively, the graphical structure should encode the con-
ditional independence explicitly. To use a JT representation of a BN for inference,
the JT must preserve the conditional independence as much as possible in the
original BN.

4.4 Encoding Independence in Graphs

The idea of encoding conditional independence in graphs is formally described by
the following notion of independence map [52]:

Definition 4.6 A graph (directed or undirected) G is anindependence mapor
I-map of a domain V if there is a one-to-one correspondence between nodes of G
and variables in V and〈X|Z|Y〉G implies I(X, Z, Y) for all disjoint subsets X, Y ,
and Z of V .

By definition, adding additional links to an I-map does not change its I-mapness.
Such links make some conditional independence graphically invisible and hence
should be avoided. Aminimal I-map G= (V, E) is an I-map such that no subgraph
G′ = (V, E′) (E′ ⊂ E) is also an I-map. Equipped with these concepts, we can re-
state what is required in a graphical structure: To organize concise message passing
effectively, a graphical structure should be a minimal I-map.

Consider the DAG structureG in Figure 2.6(b), which is a minimal I-map with
respect to our knowledge about the circuit in (a). The arc (g2, h) represents the
direct causal dependence of outputh on the state of gateg2. The absence of an arc
from c to f and the d-separation〈c|d| f 〉 signify that, once we know the value of
d, our belief on the value off is unaffected by our knowledge of the value ofc,
or I (c, d, f ). Note thatd is a head-to-tail node on the path fromc to f . Similarly,
the d-separation〈e|{b, d}| f 〉 expresses that, once we know the value ofb andd,
knowing in addition the value ofe does not change our belief in the value off , or
I (e, {b, d}, f ). Note thatb andd are tail-to-tail nodes on their paths frome to f .
The absence of an arc betweenc andg4 and the d-separation〈c|∅|g4〉 signify that
normally the value of inputc and the state of gateg4 are irrelevant to each other,
or I (c, ∅, g4). However,¬〈c|d|g4〉 does not allow us to inferI (c, d, g4). In fact,
I (c, d, g4) is false because once we know the outputd, the knowledge aboutc will
allow us to infer the state ofg4. Note thatd is a head-to-head node on the path
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Figure 4.6: Moral graph for the DAG in Figure 2.6(b).

from c to g4. The dependence betweenc andg4 after knowingd is calledinduced
dependence(Pearl [52]).

Alternatively, the knowledge about the same circuit may be represented through
an undirected graph. Examine the relationship between the preceding DAG I-map
G and an undirected I-mapG′ of the same circuit. One candidate forG′ is a
graph G∗ obtained from the DAGG in Figure 2.6(b) by dropping the direc-
tion of each arc. GraphG∗ is called theskeletonof G. However,G∗ is not an
I-map. For example,〈c|d|g4〉 holds in G∗, whereasI (c, d, g4) is known to be
false. This is because, without directions, an undirected graph is unable to repre-
sent〈c|∅|g4〉 and¬〈c|d|g4〉 simultaneously. To negate〈c|d|g4〉, connectc andg4

with a link in G′. For the same reason, for each child node ofG, add a link inG′

between each pair of its parents. The resultantG′ is shown in Figure 4.6. In gen-
eral, the graph resulting from such processing is called amoral graphas defined
below:

Definition 4.7 Let G be a DAG. For each child node in G, connect its parent nodes
pairwise and drop the direction of each arc. The resultant undirected graph G′ is
themoral graphof G.

The graph in Figure 4.6 is the moral graph for the DAG in Figure 2.6(b). In Theorem
4.8 it is shown that, given a DAG as a minimal I-map, a minimal undirected I-map
is its moral graph.

Theorem 4.8Let a DAG G be a minimal I-map over V and G′ be its moral graph.
Then G′ is a minimal I-map over V .

Proof: Let G∗ be the skeleton ofG. BecauseG is a minimal I-map and a link
〈x, y〉 rendersx and y inseparable under both d-separation and u-separation, an
undirected I-map must contain at least links ofG∗.



4.5 Junction Trees and Chordal Graphs 71

a,e,g  ,h2

b,d,e,g1

c,d,g4 b,d,f,g3

C
C

C

0
1

23C

Figure 4.7: JT structure for the DAG in Figure 2.6(b).

The only reason thatG∗ is not an I-map is because, for every pair of nodesx and
y that has a common childc in G, if 〈x, y〉 is not inG (hence not inG∗), then there
exists a set of nodesZ that includesc such that〈x|Z|y〉G∗ whereas¬I (x, Z, y).
Because〈x|Z|y〉 no longer holds inG′, G′ is an I-map. Because each link〈x, y〉
added toG∗ negates〈x|Z|y〉 for all suitable instances ofZ and no addition of other
links does so, the additional links are minimal. �

Because the JT representation will be used for message passing, we extend the
concept of I-map to JTs in Definition 4.9.

Definition 4.9 A junction tree H over V is an I-map if∪i Qi = V , where each Qi
is a cluster in H, and〈X|Z|Y〉H implies I(X, Z, Y) for all disjoint subsets X, Y ,
and Z of V .

As an example, Figure 4.7 shows a JT for the circuit in Figure 2.6.
Assuming that the original (versus converted or compiled) knowledge represen-

tation is in the form of a BN, we need to compile it into a JT representation. The
compilation, as discussed earlier in this section as well as in the preceding section,
must preserve the I-mapness. How to perform such a compilation is the topic of the
next section.

4.5 Junction Trees and Chordal Graphs

A JT I-map can be derived from the moral graph of the DAG rather than from
the DAG directly. This is because a JT uniquely defines an undirected graphical
structure, and hence a moral graph (as a minimal undirected I-map) of the DAG
provides a more direct basis to work on than the DAG I-map itself. For example,
consider the JT in Figure 4.7. Construct an undirected graphG with the generating
set of the JT as the nodes. For each pair of nodes contained in a cluster in the JT,
connect the pair inG. The resultantG is the graph in Figure 4.6.

To construct a JT, the clusters must be determined. Which components of a moral
graph correspond to a cluster? In a JT, each cluster admits no graphical separation
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Figure 4.8: (a) A DAG. (b) The moral graph of (a).

(Definition 4.4) and signifies no conditional independence internally. Similarly,
in an undirected graph, a set of pairwise-connected nodes admits no graphical
separation (Definition 4.1).

A set of nodes in an undirected graphG iscompleteif they are pairwise connected.
A maximal set of nodes that is complete is called aclique (or maximal clique) in
G. In other words, ifC is a clique inG, then no proper superset of nodes inG is
also a clique. There are exactly four cliques in Figure 4.6:

C0 = {a, e, g2, h}, C1 = {b, d, e, g1}, C2 = {b, d, f, g3}, C3 = {c, d, g4}.
Because a clique is a maximal set of variables without graphically identifiable
conditional independence, it should become a cluster in the JT representation. The
JT in Figure 4.7 hasC0 throughC3 as its clusters.

Can we construct a JT from cliques of every moral graph? Unfortunately we
cannot. Consider the DAG in Figure 4.8(a) with its moral graph in (b). The cliques
are

C0 = {a, b}, C1 = {a, d}, C2 = {b, c}, C3 = {c, d, e}.
No cluster graph made out of these clusters is a JT (Exercise 4). In Theorem 4.10
we present the condition that ensures the existence of a JT made out of the cliques
of an undirected graph.

Consider an undirected graphG. A path or cycleρ has achord if there is a link
in G between two nonadjacent nodes onρ. G is chordalor triangulatedif every
cycle of length greater than or equal to 4 has a chord. A cycle of length≥4 without
a chord is achordlesscycle. Figure 4.6 is chordal, but Figure 4.8(b) is not because
the cycle〈a, b, c, d, a〉 of length 4 does not have a chord.

Theorem 4.10Let G = (V, E) be a connected undirected graph and� be the set
of cliques of G. Then there exists a junction tree whose clusters are elements of�

if and only if G is chordal.

To prove the theorem, the following lemmas are needed. We first introduce
necessary concepts for the lemmas.
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Figure 4.9: Two connected graphs on the left are “unioned” into the graph on the right.

Definition 4.11 Let Gi = (Vi , Ei ) (i = 0,1) be two graphs (directed or undi-
rected), G0 and G1 are said to begraph consistentif the subgraphs of G0 and
G1 spanned by V0 ∩ V1 are identical.

Given two graphs Gi = (Vi , Ei ) (i = 0,1) that are consistent, the graph G=
(V0 ∪ V1, E0 ∪ E1) is called theunion of G0 and G1 denoted by G= G0 � G1.

Although graph union does not require graph consistency in general, this book only
uses the operation for consistent graphs.

Definition 4.12 Given a graph G= (V, E), V0 and V1 such that V0 ∪ V1 = V , and
subgraphs Gi of G spanned by Vi (i = 0,1) such that G= G0 � G1, G is said to
besectionedinto G0 and G1.

Although the definition allows the caseV0 ∩ V1 = ∅, this book concerns mainly
the caseV0 ∩ V1 �= ∅. Note that ifG0 andG1 are sectioned from a third graph,
then G0 and G1 are graph consistent. Figure 4.9 gives one example of directed
graphs. The union of multiple graphs or the sectioning of a graph into multi-
ple graphs can be similarly defined. An example is given in Figure 4.10 for un-
directed graphs.
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Figure 4.10: The graph on the right is sectioned into three connected graphs on the left.
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Figure 4.11: Illustration of simplicial nodes.

Lemma 4.13Let G = (V, E) (|V | > 3) be a noncomplete, connected chordal
graph. Then there exists a complete subset Z⊂ V such that V\Z is disconnected.

Proof: Let x and y be two nonadjacent nodes andZ be a minimal set of nodes
such that〈x|Z|y〉. Hence,V\Z is disconnected, andG can be sectioned intoGx =
(Vx, Ex) andGy = (Vy, Ey), wherex ∈ Vx, y ∈ Vy and Vx ∩ Vy = Z. We show
below thatZ is complete.

If |Z| = 1, we are done. Otherwise, picku, v ∈ Z. BecauseZ is minimal, there
is a path fromx to y with only u ∈ Z, and the same is true forv. Hence, there is a
path inGx betweenu andv that contains no other nodes inZ and at least one node
outsideZ. The same is true inGy. Let ρx be the shortest such path betweenu and
v in Gx, andρy be one of the shortest such paths inGy. Let x′ �∈ Z be a node on
ρx andy′ �∈ Z be a node onρy. It follows that{x′, y′} is not inG.

The cycle joiningρx andρy has a length greater than or equal to 4. Because
G is chordal, the cycle has a chord. Because{x′, y′} is not inG, {u, v} must be a
chord. �

A node in a graph issimplicial if nodes adjacent to it are complete. Figure 4.11(a)
has no simplicial nodes, (b) has one simplicial nodea, and (c) has two simplicial
nodesb andd.

Lemma 4.14A chordal graph G has at least one simplicial node.1

Proof: Without losing generality, we assumeG is connected. The lemma is true
if G is complete. Assume thatG = (V, E) is incomplete. By Lemma 4.13 and its
proof,G can be sectioned intoG0 andG1 with the intersectionZ1 ⊂ V complete.
If G1 = (V1, E1) is complete, we havez1 ∈ V1\Z1, which is simplicial. Other-
wise, G1 can be further sectioned intoG′

1 andG2 with the intersectionZ2 ⊂ V1

complete. Continuing this process, eventually we obtainGi = (Vi , Ei ) (i ≥ 2),
which is complete with simplicial nodezi ∈ Vi \Zi . �

1 In fact, at least two simplicial nodes exist. For the purpose of this book, however, one suffices.
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Figure 4.12: Illustration of proof for Theorem 4.10.

We are ready to prove Theorem 4.10:

Proof: [Sufficiency] We show that ifG is chordal, then a JTH exists. We use
induction on the number|V |. The statement is true when|V | = 2. Assume that it
holds when|V | = n.

Suppose|V | = n + 1. By Lemma 4.14, a simplicial nodex ∈ V exists. LetG′

be the graph obtained by removingx from G. G′ is chordal becauseG is chordal,
andx is simplicial. By the inductive assumption, a JTH ′ exists whose clusters are
cliques ofG′. Becausex is simplicial inG, x and nodes adjacent to it form a clique
Q. If Q\{x} is a clusterQ′ in H ′, let H be a cluster graph obtained by replacing
Q′ with Q (see Figure 4.12 for an illustration ofG, G′, H , andH ′, wherex = c).
Otherwise, there exists a clusterQ′ in H ′ such that (Q\{x}) ⊂ Q′ (see Figure 4.13
for an illustration, wherex = e). Let H be the cluster graph obtained by adding a
clusterQ adjacent to the clusterQ′. In either case,H is a JT.

[Necessity] We show that if a JTH exists, thenG is chordal. We use induction
on the number|V |. The statement is true when|V | = 2. Assume that it is true when
|V | = n.

Suppose|V | = n + 1. BecauseH is a JT, there exists a clusterQ that is adjacent
to a single clusterC. Consider anyx ∈ Q\C. If Q\{x} ⊂ C, we removeQ from
H to get H ′ (see Figure 4.13 for an example). Otherwise, we replace the cluster
Q by Q′ = Q\{x} to get H ′ from H (see Figure 4.12 for an example). We also
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Figure 4.13: Illustration of proof for Theorem 4.10.
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removex from G to obtainG′. BecauseQ is the only cluster ofH that contains
x, H ′ is a JT. By the inductive assumption,G′ is chordal. Because nodes adja-
cent tox of G are complete,x cannot be on a chordless cycle. Hence,G is also
chordal. �

Theorem 4.10 implies that, in order to obtain a JT representation of a BN, the
moral graph of its DAG needs to be converted into a chordal graph. To maintain the
I-mapness, links can only beaddedto the moral graph. The process of adding links
to a graph to make it chordal is calledtriangulation, which is the topic of the next
section.

4.6 Triangulation by Elimination

We introduce a conceptually simple operation callednode eliminationthat can be
used for triangulation of a graph.

Let G be an undirected graph. A nodev is eliminatedfrom G by adding toG
links that makev simplicial and then removingv. The necessary added links are
calledfill-ins. Figure 4.14 illustrates the elimination of nodex. The elimination
adds the fill-in〈y, z〉. If y is subsequently eliminated, becausey is now simplicial,
no fill-in needs to be added.

G is eliminatableif all nodes can be eliminated in sequence without any fill-ins.
Nodes in Figure 4.11(c) can be eliminated in the order (b, e, c, d, f ) without fill-
ins; hence, the graph is eliminatable. Note that if the graph is eliminated in the order
(b, c, d, e, f ), a fill-in 〈d, e〉needs to be added when eliminatingc. Consequently, as
long as there exists one elimination order that is fill-in free, the graph is eliminatable.
On the other hand, if no such order can be found, the graph isnot eliminatable.
Figure 4.14 is not eliminatable (Exercise 6). When the graph is understood from
the context, we say that a subsetX of nodes iseliminatableif elements ofX can
be eliminated from the graph in some order without fill-ins.

Elimination provides a conceptually simple way to check if a graph is chordal,
as established by the following theorem:

y w u

x z v

y w u

z v

eliminate x

Figure 4.14: Elimination of nodex. The fill-in is dashed.
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Theorem 4.15An undirected graph G is chordal if and only if it is eliminatable.

Proof: [Sufficiency] We show by induction that ifG = (V, E) is eliminatable, then
it is chordal. The statement holds when|V | = 1, and we assume that it holds when
|V | = n.

Suppose|V | = n + 1. BecauseG is eliminatable, there existsv ∈ V , which is
simplicial. LetG′ = (V ′, E′) be the graph obtained by eliminatingv from G. Given
thatG is eliminatable andv is simplicial,G′ is also eliminatable. By assumption,
G′ is chordal.

[Necessity] We show by induction that ifG is chordal, then it is eliminatable.
The statement holds when|V | = 1, and we assume it holds when|V | = n.

Suppose|V | = n + 1. BecauseG is chordal, by Lemma 4.14,G has a simplicial
nodev and can be eliminated without fill-ins. LetG′ = (V ′, E′) be the resultant
graph. SinceG is chordal andv is simplicial, G′ is chordal. By the inductive
assumption,G′ is eliminatable. �

Theorem 4.15 suggests the following simple algorithm to test ifG is chordal:

Algorithm 4.1 (IsChordal)

Input: an undirected graph G= (V, E).
Return: true if G is chordal; false otherwise.

for i = 1 to |V |, do
search for a nodev that is simplicial;
if found, eliminatev;
else return false;

return true;

When G is not chordal, elimination of nodes inG will have fill-ins. If these
fill-ins are added back toG, the resultant graphG′ will be chordal, as established
by the following theorem:

Theorem 4.16Let G = (V, E) be an undirected graph and F be a set of fill-ins
produced by eliminating all nodes of G in any order. Then G′ = (V, E ∪ F) is
eliminatable.

Proof: Let γ be the elimination order used to produceF . If nodes ofG′ are elimi-
nated according toγ , each node is simplicial before it is to be eliminated. �
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Combining Theorems 4.16 and 4.15, we have the following corollary:

Corollary 4.17 Let G = (V, E) be an undirected graph and F be a set of fill-ins
produced by eliminating all nodes of G in any order. Then G′ = (V, E ∪ F) is
chordal.

Corollary 4.17 suggests a simple modification of algorithmIsChordal for trian-
gulation: At each iteration of thefor loop, if a simplicial node cannot be found, elim-
inate a node and store the fill-ins. At the end of thefor loop, returnG′ = (V, E ∪ F).
This is summarized as follows:

Algorithm 4.2 (GetChordalGraph)

Input: an undirected graph G= (V, E).
Return: a chordal graph G′ = (V, E′) where E′ ⊇ E.

F = ∅;
for i = 1 to |V |, do

search for a nodev that is simplicial;
if found, eliminatev;
else

select a nodew to eliminate;
add fill-ins produced to F;

return G′ = (V, E ∪ F);

We have studied triangulation in order to convert the moral graph of a BN into
a chordal graph so that a JT representation can be constructed. Fill-ins added dur-
ing triangulation destroy some graphical separation relations and hence should be
kept minimal. Unfortunately, finding the chordal graph with the minimal fill-ins is
NP-complete (Yannakakis [97]). One useful heuristic can be incorporated directly
into the algorithmGetChordalGraph: When selecting a nonsimplicial node to
eliminate, select the one with the minimum number of fill-ins.

4.7 Junction Trees as I-maps

Before moving into the construction of a JT from a chordal graph of a BN, we
consider the issue of how good a JT representation is as an I-map. When a DAG
I-map is converted to its moral graph, we lose the marginal independence among
variables that may incur induced dependence. When the moral graph is converted to
a chordal graph, we lose additional conditional independence by adding fill-ins. Do
we incur further loss of independence when the chordal graph is converted into a JT?
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The following theorem has good news and answers the question negatively. It shows
that, through h-separation, a JT portrays exactly the same set of graphical separation
relations as does the chordal graph, through u-separation, from which it is derived.

Theorem 4.18Let G = (V, E) be a connected chordal graph,� be the set of
cliques of G, and T= (V, �, F) be a JT. Then, for any disjoint subsets X, Y , and
Z of V ,

〈X|Z|Y〉G ⇐⇒〈X|Z|Y〉T .

Proof: First, we show〈X|Z|Y〉G =⇒〈X|Z|Y〉T . For eachx ∈ X and y ∈ Y,
〈X|Z|Y〉G means that〈x, y〉 is not a link inG. Hence,x and y cannot be in the
same clique inG. Denote any two clusters inT that containx and y by Qx and
Qy. We prove by contradiction. Suppose that on the path betweenQx andQy no
separator is a subset ofZ. Denote these separators asS1, . . . , Sn (n ≥ 1).

If n = 1, Qx and Qy are adjacent inT . BecauseS1 �⊆ Z, we can finds1 ∈ S1

such thats1 �∈ Z. This means that both〈x, s1〉 and〈s1, y〉 are links inG. Hence,
〈X|Z|Y〉G is false, which is a contradiction.

If n > 1 and no separator ofSi (1 ≤ i ≤ n) is a subset ofZ, then for eachi we
can findsi ∈ Si such thatsi �∈ Z. Eithersi = si +1, in which case we have one less
node to consider, or〈si , si +1〉 is a link in G becausesi andsi +1 are contained in
the same cluster inT . We have thus found a path〈x, s1, . . . , sn, y〉 on which every
nodesi �∈ Z, which is a contradiction to〈X|Z|Y〉G.

Next, we show〈X|Z|Y〉G ⇐=〈X|Z|Y〉T . Letx ∈ X andy ∈ Y be in clustersQx

andQy of T , respectively. Suppose that on the path betweenQx andQy, there is a
separatorS ⊆ Z. We show that〈x|S|y〉G holds; hence, so does〈x|Z|y〉G. Assume
that〈x|S|y〉G does not hold. Then there exists a path〈x = v0, v1, v2, . . . , vn, vn+1 =
y〉 in G not throughS. That is,vi �∈ S for 1 ≤ i ≤ n.

Now considerT . If v i −1, vi , andvi +1 are not contained in the same cluster so that
vi −1, vi are in clusterQi −1 andvi , vi +1 are inQi+1, then on the unique path between
Qi −1 andQi +1 every separator must containvi . Hence, on the path fromQx to Qy,
every separator contains at least onevi �∈ S. This contradicts the assumption, that
S is a separator betweenQx andQy. �

Figure 4.15 shows the moral graphG (left) of the circuit in Figure 2.3, which is
chordal, and its JTT (right). They are equivalent I-maps. That is, any conditional
independence portrayed byG is also portrayed byT . For example,I (a, e, b) can
be read ofG because〈a |e| b〉G. Given that{e} is the separator betweenC0 andC1,
we have〈a|e|b〉T .
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Figure 4.15: The moral graph and its JT for the circuit in Figure 2.3.

4.8 Junction Tree Construction

Once the moral graphG = (V, E′) of a BN is triangulated, in order to convert it
into a JT representation, the cliques of the chordal graph need to be identified. From
the set� of cliques, a junction graphH = (V, �, E) is defined. By removing some
separators fromE, a JTT can be obtained.

4.8.1 Identifying Cliques

The following proposition shows that, given a chordal graphG, if the adjacency of
each node is saved just before it is eliminated, the resulting record will contain all
the cliques ofG.

Proposition 4.19Let G be a chordal graph eliminatable in the orderγ =
(v1, . . .vn) and Q be a clique in G. Let Ci = {vi } ∪ adj(vi ) (1 ≤ i ≤ n), where
adj(vi ) is the adjacency ofvi when it is eliminated inγ .

Then there exists j (1 ≤ j ≤ n) such that Q= Cj .

Proof: Let vk be the node with the lowest index inQ. ThenCk ⊇ Q. On the other
hand, becauseG is eliminatable inγ , no fill-ins are added; hence,Q ⊇ Ck. �

Based on Proposition 4.19, cliques inG can be efficiently identified by removing
eachCi contained in someCj . What remains is the set�.

4.8.2 Constructing Junction Trees

Let H = (V, �, E) be a junction graph, where

E = {〈Q1, Q2〉|Q1, Q2 ∈ �, Q1 ∩ Q2 �= ∅},
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Figure 4.16: Illustration of Lemma 4.20. Each dashed line represents a number of links.

and each link〈Q1, Q2〉 is associated with a separatorS = Q1 ∩ Q2. Without con-
fusion, we will refer to a link inH and its separator interchangeably. Theweightof
a separatorS is its cardinalityw(S) = |S|. Theweightof H is the weight sum of all
separatorsw(H ) = ∑

Sw(S). The weight of a cluster graph is similarly defined.
A cluster treeT = (V, �, E′) of H , whereE′ ⊂ E is amaximalcluster tree if for
any cluster treeR of H we havew(T) ≥ w(R).

In the following, we show that, given a junction graph, a JT can be obtained by
computing a maximal cluster tree.

Lemma 4.20Let T = (V, E) and J = (V, F) be two trees and〈x, y〉 be a link in
E\F. Then there exists a link〈u, v〉 ∈ F\E on the path between x and y in J such
that the path between u andv in T contains〈x, y〉.

Proof: See Figure 4.16. BecauseJ is a tree, the pathL betweenx and y in J is
unique. Not all links onL are inT , for otherwise a cycle would be formed inT .
Hence, there exist links onL that are inF\E.

We prove the existence of〈u, v〉 by contradiction. Suppose the link〈u, v〉 as
stated in the lemma does not exist. Then for each〈u, v〉 that is onL and inF\E,
adding 〈u, v〉 to T forms a unique cycle that does not contain〈x, y〉. Because
deleting〈x, y〉 from T will split T into two subtrees, it implies that each cycle
involves only nodes in one of the subtrees.

We delete〈x, y〉 from T to obtainT ′ and add all links that are onL and inF\E
to T ′ to obtainT∗. Nodesx andy are disconnected inT ′. By the argument above,
they are also disconnected inT∗. BecauseT∗ contains all links inL, L is not a path
betweenx andy in J, which is a contradiction. �

Theorem 4.21 If a junction graph H has a junction tree, then any maximal cluster
tree of H is a junction tree.

Proof: Let T = (V, �, E) be a maximal cluster tree ofH . Let J = (V, �, F) be
a JT ofH that has the maximal separator intersection withT . That is, for any JT
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Figure 4.17: Illustration of proof for Theorem 4.21. Each dashed line represents a number
of clusters.

J ′ = (V, �, F ′), F ∩ E ⊆ F ′ ∩ E implies F ∩ E = F ′ ∩ E. We proveT = J by
contradiction.

SupposeT �= J. Then there exists a separator〈Q1, Q2〉 ∈ E\F (see Figure 4.17).
According to Lemma 4.20, there exists a separator〈Q3, Q4〉 ∈ F\E on the unique
path betweenQ1 andQ2 in J such that the path betweenQ3 andQ4 in T contains
〈Q1, Q2〉. BecauseJ is a JT, we haveQ1 ∩ Q2 ⊆ Q3 ∩ Q4.

We replace〈Q1, Q2〉 by 〈Q3, Q4〉 in T to obtain T ′, which is a cluster
tree. Its weight isw(T ′) = w(T) + |Q3 ∩ Q4| − |Q1 ∩ Q2|. BecauseT is max-
imal, w(T) − w(T ′) = |Q1 ∩ Q2| − |Q3 ∩ Q4| ≥ 0. From Q1 ∩ Q2 ⊆ Q3 ∩ Q4,
it follows |Q3 ∩ Q4| − |Q1 ∩ Q2| ≥ 0. Hence,Q3 ∩ Q4 = Q1 ∩ Q2.

Next, we replace〈Q3, Q4〉 by 〈Q1, Q2〉 in J to obtain J ′, which is a cluster
tree. For any clustersQ5 andQ6 in J ′, if the path between them does not contain
〈Q1, Q2〉, then it is identical to that ofJ. If the path contains〈Q1, Q2〉, then
Q5 ∩ Q6 ⊆ Q3 ∩ Q4 becauseJ is a JT. FromQ3 ∩ Q4 = Q1 ∩ Q2, Q5 ∩ Q6 ⊆
Q1 ∩ Q2 follows; hence,J ′ is a JT. Cluster treeJ ′ has exactly one more separator
in common withT thanJ, namely,〈Q1, Q2〉. This contradicts the assumption that
J has the maximal separator intersection withT . �

From Theorem 4.10, ifH is obtained from a chordal graph, then a JT exists.
Hence, Theorem 4.21 establishes that a JT ofH can be constructed by computing
a maximal cluster tree ofH . A greedy algorithm (commonly referred to as Prim’s
algorithm for a maximal spanning tree) can be found in textbooks on discrete
mathematics (e.g., Grimaldi [22]). The idea is simple: Start a JT with a single
cluster and add remaining clusters one at a time such that the new cluster has the
maximal separator weight with a cluster in the current JT.

Figure 4.18 illustrates the greedy algorithm. The four clustersC0 throughC3 are
shown in (a). Suppose that the JT starts with a single clusterC2. The intersections of
C2 with each ofC0,C1, andC3 are∅, {b, d}, and{d}, respectively. The weights of the
corresponding separators will be 0, 2, and 1, respectively. Hence,C1 is connected
to C2 as in (b). The remaining clustersC0 andC3 have the intersections∅ and{d}
with C2, respectively, and have the intersections{e} and{d} with C1, respectively.
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Figure 4.18: Illustration of junction tree construction.

At this point, three alternatives produce the equal total weight: connectingC3 to
C2, connectingC0 to C1, or connectingC3 to C1. Suppose that the tie is arbitrarily
broken by connectingC3 to C2, as in (c). Finally, the remaining clusterC0 has the
intersections{e}, ∅, and∅ with C1, C2, andC3, respectively. It is connected with
C1 as in (d). The junction tree is complete.

The preceding example demonstrates that, in general, the construction of a junc-
tion tree isnot unique. That is, given a chordal graph, multiple corresponding
junction trees exist in general. However, from Theorem 4.18, we know that, as far
as the I-mapness is concerned, they are equivalent.
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as maximal cluster trees is attributed to Jensen [28].
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4.10 Exercises

1. Determine if each of the following graph separation relations holds in the DAG in
Figure 4.19:
(a) 〈a|i |b〉
(b) 〈a|∅|c〉
(c) 〈{a, c}|{ f, g}|i 〉
(d) 〈e|{a, b}|g〉

f

ed

cba

g h

i

Figure 4.19: A DAG.

2. Determineif each of the following graph separation relations holds in the JT in
Figure 4.20:
(a) 〈a|{c, e, g}|k〉
(b) 〈{i, k}|{e, f }|{a, h}〉

a,b,c

b,c,d,e

d,e,f

d,f,g

d,h,g

e,f,i,j i,j,k

Figure 4.20: A junction tree.

3. Consider the graphG in Figure 3.12(a). Define a BN with the dependence structureG
by specifying the conditional probability distribution at each node. FormP(a, b, c, d)
by chain rule. Test ifI (a, b, {c, d}) holds by Definition 2.1.

4. Consider the DAG in Figure 4.8(a) with its moral graph in (b). The cliques in the moral
graph are

C0 = {a, b}, C1 = {a, d}, C2 = {b, c}, C3 = {c, d, e}.
Show that no cluster graph made out of these clusters is a JT.
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5. The minimal I-map of a domain is given as the DAG in Figure 4.19.
(a) DoesI (b, {d, e}, { f, h}) hold in the domain?
(b) DoesI (a, ∅, b) hold in the domain?
(c) DoesI (g, ∅, h) hold in the domain?
(d) Find a minimal undirected I-mapG of the domain.
(e) FromG only, decide whetherI (a, ∅, b) holds.

6. Demonstrate that Figure 4.14 is not eliminatable.
7. Determine if the two graphs in Figure 4.21 are chordal using the algorithmIsChordal.

If any graph is nonchordal, triangulate it using the algorithmGetChordalGraph.

(a) (b)

Figure 4.21: Two undirected graphs.

8. Let the DAG of a BN be that in Figure 4.19. Construct a JT for the BN.



5

Belief Updating with Junction Trees

Chapter 4 discussed the conversion of the DAG structure of a BN into a junction
tree. In a BN, the strength of probabilistic dependence between variables is encoded
by conditional probability distributions. This quantitative knowledge is encoded
in a junction tree model in terms of probability distributions over clusters. For
flexibility, these distributions are often unnormalized and are termedpotentials.
This chapter addresses conversion of the conditional probability distributions of a
BN into potentials in a junction tree model and how to perform belief updating by
passing potentials as concise messages in a junction tree.

Section 5.2 defines basic operations over potentials: product, quotient, and
marginal. Important properties of mixed operations are discussed, including asso-
ciativity, order independence, and reversibility. These basic and mixed operations
form the basis of message manipulation during concise message passing. Initializ-
ing of potentials in a junction tree according to the Bayesian network from which
it is derived is then considered in Section 5.3. Section 5.4 presents an algorithm for
message passing over a separator in a junction tree and discusses the algorithm’s
consequences. Extending this algorithm, Section 5.5 addresses belief updating by
message passing in a junction tree model and formally establishes the correctness
of the resultant belief. Processing observations is described in Section 5.6.

5.1 Guide to Chapter 5

Given a BN, its DAG structure provides thequalitativeknowledge about the de-
pendence among domain variables. The BN’s JPD in the form of a conditional
probability distribution at each node of the DAG providesquantitativeknowledge
about the strength of the dependence. Chapter 4 presented the conversion of the
qualitative knowledge into a JT dependence structure. Before belief updating can
be performed, the quantitative knowledge in the BN needs to be associated with

86
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c,h c t,c
S CQhabit cavity toothache

P(h)
(a) (b)

| P(t c) P(c h)P(h) P(t c)|P(c h) | |

Figure 5.1: (a) The cavity BN. (b) Its JT representation.

the JT structure. Section 5.3 presents a method to assign the conditional probability
distributions in the BN to the clusters in the JT. The method works as follows:

For each nodev in the DAG, find a cluster in the JT such that the cluster contains
both v and its parent nodes in the DAG. After the cluster is found, assign the
conditional probability distribution associated withv to the cluster. As an example,
consider the cavity BN shown in Figure 5.1(a) and its JT in (b). The nodeh has no
parent, and it is contained in the clusterQ. Therefore,P(h) is assigned toQ. The
nodec and its parenth are both contained inQ. Hence,P(c|h) is also assigned to
Q. Similarly, P(t |c) is assigned to the clusterC. After the assignment is completed,
for each cluster in the JT, the product of its assigned distributions is computed. For
instance,P(c|h)P(h) is computed forQ.

The product of a number of probability distributions assigned to a cluster may
not be a well-defined probability distribution (e.g.,P(a|b, c)P(b) for some cluster
{a, b, c}). In Section 3.3, we introduced the notion ofpotential, an unnormalized
probability distribution that allows convenient representation of such an intermedi-
ate result. Section 5.2 presents rules for computing the product of potentials as well
as rules for other operations on potentials, including quotient (similar to division)
and marginal. These operations are applied to message passing over a JT repre-
sentation in subsequent sections. The rules for these operations help to simplify
message passing and to improve efficiency.

Section 5.4 presents the basic operation for concise message passing in a JT,
which is calledabsorption. For the example in Figure 5.1, the clusterC absorbs
from the clusterQ as follows: The potentialP(c|h)P(h) atQ is reduced (through the
marginaloperation) to a potentialP(c) over the separatorS = {c}. The message is
then sent to the clusterC, which updates its own potential to the productP(t |c)P(c).
Note that before the absorption, neitherP(c) nor P(t) can be obtained at the cluster
C. However, after the absorption, both of them can be computed locally atC.
Several other desirable properties of absorption are also presented.

Section 5.5 considers belief updating in a general JT structure through a sequence
of absorptions. Figure 5.2 demonstrates how the absorptions are performed. Each
arrow illustrates an absorption and the passing of a concise message. The number
beside each arrow indicates the order of the absorption. It can be seen that messages
flow from C2 andC3 throughC1 towardsC0 and then flow fromC0 throughC1
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b,d,e,g1

c,d,g4

a,e,g  ,h2

b,d,f,g3
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23C
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Figure 5.2: Organizing several absorptions performed over a JT.

towardsC2 andC3. We show that after the message passing,P(d) can be obtained
locally from any one ofC1, C2, andC3, andP(e) can be obtained locally from any
one ofC0 andC1. The same is true for every other variable, that is,P(v) can be
obtained locally from any cluster that containsv.

What we are more interested in is, sayP(d|e = e0), after an observatione = e0

is made. Section 5.6 presents how the observation can be entered into the JT by a
simple product operation in any cluster that containse. Then, after the absorptions
shown in Figure 5.2, again,P(d|e = e0) can be obtained in any cluster that contains
d. The goal of exact belief updating for BNs of nontree structures by concise
message passing in a single graph structure has thus been attained.

5.2 Algebraic Properties of Potentials

Recall from Section 3.3 that a probability distribution over a cluster can be repre-
sented in terms of apotential. Potentials allow intermediate results during belief
updating to be non-normalized and hence have computational advantage over prob-
ability distributions. Potentials will be used for belief updating in a junction tree
representation of a BN. Potential algebra is introduced in this section.

Formally, apotential B(X) over a setX of variables is a function from the
domainDX of X to the nonnegative real numbers such that for at least onex ∈ DX,
B(x) > 0. Subscripts may be used to differentiate potentials over the same set
of variables such asB1(X) and B2(X). For discrete variables, a potential can be
expressed as a table. ConsiderX = {u, v} with Du = {0, 1} andDv = {0, 1, 2}. A
potentialB1(X) is shown in Table 5.1.

Table 5.1:A potential B1(x)

(u, v) B1() (u, v) B1()

(0, 0) 0.2 (1, 0) 3.4
(0, 1) 1.2 (1, 1) 0
(0, 2) 0.9 (1, 2) 5.6
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Table 5.2:(Left) A potential B2(x); (Right) The product B3(x) = B1(x) ∗ B2(x)

(u, v) B2() (u, v) B2() (u, v) B3() (u, v) B3()

(0, 0) 0.3 (1, 0) 3.0 (0, 0) 0.06 (1, 0) 10.2
(0, 1) 2.0 (1, 1) 1.0 (0, 1) 2.4 (1, 1) 0
(0, 2) 4.0 (1, 2) 5.0 (0, 2) 3.6 (1, 2) 28

5.2.1 Product

Let B1(X) and B2(X) be potentials overX. Their product, denoted byB1(X) ∗
B2(X), is a potentialB3(X) such that for eachx ∈ DX,

B3(x) = B1(x) ∗ B2(x).

For example, givenB1(X) (Table 5.1) andB2(X) (Table 5.2 (left)), their product
B3(X) is shown in Table 5.2 (right).

Products of potentials over distinct sets of variables are often useful. We introduce
projectionto facilitate the definition. Letx be a configuration of a setX of variables.
The value ofv ∈ X in x, denoted byv↓x, is theprojectionof x ontov. Similarly,
we can define the projection ofx onto a subsetZ ⊆ X. A configurationz is the
projection of x onto Z, denoted byz= Z↓x, if for each v ∈ Z, its value inz
is identical to that inx. For example, letX = {a, b, c, d}, Z = {a, c}, andx =
(a0, b3, c2, d5). Then,d↓x = d5 andZ↓x = (a0, c2).

We now define the potential product over distinct sets.

Definition 5.1 Let X, Y be distinct sets of variables and W= X ∪ Y . Let B(X)
and B(Y) be two potentials. Theproduct B(X) ∗ B(Y) is a potential B(W) such
that for eachw ∈ DW,

B(w) = B(X↓w) ∗ B(Y↓w).

Table 5.3 showsB4(x, y), B5(y, z) andB6(x, y, z) = B4(x, y) ∗ B5(y, z), where all
variables are binary.

The product of potentials satisfies thecommutativityandassociativityas follows.
The proof is straightforward.

Theorem 5.2Let B(X), B(Y), and B(Z) be potentials. The following hold:

1. Commutativity: B(X) ∗ B(Y) = B(Y) ∗ B(X).
2. Associativity:[B(X) ∗ B(Y)] ∗ B(Z) = B(X) ∗ [B(Y) ∗ B(Z)].
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Table 5.3:B6(x, y, z) = B4(x, y) ∗ B5(y, z)

(x, y) B4() (x, y) B4() (y, z) B5() (y, z) B5()

(0, 0) 0.2 (1, 0) 3.4 (0, 0) 0.4 (1, 0) 2.0
(0, 1) 1.2 (1, 1) 0 (0, 1) 0.8 (1, 1) 0.1

(x, y, z) B6() (x, y, z) B6()

(0, 0, 0) 0.08 (1, 0, 0) 1.36
(0, 0, 1) 0.16 (1, 0, 1) 2.72
(0, 1, 0) 2.4 (1, 1, 0) 0
(0, 1, 1) 0.12 (1, 1, 1) 0

5.2.2 Quotient

Next, we define thequotientof two potentials. To handle dividing by zero, we
introducezero-consistency. Let B(X) andB(Y) be potentials andW = X ∪ Y. If
for each configurationw of W, we have

B(X↓w) = 0,

whenever

B(Y↓w) = 0,

then B(X) is said to bezero-consistentwith B(Y). The potentialB7(x, y) in the
Table 5.4 (left) is not zero-consistent withB8(y, z) (right), for B8(y = 1, z =
0) = 0 butB7(x = 1, y = 1) = 1.0; however,B7(x, y) will be zero-consistent with
B8(y, z) if B7(x = 1, y = 1) = 0.

Intuitively, if B(X) is zero-consistent withB(Y), then whenever a configuration
w is impossible according toB(Y), it must be impossible according toB(X).
Note that zero-consistency is not commutative. WhenB(X) is zero-consistent with
B(Y), B(Y) may not be zero-consistent withB(X). For instance, theB8(y, z) above
is zero-consistent withB7(x, y) even thoughB7(x, y) is not zero-consistent with
B8(y, z).

Table 5.4:(Left) Potentials B7(x, y); (Right) B8(x, z)

(x, y) B7() (x, y) B7() (y, z) B8() (y, z) B8()

(0, 0) 0.3 (1, 0) 2.0 (0, 0) 2.5 (1, 0) 0
(0, 1) 0 (1, 1) 1.0 (0, 1) 0.8 (1, 1) 0
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Table 5.5:Potential B9(x, y, z)

(x, y, z) B9() (x, y, z) B9()

(0, 0, 0) 0.12 (1, 0, 0) 0.8
(0, 0, 1) 0.375 (1, 0, 1) 2.5
(0, 1, 0) 0 (1, 1, 0) 0
(0, 1, 1) 0 (1, 1, 1) 0

Definition 5.3 Let B(X) be zero-consistent with B(Y) and W= X ∪ Y . The
quotientof B(X) over (divided by) B(Y), denoted by B(X)/B(Y), is a potential
B(W) such that for eachw ∈ DW,

B(w) =
{

B(X↓w)/B(Y↓w) if B(Y↓w) > 0,

0 if B(Y↓w) = 0.

B(X) is referred to as thenumeratorand B(Y) as thedenominator.

Intuitively, wheneverB(Y↓w) = 0, w is impossible according to bothB(X) and
B(Y), and henceB(w) = 0. As an example, we replaceB7(x = 1, y = 1) = 0 in
Table 5.4. The quotientB9(x, y, z) = B7(x, y)/B8(y, z) is shown in Table 5.5.

The following theorem establishes theassociativityfor the product and quotient
of potentials.

Theorem 5.4The product and quotient of potentials areassociative. That is, if
B(Y) is zero-consistent with B(Z), then

[B(X) ∗ B(Y)]/B(Z) = B(X) ∗ [B(Y)/B(Z)].

Proof: Let w be a configuration ofW = X ∪ Y ∪ Z, x = X↓w, y = Y↓w, andz=
Z↓w. If B(z) > 0, then

(B(x) ∗ B(y))/B(z) = B(x) ∗ (B(y)/B(z)).

If B(Y) is zero-consistent withB(Z), thenB(X) ∗ B(Y) is zero-consistent with
B(Z). Hence, whenB(z) = 0, each term in the equation is zero. �

The order of the product and quotient can be altered as shown below:

Theorem 5.5The product and quotient of potentials areorder independent. That
is, if B(X) is zero-consistent with B(Z), then

[B(X) ∗ B(Y)]/B(Z) = [B(X)/B(Z)] ∗ B(Y).
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Proof:

(B(X) ∗ B(Y))/B(Z)
= (B(Y) ∗ B(X))/B(Z) (commutativity of product)
= B(Y) ∗ (B(X)/B(Z)) (associativity of product and quotient)
= (B(X)/B(Z)) ∗ B(Y) (commutativity of product) �

The following theorem establishes the reversibility of potentials.

Theorem5.6The product and quotient of potentials arereversible. That is, if B(X)
is zero-consistent with B(Y), then

[B(X) ∗ B(Y)]/B(Y) = [B(X)/B(Y)] ∗ B(Y) = B(X).

Proof: Letw be a configuration ofW = X ∪ Y, x = X↓w, andy = Y↓w. If B(y) >

0, then

[B(x) ∗ B(y)]/B(y) = [B(x)/B(y)] ∗ B(y) = B(x).

When B(y) = 0, becauseB(X) is zero-consistent withB(Y), we haveB(x) = 0.
From the definition of a quotient, each term in the equation is zero. �

In summary, product and quotient operations on potentials can be performed in
the same way as the corresponding operations on real numbers if care is taken with
respect to zero-consistency.

5.2.3 Marginal

Marginals of potentials are similar to marginal distributions.

Definition 5.7 Let B(X) be a potential and Y⊂ X. A potential B(Y) is amarginal
of B(X) if for eachy ∈ DY,

B(y) =
∑

x:Y↓x=y

B(x).

That is, B(y) is obtained by summing B(x) for each x such that the projection of x
onto Y equals y. Denote the marginal by B(Y) = ∑

X\Y B(X).

Table 5.6 shows a marginalB10(x, y) = ∑
z B6(x, y, z).

The following theorem provides a useful rule to simplify the computation of
marginals.
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Table 5.6:B10(x, y) = ∑
z B6(x, y, z)

(x, y) B10() (x, y) B10()

(0, 0) 0.24 (1, 0) 4.08
(0, 1) 2.52 (1, 1) 0

Theorem 5.8Let B(X) and B(Y) be potentials and Z⊆ Y\X. Then

∑

Z

[B(X) ∗ B(Y)] = B(X) ∗
∑

Z

B(Y).

Proof: See Figure 5.3, which illustrates a setW = X ∪ Y and its subsetsY =
U ∪ Z andV = X ∪ U , whereU ∩ Z = ∅ andX ∩ U = ∅. The figure also shows
a configurationw ∈ DW and its projectionsx = X↓w, y = Y↓w, v = V↓w and
u = U↓w.

The term on the left of the equation defines a potentialB(V) such that for each
v ∈ DV ,

B(v) =
∑

w:V↓w=v

B(X↓w) ∗ B(Y↓w).

The term on the right defines a potentialB′(V) such that for eachv ∈ DV and
u = U↓v

B′(v) = B(X↓v) ∗
∑

y:U↓y=u

B(y).

V

w

v
u

y

W
X

Y

x

U Z

Figure 5.3: Illustration for proof of Theorem 5.8.
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Because for eachw such thatV↓w = v,

X↓w = X↓(V↓w) = X↓v,

we have

B(v) =
∑

w:V↓w=v

B(X↓v) ∗ B(Y↓w) = B(X↓v) ∗
∑

w:V↓w=v

B(Y↓w).

Consider a givenv ∈ DV andu = U↓v, as shown in Figure 5.3. For eachw such
that V↓w = v, there exists a uniquey such thatY↓w = y andU↓y = u. On the
other hand, for eachy such thatU↓y = u, a uniquew exists such thatY↓w = y and
V↓w = v. Hence,

∑

w:V↓w=v

B(Y↓w) =
∑

y:U↓y=u

B(y),

which impliesB(v) = B′(v). �

Consider
∑

z B4(x, y) ∗ B5(y, z). ComputingB6(x, y, z) first, as in Table 5.3, and
then

∑
z B6(x, y, z), as in Table 5.6, takes eight multiplications and four additions.

Computing
∑

z B5(y, z) = B′(y) = (1.2, 2.1) first and thenB4(x, y) ∗ B′(y) takes
two additions and four multiplications.

5.3 Potential Assignment in Junction Trees

To use a JT representation of a BN for belief updating, the JPD of the BN needs to
be converted into the belief over the JT. As in a BN, we seek a concise and localized
belief representation by exploring the independence encoded in the JT.

Let T be a JT over a setV of variables. Assign each clusterQ in T a potential
BQ(Q) and each separatorS a potentialBS(S). Let B denote the set of all such
potentials. We will callT = (V, T,B) ajunction tree representation1 of the domain
V . When there is no confusion, we simply refer toT as a JT.

Section 3.5 defines the notion ofconsistencebetween two adjacent clustersQ
andC. Now that a potential is associated with their separatorS, the notion needs
to be extended to include a constraint for the separator potential. The concept of
local consistenceof a cluster tree representation introduced in Section 3.7 needs
to be extended accordingly. These concepts are extended here in. For readers’
convenience, the notion ofglobal consistencedefined in Section 3.7 is repeated
here.

1 Although the termjunction tree representationhas been used informally so far, this is how the term is formally
defined.
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Definition 5.9 Let T = (V, T,B) be a cluster tree representation. Let Q and C
be two adjacent clusters with the separator S and their associated potentials be
BQ(Q), BC(C), and BS(S), respectively. Clusters Q and C are said to beconsistent
if

∑

Q\S

BQ(Q) = const1 ∗ BS(S) = const2 ∗
∑

C\S

BC(C).

T is said to belocally consistentif every pair of adjacent clusters inT are con-
sistent.T is said to beglobally consistentif for any two clusters Q and C (not
necessarily adjacent), it holds that

∑

Q\C

BQ(Q) = const∗
∑

C\Q

BC(C).

The following theorem establishes the relation between the JPD of a domain and
the cluster and separator potentials of a JT representation. We have writtenQ ∈ T
in the theorem instead ofQ ∈ � for convenience and used a similar notationS ∈ T
for a separatorS.

Theorem 5.10LetT = (V, T,B) be a JT representation such that T is an I-map
over V . For each cluster Q, BQ(Q) = const1 ∗ P(Q), and for each separator S,
BS(S) = const2 ∗ P(S). Then the joint probability distribution over V is

P(V) = const∗
∏

Q∈T

BQ(Q)

/ ∏

S∈T

BS(S).

Proof: Without losing generality, assume const1 = const2 = 1. We then only have
to show

P(V) =
∏

Q∈T

P(Q)

/ ∏

S∈T

P(S).

We prove this by induction on the numbern of clusters. Whenn = 2, let the two
clusters beC andQ. We have

P(V) = P(C)P(V\C|C) = P(C)P(Q\S|C) = P(C)P(Q\S|S)

= P(C)P(Q)/P(S),

where the third equation is due to the I-mapness ofT .
Assume that the statement is true whenn = k ≥ 2. Considern = k + 1. Pick a

terminal clusterQ with separatorR. Define a JT representation (V ′, T ′,B′), where
V ′ = V\(Q\R), T ′ is obtained by removingQ andR from T , andB′ is the set of
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potentials associated withT ′. By the inductive assumption,

P(V ′) =
∏

Q∈T ′
P(Q)

/ ∏

S∈T ′
P(S).

BecauseT is an I-map, we have

P(V) = P(V ′)P(Q\R|R) = P(V ′)P(Q)/P(R) =
∏

Q∈T

P(Q)

/ ∏

S∈T

P(S).

�

On the basis of Theorem 5.10, we define thesystem potentialfor T as

BT (V) =
∏

Q∈T

BQ(Q)

/ ∏

S∈T

BS(S). (5.1)

Next, we consider how to assign local potentials in a JT representation so that its
system potential is equivalent to the JPD of the corresponding Bayesian network
(V, G,P). One simple method is introduced below. Given a nodev in G with its
parentsπ (v), we refer to{v} ∪ π (v) as thefamilyof v denoted byfmly(v).

Let a BN be (V, G,P) and a JT obtained fromG be T = (V, �, E). For each
clusterQ and each separatorSin T , associate it with auniformpotential. A potential
B(Q) is uniformif for eachq ∈ DQ, B(q) = 1. For each nodev in G, find a cluster
Qv in T such thatfmly(v) ⊆ Qv and break ties arbitrarily. UpdateB(Qv) to the
productB(Qv) ∗ P(v|π (v)). As an example, consider the BN in Figure 2.6 and its
JT in Figure 4.7. Figure 5.4 illustrates the potential of each cluster.

Clearly, the preceding potential assignment satisfies

BT (V) =
∏

v∈V

P(v|π (v)) = P(V). (5.2)

That is, the system potential is equal to the JPD defined by the BN. Hence, a JT
representation has been obtained that is equivalent (in the sense of JPD) to the
original BN.

3C

C0

C1

C2

a,e,g  ,h2

b,d,e,g1

b,d,f,g3c,d,g4

4 | |

|

| 2P(a)P(g )P(h a,e,g  )2

P(b)P(g )P(e b,d,g  )11

P(c)P(g  )P(d c,g  )4 3P(g  )P(f  b,d,g  )3

Figure 5.4: The potential of each cluster in the JT of Figure 4.7.
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However, the JT representation is not locally consistent (and hence not globally
consistent by Theorem 3.7). In Figure 5.4, only the potential of one clusterC3

satisfiesBC3(C3) = P(C3) because

P(c)P(g4)P(d|c, g4) = P(c, d, g4).

The potential of any other cluster is not equal to the probability distribution over the
variables of the cluster. Hence, for some variables (e.g., for the variablef ), their
marginal distributions cannot be computed from the potential of an arbitrary con-
taining cluster. In the next section we present a method for concise message passing
in a JT that will bring the JT to consistence and therefore allow the computation of
a variable marginal locally from any containing cluster.

5.4 Passing Belief over Separators

We present a method developed by Jensen et al. [30] for belief updating in a JT
representation of a BN through concise message passing. The method is based on
a primitive operation calledabsorption, which passes concise messages between
two adjacent clusters in a JTT .

Algorithm 5.1 (Absorption) Let C and Q be adjacent clusters with separator S
in a JT, and BC(C), BQ(Q), BS(S) be their potentials such that BQ(Q) is zero-
consistent with BS(S). Then Cabsorbsfrom Q by performing the following:

1. Updating BS(S) to B′
S(S) = ∑

Q\S BQ(Q).

2. Updating BC(C) to B′
C(C) = BC(C) ∗ B′

S(S)
BS(S) .

Absorption is well defined becauseB′
S(S) is zero-consistent withBS(S). Ab-

sorption is one form of message passing. WhenC absorbs fromQ, messages flow
from Q to Sand then toC.

To illustrate Absorption, consider the cavity example from Section 2.5.
Figure 5.5 and Table 5.7 show its JT representation with potential assignment,
where 1 denotes a uniform potential. AfterC absorbs fromQ, the new potentials
are shown in Table 5.8.

c,h c t,c
S

1

CQ

P(c h)P(h) P(t c)| |

Figure 5.5: Junction representation of the cavity BN.
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Table 5.7:Potential assignment to the cavity JT

(c, h) BQ() c BS() (t, c) BC()

(yes, good) 0.07 yes 1.0 (yes, yes) 0.85
(yes, bad) 0.24 no 1.0 (yes, no) 0.05
(no, good) 0.63 (no, yes) 0.15
(no, bad) 0.06 (no, no) 0.95

From Step 1 of Algorithm 5.1, it is clear that the separatorS and the clusterQ
are consistent after absorption. On the other hand,C may not be consistent withS
yet and hence may not be consistent withQ. To bringC andQ into consistence,
another absorption ofQ from C is necessary, as will be seen. Thesupportiveness
of the separator is introduced next to ensure that absorption can be performed in
both directions.

A separatorS is said to besupportiveif absorption can be performed ineither
direction (C can absorb fromQ and vice versa). A JT representationT issupportive
if every separator is supportive. Clearly, if the separator potentials are assigned
according to the method in Section 5.3, thenT is supportive. Although this initial
supportiveness ensures that an absorption can be performed over each separator in
any direction, after the absorption, the supportiveness may change and prevent the
performance of the next absorption. Lemma 5.11 shows that this will not happen
and that the supportiveness of a JT is invariant under absorption.

Lemma 5.11Let the separator S between two clusters C and Q be supportive.
Then S is supportive after C absorbs from Q.

Proof: It suffices to show thatB′
C(C) is zero-consistent withB′

S(S). Because

B′
C(C) = BC(C) ∗ B′

S(S)

BS(S)
,

this is clearly true. �

Table 5.8:Potentials after C absorbs from S

(c, h) BQ() c BS() (t, c) BC()

(yes, good) 0.07 yes 0.31 (yes, yes) 0.2635
(yes, bad) 0.24 no 0.69 (yes, no) 0.0345
(no, good) 0.63 (no, yes) 0.0465
(no, bad) 0.06 (no, no) 0.6555
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From Eq. (5.2), the initial system potential of the JT is equivalent to the JPD of
the BN. It is important that the absorption does not alter the system potential while
bringing the JT into consistence. Lemma 5.12 shows that this is indeed the case
and that the system potential is invariant under absorption.

Lemma5.12LetT be a supportive JT. Then BT (V) is invariant after an absorption.

Proof: Consider clustersC andQ and their separatorS. SupposeC absorbs fromQ.
Absorption updatesBC(C) and BS(S) into B′

C(C) and B′
S(S). According to

Eq. (5.1), it suffices to show

B′
C(C)

B′
S(S)

= BC(C)

BS(S)

as follows:

B′
C(C)/B′

S(S) = [BC(C) ∗ B′
S(S)/BS(S)]/B′

S(S) (Algorithm 5.1)
= [BC(C)/BS(S)] ∗ B′

S(S)/B′
S(S) (Theorem 5.5)

= BC(C)/BS(S) (Theorem 5.6)
�

The purpose ofAbsorption is to bring adjacent clusters in a JT representation
into consistence. Proposition 5.13 shows that this effect is indeed achieved. That
is, two clusters areconsistentafter an absorption is performed over the separator at
each direction.

Proposition 5.13Let the separator S between two clusters C and Q be supportive.
Clusters C and Q are consistent if C absorbs from Q followed by absorption of Q
from C.

The result holds even if the potential in C changes between the two absorptions
as long as S remains supportive.

Proof: After C absorbs fromQ, denote updated potentials as follows:

B′
C(C) B′

S(S) =
∑

Q\S

BQ(Q) B′
Q(Q) = BQ(Q)

After Q absorbs fromC, denote updated potentials as follows:

B∗
C(C) = B′

C(C) B∗
S(S) =

∑

C\S

B′
C(C) B∗

Q(Q) = BQ(Q) ∗ B∗
S(S)/B′

S(S)
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Because
∑

Q\S

B∗
Q(Q) =

∑

Q\S

BQ(Q) ∗ B∗
S(S)/B′

S(S)

= [B∗
S(S)/B′

S(S)] ∗
∑

Q\S

BQ(Q) (Theorems 5.4 and 5.8)

= [B∗
S(S)/B′

S(S)] ∗ B′
S(S)

= B∗
S(S), (Theorem 5.6)

C andQ are consistent. Inasmuch as the proof depends onB′
C(C) but notBC(C),

the result holds even ifB′
C(C) changes after the first absorption. �

When C absorbs fromQ, each value inBQ(Q) is summed, and each value
in BC(C) is updated. Hence, the complexity of absorption is exponential on
max(|Q|, |C|). In other words, the complexity isO(2max(|Q|,|C|)).

5.5 Passing Belief through a Junction Tree

Proposition 5.13 suggests that, to makeT locally consistent, absorptions need to
be performed along every separator in both directions. These absorptions can be
organized into two rounds of concise message passing, as illustrated in Figure 5.6:

To start with, select a cluster arbitrarily, say,C0, and direct links ofT away from
C (white arrows). NowC0 becomes the root of the junction tree andC2 andC3

become leaves. Next,C1 absorbs fromC2 and fromC3 followed by absorption of
C0 from C1. This is aninwardmessage passing from leaves towards the root (along
black arrows). Finally,C1 absorbs fromC0 followed by absorption ofC2 from C1

and absorption ofC3 from C1. This is anoutwardmessage passing from the root
towards leaves (shown by white arrows).

The message passing can generally be described in an object-oriented fashion as
follows. The outward message passing is specified inDistributeEvidence.

b,d,e,g1

c,d,g4

a,e,g  ,h2

b,d,f,g3

C

C

1

23C

C0

Figure 5.6: Illustration ofCollectEvidenceandDistributeEvidence.
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Algorithm 5.2 (DistributeEvidence) Let Q be a cluster inT . A caller is either
an adjacent cluster orT . When the caller calls in Q, it does the following:

1. If caller is a cluster, Q absorbs from it.
2. Cluster Q callsDistributeEvidencein each adjacent cluster except caller.

In Figure 5.6,T callsC0 to startDistributeEvidence. In response,C0 callsC1.
ClusterC1 absorbs fromC0 and then callsC2 andC3. After C2 (C3) absorbs from
C1, it terminates. The inward message passing is specified inCollectEvidence.

Algorithm 5.3 (CollectEvidence) Let Q be a cluster inT . A caller is either an
adjacent cluster orT . When the caller calls in Q, it does the following:

1. Cluster Q callsCollectEvidencein each adjacent cluster except caller.
2. After each called cluster has finished, Q absorbs from it.

In Figure 5.6,T calls C0 to startCollectEvidence. In response,C0 calls C1,
which in turn callsC2 andC3. WhenC2 (C3) is called, it has no adjacent cluster
except the caller and hence returns immediately, causingC1 to absorb fromC2 (C3).
After C1 finishes,C0 absorbs fromC1 and terminatesCollectEvidence. The two
rounds of message passing are combined inUnifyBelief.

Algorithm 5.4 (UnifyBelief) T selects a cluster Q and callsCollectEvidencein
Q. After it finishes,T callsDistributeEvidencein Q.

The following theorem establishes thatUnifyBelief rendersT locally consistent.

Theorem5.14LetT be supportive. Then afterUnifyBelief,T is locally consistent.

Proof: We prove the theorem by induction on the numberk of clusters inT . The
theorem is trivially true fork = 1. Assume that it is true fork = n ≥ 1, and consider
k = n + 1. SupposeUnifyBelief is performed inT with a root Q∗. Let Q �= Q∗

be a cluster with a single adjacent clusterC. Such aQ exists becausek > 1 and
T is a tree. LetT ′ be the JT withQ removed fromT . BecauseQ is a leaf inT ,
UnifyBelief can be viewed as follows:

1. C absorbs fromQ.
2. T ′ callsUnifyBelief in Q∗.
3. Q absorbs fromC.
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Becausek = n forT ′,T ′ is locally consistent after the second step by assumption.
According to Proposition 5.13,Q andC are consistent after the third step. �

From Theorems 5.14 and 3.7, we derive the following result on the global
consistency.

Corollary 5.15 Let T be supportive. Then afterUnifyBelief, T is globally
consistent.

Theorem 5.16 tells us that the marginal distribution of any variable can be com-
puted from any cluster inT . In fact, the marginal over any subset of any cluster can
be computed effectively using the cluster potential.

Theorem5.16LetT = (T, BT (V)) be a locally consistent JT representation. Then
for each cluster X,

BX(X) =
∑

V\X

BT (V).

Proof: We prove by induction on the numberk of clusters inT . The statement
holds if k = 1. Assume that it holds whenk = n ≥ 1. Considerk = n + 1. Let Q
be a cluster with a single adjacent clusterC and their separator beS.

LetT ′ be a JT obtained by removingQ andSfromT , andV ′ = V\(Q\S). Then
T ′ = (T ′, BT ′(V ′)). From Eq. (5.1), it holds that

BT (V) = BT ′(V ′) ∗ BQ(Q)/BS(S). (5.3)

BecauseT is locally consistent, we have

∑

Q\S

BQ(Q) = BS(S) =
∑

C\S

BC(C), (5.4)

where we have assumed a unit value of all the constants for simplicity. Furthermore,

∑

Q\S

BT (V) =
∑

Q\S

BT ′(V ′) ∗ BQ(Q)/BS(S) (Eq. (5.3))

= [BT ′(V ′)/BS(S)] ∗
∑

Q\S

BQ(Q) (Theorems 5.4, 5.2 and 5.8)

(5.5)
= [BT ′(V ′)/BS(S)] ∗ BS(S) (Eq. (5.4))

= BT ′(V ′). (Theorem 5.6)
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Hence for every clusterX in T ′, we have
∑

V\X

BT (V) =
∑

V ′\X

∑

Q\S

BT (V)

=
∑

V ′\X

BT ′(V ′) (Eq. (5.5))

= BX(X). (inductive assumption)

For X = Q,
∑

V\Q

BT (V) =
∑

V ′\S

BT ′(V ′) ∗ BQ(Q)/BS(S) (Eq. (5.3))

= [BQ(Q)/BS(S)] ∗
∑

V ′\S

BT ′(V ′) (Theorem 5.8)

By recursively marginalizing out variables contained in each terminal cluster ofT ′,
we have

∑

V ′\S

BT ′(V ′) =
∑

C\S

BC(C).

Using Eq. (5.4) and Theorem 5.6, we obtain
∑

V\Q

BT (V) = [BQ(Q)/BS(S)] ∗ BS(S) = BQ(Q).
�

Letn be the number of clusters inT andq be the cardinality of the largest cluster.
UnifyBelief performs two absorptions over each separator. Hence, its complexity is
linear onn (there aren − 1 separators) and exponential onq. Using theO() notation,
we state the complexity asO(n 2q). This implies thatUnifyBelief is efficient as
long as the largest cluster is reasonably small.

The value ofq depends on both the connectivity of the original DAG dependence
structure as well as the conversion process from the DAG to the JT structure. The
connectivity of the DAG affectsq in two ways: Because for each variablev, its
family fmly(v) is completed during the moralization we have

q ≥ max
v∈V

|fmly(v)|.
That is,q is lower bounded by the size of the largest family in the DAG. Furthermore,
the number of cycles and how they are connected also affect the value ofq.

Next, consider the conversion process. The moralization step in the conversion
process is deterministic. Once the chordal structure is obtained, the number of
clusters in the JT and their cardinalities are fixed. The only step that can make
a difference is then the triangulation, where as few as possible fill-ins should be
added. Although heuristics can be used to keep the fill-ins minimal in many cases,
the general problem of finding the chordal graph with the minimal fill-ins is NP-
complete, as discussed in Section 4.6.
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To keep the valueq small, another opportunity that can be explored is to keep
the original DAG structure sparse by not including arcs that correspond to the weak
dependence. Loosely speaking, the dependence between a parent variabley and a
child variablex is weakif P(x|y) is close toP(x). In other words,y does not have
a strong influence onx, or, alternatively, knowing the value ofy does not change
one’s belief inx significantly.

5.6 Processing Observations

When the values of a subsetX of variables are observed, it is desirable to compute
P(v|X = x) for somev ∈ V . From Sections 2.3 and 3.3,

P(V |x) = P(V, x)/P(x)

can be computed by settingP(v) = 0 for each configurationv of V such thatX↓v �=
x and thennormalizingthe resultant potential. Formally, we define anobservation
on x ∈ X as a function

obs(x) =
{

1 if x = x↓x

0 otherwise.

We have

P(V |x) ∗ P(x) = P(V) ∗
∏

x∈X

obs(x).

Under the JT representation (Eq. (5.1)), this becomes

P(V |x) ∗ P(x) = BT (V) ∗
∏

x∈X

obs(x).

This equation suggests the following effective way of entering observations:

Algorithm 5.5 (EnterEvidence) Given observations X= x, for each x∈ X, find
a cluster Q inT such that x∈ Q and replace BQ(Q) by BQ(Q) ∗ obs(x).

After EnterEvidence, is performed the system potential will be

BT (V) ∗
∏

x∈X

obs(x).

If UnifyBelief is performed next, according to Theorem 5.16,P(Q|x) can be ob-
tained from each clusterQ by normalizing its potentialBQ(Q).

To summarize, given a BN, it can be converted into a JT representation by moral-
ization, triangulation, JT construction, and cluster potential assignment. Before any
observation is available,UnifyBelief can be performed in the JT. The prior proba-
bility distribution of any variablev can then be obtained by marginalization of the
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potential of any cluster that containsv. After any observationX = x is made, it can
be entered byEnterEvidence. By performingUnifyBelief once again, the posterior
probability distribution of any variablev can be obtained from any containing clus-
ter. Our goal of exact belief updating for nontree BNs by concise message passing
in a single graphical structure has now been achieved.

5.7 Bibliographical Notes

A special case of Theorem 5.8 is presented in Jensen [29] (Proposition 4.1). Another
special case of Theorem 5.8 is presented in Shafer [62] (Section 1.2, Property 2).
Absorption, CollectEvidence, andDistributeEvidencewere proposed by Jensen
et al. [30].

Alternative methods for exact belief updating with nontree BNs by concise mes-
sage passing in a single graphical structure include Shafer–Shenoy propagation
(Shafer [62]), laze propagation (Madsen and Jensen [39]), and propagation of be-
lief functions by Shafer et al. [64].

5.8 Exercises

1. Calculate the product of the following two potentials.

Two potentials for Exercise 1

(x, y, z) B1() (x, y, z) B1() (x, w, z) B2() (x, w, z) B2()

(0, 0, 0) 0.08 (1, 0, 0) 1.5 (0, 0, 0) 5.2 (1, 0, 0) 6.2
(0, 0, 1) 0.16 (1, 0, 1) 2.6 (0, 0, 1) 4.8 (1, 0, 1) 1.2
(0, 1, 0) 2.4 (1, 1, 0) 0 (0, 1, 0) 0.4 (1, 1, 0) 0
(0, 1, 1) 0.12 (1, 1, 1) 0.5 (0, 1, 1) 3.6 (1, 1, 1) 2.5

2. For the potentialsB1(x, y, z) andB2(x, w, z) given in question 1, determine ifB1(x, y, z)
is zero-consistent withB2(x, w, z).

3. Compute the quotientB3(x, y, z)/B4(x, w, z) with the potentialsB3(x, y, z) and
B4(x, w, z) given below:

Two potentials for Exercise 3

(x, y, z) B3() (x, y, z) B3() (x, w, z) B4() (x, w, z) B4()

(0, 0, 0) 0.08 (1, 0, 0) 0 (0, 0, 0) 5.2 (1, 0, 0) 0
(0, 0, 1) 0.16 (1, 0, 1) 2.6 (0, 0, 1) 4.8 (1, 0, 1) 1.2
(0, 1, 0) 2.4 (1, 1, 0) 0 (0, 1, 0) 0.4 (1, 1, 0) 3.6
(0, 1, 1) 0.12 (1, 1, 1) 0.5 (0, 1, 1) 0.2 (1, 1, 1) 2.5
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4. For the potentials given in question 3, compute
∑

w

B3(x, y, z) ∗ B4(x, w, z).

(Hint: What is the most efficient method of computation?)
5. The topology of a digital circuit is shown in Figure 5.7. Each AND gate has a 0.01 failure

rate. The failure rate for an OR gate is 0.015 and the one for a NOT gate is 0.005. When
an AND gate fails, it produces correct output 10% of the time. When an OR gate fails,
it produces correct output 40% of the time. When a NOT gate fails, it outputs correctly
70% of the time.

Construct a BN for the circuit. Use its JT representation to computeP(v|a = 1,

b = 0, h = 0) for each variablev that is unobserved.

g
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Figure 5.7: A digital circuit.

6. Proposition 5.13 allows the potential inC to change between the two absorptions but
requires that the separatorS remain supportive.

Under what situations, can a change in the potential ofC render the originally sup-
portiveSunsupportive? Demonstrate with an example.
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Multiply Sectioned Bayesian Networks

Chapters 2 through 5 studied exact probabilistic reasoning using a junction tree
representation converted from a Bayesian network. The single-agent paradigm is
followed in the study. Under this paradigm, a single computational entity, an agent,
has access to a BN over a problem domain, converts the BN into a JT, acquires
observations from the domain, reasons about the state of the domain by concise
message passing over the JT, and takes actions accordingly. Such a paradigm has its
limitations: A problem domain may be too complex, and thus building a single agent
capable of being in charge of the reasoning task for the entire domain becomes too
difficult. Examples of complex domains include designing intricate machines such
as an aircraft and monitoring and troubleshooting complicated mechanisms such
as chemical processes. The problem domain may spread over a large geographical
area, and thus transmitting observations from many regions to a central location for
processing is undesirable owing to communications cost, delay, and unreliability.

This and subsequent chapters consider the uncertain reasoning task under the
multiagentparadigm in which a set of cooperating computational agents takes
charge of the reasoning task of a large and complex uncertain problem domain.
This chapter deals with the knowledge representation. A set of five basic assump-
tions is introduced to describe some ideal knowledge representation formalisms
for multiagent uncertain reasoning. These assumptions are shown to give rise to a
particular knowledge representation formalism termedmultiply sectioned Bayesian
networks(MSBNs). This places MSBNs at a prominent position in implementing
multiagent distributed uncertain reasoning systems.

Section 6.2 defines the task of multiagent distributed uncertain reasoning.
Section 6.3 introduces basic assumptions on agent belief representation, interagent
message content, and agent organization preference. The logical implications of
these assumptions for agent communications structure is derived by applying
several results in earlier chapters to the multiagent context. Section 6.4 introduces
a basic assumption about causal modeling and derives the implication for agent

107
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communications interface. Section 6.5 combines and extends the results from
Sections 6.3 and 6.4 to derive the dependence structure of a multiagent system.
Section 6.6 introduces a basic assumption about agent knowledge complement and
consistence. Multiply sectioned Bayesian networks are shown to be the logical
consequence of the five basic assumptions. How to construct an MSBN, how to
compile it for effective multiagent belief updating, and how to perform such belief
updating by concise message passing will be presented in subsequent chapters.

6.1 Guide to Chapter 6

In this chapter we consider large and complex uncertain problem domains populated
by multiple autonomous agents. The task of agents is to determine what is the true
state of the domain so they can act upon it. To illustrate the ideas without getting into
complex details, consider atrivial digital system (Figure 6.1) of three components:
C0, C1, andC2. Note thatC0 andC1 are interfaced by signalsj andk and thatC1

andC2 are interfaced by signalsa, b, andc. Suppose that three agentsA0, A1, and
A2 are each assigned to one component. Their task is to monitor and troubleshoot
the digital system. Each agent’s knowledge is limited to one particular component
(e.g.,A0 knows only the gates and their input and output relations inC0 but knows
nothing about the internal workings ofC1 beyond its sharing the signalsj and
k; A0 does not even know the existence ofC2). Each agent’s perspective is also
limited so that it can only observe local events at the corresponding component.
For instance,A0 can observe the input and output ofg10 with a cost, but it cannot
observe the input and output ofg2 (it does not even know the existence ofg2). The
state of each gate is unobservable. The input or output of some gates may also be
unobservable. To determine the states of gates and unobservable signals, each agent
must make inferences from its local observations. Because connections between
components impose constraints on their signals, an agent may benefit from the
knowledge and observations of other agents. For example, ifj is unobservable and
A0 observesk = 0 andl = 1, then whatA1 thinks about the value ofj (perhaps
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Figure 6.1: A trivial digital electronic system of three components.
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from observations ond andk, andA1’s belief on the state ofg4) would be helpful
for A0 to determine the state ofg8. Section 6.2 elaborates on the task of distributed
uncertain reasoning by multiple agents. In the remaining part of the chapter, we
study how agents reasoning in such an uncertain environment should be organized
in their knowledge representation and communication.

The approach taken is not to offer knowledge representation formalism as a
solution that is to be taken for granted. Any such formalism must impose some
constraints so that a given representation can be verified as legal or rejected as
illegal. This is no different than the syntax of a programming language, which can
be used to accept a given program as syntactically correct or to reject it as containing
syntactic errors. A constraint, by definition, will restrict freedom in knowledge
representation and hence may be considered undesirable for some reasons. Hence,
the necessity of a constraint or a formalism cannot be determined by itself but needs
to be judged by what it can deliver (i.e., what inference can be performed once the
constraint is observed or the formalism is followed). The approach we take is then
to lay out a set of seemingly desirable requirements (termedbasic assumptions)
and to derive a knowledge representation formalism as the logical consequence of
these requirements.

As in the single-agent case, we represent the environment by a set of variables
called atotal universe. Because each agent only has a limited perspective on the
environment, this implies that each agent only has knowledge over a subset of
variables called asubdomain. For the preceding example, this means thatA0 only
has the knowledge overV0 = { j, k, l , m, n, o, g8, g9, g10}.

Section 6.3 introduces three basic assumptions. The first of these stipulates that
each agent’s belief is represented by probability. This assumption not only requires
each agent to represent its belief using a probability distribution but also to perform
belief updatingexactly. For the example above, this means that the belief ofA0

over the state ofC0 should be represented asP0(V0). After d = 0 is observed
by A1 and communication betweenA0 and A1 takes place,A0’s belief should be
P0(V0|d = 0).

The second basic assumption requires an agent to communicate directly with
another agent only with aconcisemessage: its belief over the variables they share.
Hence,A0 can communicate directly withA1 only with P0( j, k), and A0 cannot
communicate directly withA2 because the two share no common variables. This
basic assumption is consistent with the autonomy of agents. An agent needs to know
nothing beyond its subdomain. Because each agent knows nothing beyond its sub-
domain, the only thing that can be exchanged is the belief on the common variables.

In Chapter 3, we have shown that exact belief updating cannot be achieved
with concise message passing in cluster graphs with nondegenerate cycles. If we
construct a cluster graph in which each cluster is the subdomain of an agent and
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{j, k} {a,b,c}V V V0 1 2

Figure 6.2: A cluster graph modeling the three-agent system.

each link is a nonempty intersection of two clusters it connects, then this cluster
graph models the communication pathways of a multiagent system. For instance, the
cluster graph in Figure 6.2 models the communication pathways of the three-agent
system. The link〈V0, V1〉 signifies the direct communication path betweenA0 and
A1, and the path〈V0, V1, V2〉 signifies the indirect communication path betweenA0

andA2. Because cluster graphs model agent communication precisely, our analysis
in Chapter 3 is directly applicable to multiagent communication. The third basic
assumption requires that a simpler agent organization is preferred in which agent
communication by concise message passing is achievable. According to the result
from Chapter 3, it follows that a tree-organization for agent communication should
be adopted.

Section 6.4 introduces the fourth basic assumption. It requires each agent to
represent its subdomain dependence as a DAG. As demonstrated in Chapter 2, a
DAG allows the agent’s belief over a subdomain to be encoded concisely (through
the chain rule). Hence, this assumption is a requirement about efficiency.

The first basic assumption requires each agent to represent its belief over its
subdomain with a probability distribution. In theory, a JPD can also be defined over
the total universe. What should be the relation between the JPD and each agent’s
belief over its subdomain? Section 6.6 introduces the fifth basic assumption, which
requires the JPD to be consistent with each agent’s belief over its subdomain. The
assumption enforces cooperation among agents and interprets the JPD thus defined
as thecollective beliefof all agents. In other words, the collective belief reflects the
expertise of each agent within its subdomain and supplements the agent’s limited
local knowledge outside its subdomain.

From the five basic assumptions, Sections 6.3 through 6.6 derive stepwise the
constraints that logically follow from them. Collectively, these constraints specify a
knowledge representation formalism called multiply sectioned Bayesian networks
(MSBNs). We illustrate the MSBN constructed for the three-agent example of
Figure 6.2. Like a BN, an MSBN has its structural part. Each agent represents
the dependence structure in its subdomain as a local DAG (G0, G1, andG2 in
Figure 6.3). The union of these local DAGs should be a connected DAG, as is the
case in Figure 6.3 (although the union operation will never be performed in practice).
The local DAGs should be organized into a tree such as the one in Figure 6.2 with
eachVi replaced byGi . This tree organization dictates the pathways of agent
communication. A node shared by multiple local DAGs may have parent nodes in
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Figure 6.3: Local DAGs of the three-agent system.

several of them. All these parent nodes should be contained in at least one of the
local DAGs. For instance, nodej has parentk in G0 and parentsk, d, andg4 in G1.
All of them are contained inG1. The numerical part of the MSBN is very similar
to that of a BN. To quantify the strength of probabilistic dependence, each node in
the graphical structure is associated with a probability distribution conditioned on
its parent variables. The exception is that, for each node shared by multiple agents,
only one of its occurrences is associated with a conditional probability distribution.
Figure 6.4 shows the conditional probability distributions associated with the local
DAGs. Note that only one of the two occurrences of nodej is assigned a conditional
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probability distribution. The collective belief of the multiagent system, the JPD, is
then defined by the product of all such distributions.

6.2 The Task of Distributed Uncertain Reasoning

So far, we have considered modeling and inference using Bayesian networks under
the single-agent paradigm. That is, a single reasoner holds a centralized knowl-
edge representation, gathers observations about the domain, and reasons about the
domain through a centralized inference computation. As discussed in Section 1.4,
the larger and more complex the problem domain considered becomes the more
difficult it is to use the single-agent paradigm. In the context of BNs, these prob-
lems include difficulty in constructing and maintaining a very large network as a
single unit, the cost of transmitting observed variable values to a central location
and the associated time delay and unreliability (due to communication failures),
and the computational expense of belief updating in the large network. One solution
is to explore the natural distribution of knowledge and sensors, and to distribute
modeling and inference accordingly using the multiagent paradigm.

First, let us rephrase the uncertain reasoning task under the multiagent paradigm.
Consider a large uncertain domain populated by multiple autonomous agents. The
agents’ task is to determine the true state of the domain so they can act upon it.
We can still describe the domain with a set of variables, as in the single-agent
paradigm. However, owing to the knowledge distribution and sensor distribution,
each agent only has knowledge about a subset of variables, can only observe and
reason about variables within the subset, and can only act to control variables within
the subset. Clearly, to benefit from the knowledge and observations of others, agents
must communicate. How can agents cooperate to accomplish the task with the least
amount of communication?

To make the task concrete, consider a system of five components that may be
remotely located. As shown in Figure 6.5, each component is interfaced with one or
more additional components. The system may be mechanical, electrical, or chem-
ical. It may be natural or man-made. We consider here a digital electronic system
because no special domain knowledge from readers is required to comprehend the
details. Figures 6.6 through 6.10 depict each of the five componentsC0 through

2 C4

C3

C0 1CC

Figure 6.5: A system of five components.
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C4, and Figure 6.11 presents an integrated view of the entire system in which
components are shown in dashed boxes.

Our purpose is to use this digital system to illustrate many issues arising in
uncertain reasoning in multiagent systems. By making all devices in the system
explicit, readers can better appreciate the technical issues to be presented and can
verify the results manually. This will not be possible if, instead, a huge system is
used with many details omitted. On the other hand, in practice, a digital system on
the scale of the preceding example can easily be handled by a centralized monitoring
agent. For instance, Bayesian networks with hundreds of variables have been built
(e.g., Pradhan et al. [56] and Pfeffer et al. [53]). A multiagent system should be
capable of handling problem domains of even higher complexity. Therefore, the
foregoing example is not a reflection of the scale of the problems that we set out to
deal with. Readers should keep this in mind because many of the examples used in
the remaining chapters of the book apply the same compromise.

Each component can be associated with a computational agent responsible for
monitoring and troubleshooting a given component. The agent can acquire local
observations from sensors and reason about the values of unobservable variables in
the component. Because components are interfaced with each other, observations
obtained by other agents may be valuable to a given agent in reasoning about its
local component. For instance, consider the part of the digital system depicted in
Figure 6.12, which involves three componentsC1, C2, andC3. Let the components
be monitored by agentsA1, A2, and A3, respectively. Normally, the state of each
gate is unobservable. That is, whether or not a gate is normal or faulty cannot be
directly observed and can only be inferred from its input and output. Suppose that
the outputw0 of the AND gated1 and the outputz4 of the NOT gatet8 are also
unobservable (or cannot be observed under an affordable cost). NowA2 is unable
to determine whether the gated1 is functioning correctly after the inputss0 andu0

are observed. However, suppose that agentA1 can observei0 andn0 and that agent
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A3 can observeq1. Then, by communicating withA1 andA3, agentA2 will be able
to reduce its uncertainty about the gated1 and can sometimes reach a high level of
certainty.

As a concrete scenario, suppose thatA2 observess0 = 0 andu0 = 1, where 0
and 1 are logical signal levels (see Figure 6.13). Based on the knowledge about
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Figure 6.13: AgentsA1, A2, andA3 make observations at the corresponding components.
Each arrow goes from an observable variable to an observing agent. The observed logical
value is labeled beside the arrow head.
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AND gates,A2 expectsw0 to be 0 andz4 to be 1 if gatesd1 and t8 are normal.
AgentA2 cannot confirm the state ofd1 andt8 becausew0 andz4 are unobservable.
Suppose thatA1 observesi0 = 1 andn0 = 0. If gateg7 is normal,A1 will expectz4

(also unobservable forA1) to be 0: a belief in conflict with that ofA2. Suppose that
A3 observesq1 = 0. If gated5 is normal,A3 will expectw0 (also unobservable for
A3) to be 1, which is another belief conflicting with that ofA2. However, without
communication among the three agents, the conflicts will not be realized.

Now suppose thatA2 communicates with the other two agents about their indi-
vidual belief on shared variables:z4 betweenA1 and A2 andw0 betweenA2 and
A3. The conflicts will now be perceived. Clearly, the observations imply that it is
impossible for all gates to be functioning normally, as originally believed. Several
hypotheses, however, exist. One hypothesis is thatd1 is normal and produces 0,z4

is normal and produces 1, but gatesg7 andd5 are both faulty. Another hypothesis is
thatd1 is faulty and produces 1 and all other gates are normal. If gates break down
independently with small probabilities, as is usually the case, the second hypothesis
(one faulty gate) is much more likely than the first one (two faulty gates). Therefore,
unless there are observations in the rest of the digital system that provide additional
support to the first hypothesis, the agents should believe the second hypothesis
much more than the first. On the basis of that belief,A2 perhaps would either sound
an alarm aboutd1 (which requires little additional hardware resources), or activate
a backup circuit (which requires significantly more additional resources) to replace
d1.

Our objective is to develop a computational framework that will allow such
multiagent uncertain reasoning to be performed. In the following sections, we
specify several basic assumptions about the multiagent reasoning task and derive a
representation formalism, MSBNs, as the logical consequence of these assumptions.
The termcommunicationwill be used to refer to any exchange of messages, directly
or indirectly, between two or more agents.

6.3 Organization of Agents during Communication

Following Bayesian probability theory, we assume that each agent represents its
belief about the problem domain in terms of a probability distribution.

Basic Assumption 6.1Each agent’s belief is represented by probability.

We also interpret Basic Assumption 6.1 as requiring belief updating to be performed
exactly (versus approximately).

We consider a total universeV of variables over which a multiagent system made
of n > 1 agentsA0, . . . , An−1 is defined. EachAi has knowledge over aVi ⊂ V ,
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called thesubdomainof Ai . Note that∪i Vi = V . From Basic Assumption 6.1, the
knowledge ofAi is a probability distribution overVi denoted byPi (Vi ).

We take it for granted that for agentsAi and Aj to communicatedirectly they
must share some variables, that is,Vi ∩ Vj �= ∅. We will refer to Vi ∩ Vj as the
interfacebetween agentsAi andAj . To minimize communication, we allow agents
to exchange only their belief on the interface. Although an agent can communicate
directly only through an interface, it can influence another agent byindirect com-
munication through a sequence of direct communications over a set of intermediate
agents. In a multiagent system, each agent’s belief should potentially be influential
in any other, directly or indirectly; otherwise, the system can be split in two. We
express these considerations in the following basic assumption.

Basic Assumption 6.2An agent Ai can in general influence the belief of each other
agent through direct or indirect communication but can communicatedirectly to
another agent Aj only with Pi (Vi ∩ Vj ) where Vi ∩ Vj �= ∅.

Basic Assumption 6.2 requiresconcise(versusmassive) messages,Pi (Vi ∩ Vj ),
to be passed between agents. Note that it is implied thatAi can also commu-
nicate directly withAj by receivingPj (Vi ∩ Vj ) from the latter. To distinguish
this communication from the message sent between nodes or clusters in earlier
chapters, we refer to it as aninternal messageor simply i-message, and we re-
fer to Pi (Ni ∩ Nj ) as anexternal messageor simplye-message. Accordingly, we
term direct communication between agentse-message passing. Note that both
i-messages and e-messages areconcisemessages (versusmassivemessages in
Section 2.8).

Consider the digital system example. According to the physical division of com-
ponents, the subdomain for agentA0 is

V0 = {a0, b0, c0, e0, f0, g1, g2, g3, g4, s1, v1, v4, w6, x3, z2},
and the subdomain for agentA1 is

V1 = {e0, g0, g5, g7, g8, g9, i0, k0, n0, o0, p0, q0, r0, t1, t2, v5, w7,

y1, y2, z1, z2, z3, z4}.
The two subdomains share variables

V0 ∩ V1 = {e0, z2},
because they are the output of componentC1 into componentC0. Such subdo-
main division, entirely determined by the physical component division, although
sometimes preferred, is less general and inflexible.



6.3 Organization of Agents during Communication 119

g g

g

g

3 4

2

1

a0

w6

z2

e0 0

b0

v v4 1

c

f 0

U0 x3
1s

Figure 6.14: Virtual componentU0 of the digital system.

Subdomain division does not have to be bounded by the actual physical division.
Some physical devices (gates in the example) in one component can be “virtually”
represented in subdomains associated with other components. This more general
representation is sometimes preferred because it is desirable to share certain vari-
ables among agents beyond the physical input or output. It may also help to achieve
certain technical properties, as will be seen in the later chapters (e.g., Section 10.6).
We will demonstrate this more general subdomain division with the understanding
that one can always apply the more restrictive physical division if such generality is
not needed. Figures 6.14 through 6.17 depict the “virtual” componentsU0 through
U3.

The virtual componentU0 is identical to the physical componentC0. For the
convenience of comparison withU1, we reproduceU0 here. The virtual component
U1, however, differs from its physical counterpartC1. The “virtual” devices are
indicated by a dashed box. Similarly, virtual componentsU2 andU3 also contains

U

t1

g

g5

7

g

g

2

1

g8

t2

y

y

1

2

w7

z

z

z

1

3

2

q0

p0

k0

e0 0

b0

v5

c

f 0

n0

1

g0

x3

a0

i 0

z4 o0 r0
g9

Figure 6.15: Virtual componentU1 of the digital system.



120 Multiply Sectioned Bayesian Networks

1

2j

t7

t4

t6

t9

t8

t0

g7 g8

t2y2

t3

d

d

d2 d

4

1

3

w w

w

w

8

5

2

9

z
z5

4

x4

i 2

x0

o0x5
s0

q0

p0

k0

v6
s2

2h

e2

n0

k1

w0

i 0

i

v7

y0 u0

a2

2b

r0
g9

1f

z0

U2

t5

y4

Figure 6.16: Virtual componentU2.

virtual devices. The virtual componentU4 is identical to the physical component
C4 and hence is not shown. Note that an agent cannot observe a virtual signal. If
a signal is represented in more than one component, only its physical occurrence
may be observable. For example, the signalu0 is physically present in component
C2 but is represented in both virtual componentsU2 andU3. Only the agentA2 (but
not A3) may observe the value ofu0 if the signal is observable. The subdomain
division using the virtual components is summarized in Table 6.1. The resultant
agent interfaces are summarized in Table 6.2.

Pathways for e-message passing can be represented by a junction graph
(Section 3.2)H = (V, �, E), where� = {Vi |i = 0, . . . , n − 1}, and

E = {〈V1, V2〉|V1, V2 ∈ �, V1 �= V2, V1 ∩ V2 �= ∅}.
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Table 6.1:Subdomains of digital system monitoring agents

Agent Component Subdomain

A0 U0 V0 = {a0, b0, c0, e0, f0, g1, g2, g3, g4, s1, v1, v4, w6, x3, z2}
A1 U1 V1 = {a0, b0, c0, e0, f0, g0, g1, g2, g5, g7, g8, g9, i0, k0, n0,

o0, p0, q0, r0, t1, t2, v5, w7, x3, y1, y2, z1, z2, z3, z4}
A2 U2 V2 = {a2, b2, d1, d2, d3, d4, e2, f1, g7, g8, g9, h2, i0, i1, i2,

j2, k0, k1, n0, o0, p0, q0, r0, s0, s2, t0, t2, t3, t4, t5,
t6, t7, t8, t9, u0, v6, v7, w0, w2, w5, w8, w9, x0, x4, x5,
y0, y2, y4, z0, z4, z5}

A3 U3 V3 = {a2, b2, d1, d2, d3, d5, d6, d7, d8, l1, n1, o1, p1, q1, s0,
u0, w0, x0, y0, z0}

A4 U4 V4 = {d0, d9, e2, g6, h2, i2, j2, l2, m2, n2, o2, q2, t4, t5, t7,
w2, x4, y4, z5}

Each separator inH represents a pathway for direct interagent communication.
Each path of length greater than 1 represents a pathway for indirect communication.
We will refer to H as acommunications graph. Figure 6.18 shows the communi-
cations graph for the digital system monitoring agents.

Although this graph turns out to be a tree, it is not the case in general. For instance,
the virtual componentU2 may alternatively be defined asU ′

2 shown in Figure 6.19.
The additional virtual device and signal are shown in the shaded area. This addition
not only enlarges the interface betweenA1 andA2 into

I ′
1,2 = {g0, g7, g8, g9, i0, k0, n0, o0, p0, q0, r0, t2, y2, z2, z4},

where the new elements are underlined, but also creates a new interface between
A0 andA2,

I ′
0,2 = {z2}.

The communications graph, afterU2 is replaced byU ′
2, is shown in Figure 6.20.

Table 6.2:Agent communication interfaces

Agents Interface

A0 vs A1 I0,1 = {a0, b0, c0, e0, f0, g1, g2, x3, z2}
A1 vs A2 I1,2 = {g7, g8, g9, i0, k0, n0, o0, p0, q0, r0, t2, y2, z4}
A2 vs A3 I2,3 = {a2, b2, d1, d2, d3, s0, u0, w0, x0, y0, z0}
A2 vs A4 I2,4 = {e2, h2, i2, j2, t4, t5, t7, w2, x4, y4, z5}
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Figure 6.18: The communications graph for digital system monitoring.

Because each agent’s belief can potentially be influential in any other agent’s
belief, directly or indirectly,H is connected. This analysis is summarized in
Proposition 6.1.

Proposition 6.1 Let H be the communications graph of a multiagent system that
observes Basic Assumptions 6.1 and 6.2. Then H is connected.

The communications graph of a multiagent system is graph-theoretically equiv-
alent to the cluster graph we investigated in Chapter 3 for single-agent i-message
passing, as summarized in Table 6.3. This equivalence is important, for it makes
several results on cluster graphs in earlier chapters directly applicable to commu-
nications graphs, as we shall see later. On the other hand, communications graphs
and cluster graphs are semantically different. A subdomain in a communications
graph is at the abstraction level of an agent, but a cluster in a cluster graph is at
the subagent abstraction level. This difference leads to several new opportunities
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V0 V1 V2 V4

V3

Figure 6.20: The communications graph for digital system monitoring after the virtual
componentU2 is redefined asU ′

2.

as well as issues that are unique for multiagent systems, which will be explored in
this and subsequent chapters.

First, the graph-theoretical equivalence allows us to apply Corollary 3.5 directly
to the multiagent communication and arrive at the following conclusion: In general,
belief updating of multiple agents cannot be achieved in a communications graph
with nondegenerate cycles, no matter how e-message passing is performed. Al-
though communications graphs with strong degenerate cycles and some with weak
ones admit belief updating by e-message passing, these communications graphs
can be substituted by cluster trees. Section 3.6 shows that substitution of cluster
trees for cluster graphs with degenerate cycles do not affect belief updating. This
implies that multiagent belief updating can be achieved by organizing e-message
passing in a cluster tree of the communications graph. Because the cluster tree
is the simplest subgraph retaining connectedness, computation is more efficient.
Hence, we prefer a simpler organization of agents when degenerate cycles exist in
the communications graph.

Basic Assumption 6.3A simpler agent organization (as a subgraph of the com-
munications graph) is preferred.

From the equivalence of communications graph and cluster graph and the anal-
yses in Sections 3.5 and 3.6, it follows that agents and their subdomains should be
organized into atree, as summarized in Proposition 6.2.

Proposition 6.2 Let a multiagent system be one that observes Basic Assump-
tions 6.1 through 6.3. Then a tree organization of agents must be used for commu-
nicating of beliefs.

Table 6.3:Correspondence between a
cluster graph and a communications graph

Cluster graph Communications graph

domain total universe
cluster subdomain
separator interface
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Figure 6.21: Junction tree organizations for agent communication.

Theorem 3.7 in Section 3.7 has established that local consistence in a cluster
tree ensures global consistence if and only if the cluster tree is a junction tree. The
i-message passing in a cluster tree can be used to achieve local consistence between
adjacent clusters (over their separator belief). Similarly, e-message passing can be
used to achieve consistence between adjacent agents (over their interface belief) in
their tree organization. Given the equivalence of communications graph and cluster
graphs, the result from Theorem 3.7 implies that consistence between adjacent
agents ensures consistence among all agents if and only if the agents are organized
into a junction tree. This is summarized in Proposition 6.3.

Proposition 6.3 Let a multiagent system be one that observes Basic Assumptions
6.1 through 6.3. Then a junction tree organization of agents must be used for
communicating beliefs.

The junction tree organization of agents for monitoring the digital system is
shown in Figure 6.21 with subdomains and interfaces specified in Tables 6.1 and
6.2. The junction tree in (a) corresponds to virtual componentsU0 throughU4, and
the one in (b) corresponds to virtual components withU2 replaced byU ′

2. Note that
(a) is isomorphic to the communications graph in Figure 6.18 because it is itself a
junction tree. On the other hand, (b) isnot isomorphic to the communications graph
in Figure 6.20. Note that the cycle in Figure 6.20 is a weak degenerate cycle and
must be broken at the separator betweenV0 andV2, which produces Figure 6.21(b).
When agents are organized into a junction tree, we refer to a pair of agents as being
adjacentaccording to their topological locations on the junction tree. For instance,
agentsA2 andA4 are adjacent in the organization of Figure 6.21.

6.4 Agent Interface

Each link in a tree splits the tree into two subtrees. Given our commitment to
a junction tree agent organization (Proposition 6.3), it follows that the interface
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between each pair of adjacent agents forms the unique communications channel
between the two groups of agents each located in one subtree. LetZ denote any
interface,X represent the union of all subdomains of one subtree induced by the
interface excludingZ, andY signify the union of all subdomains of the other subtree
excludingZ. By Basic Assumption 6.2,P(Z) is the only information that can be
directly communicated betweenX andY. Note that because we are concerned with
Z as the interface betweenX andY, we can safely ignore the distribution ofX
(or Y) among multiple agents. This abstraction makes Proposition 4.5 immediately
applicable. It implies that, with other conditions satisfied (namely, withP(X, Y, Z),
P(X, Z), andP(Y, Z) properly defined, which will be discussed in Section 6.6), in
order to perform belief updating by e-message passing over interface, the interface
Z must renderX andY conditionally independent, that is,I (X, Z, Y) must hold.
This is summarized in the following proposition.

Proposition 6.4 Let a multiagent system be one that observes Basic Assumptions
6.1 through 6.3. Then each interface in the tree organization must render subdo-
mains in the two induced subtrees conditionally independent.

Proposition 6.4 essentially imposes asemanticconstraint on how to divide the
total universe into subdomains among agents. Although satisfaction of the restraint
cannot be guaranteed entirely through syntactic means, it does imply certain syn-
tactic constraints, as will be seen.

In a complex domain, each subdomain can still be large, and hence the represen-
tation using a graphical model is justified. We assume that a DAG is used to structure
the agent’s knowledge about a subdomain. In other words, we are committed to
causal modeling of the agent’s knowledge.

Basic Assumption 6.4A DAG is used to structure each agent’s knowledge.

Note that this assumption is not essential. For example, a JT representation of the
subdomain knowledge can also be used. In Chapter 7, the local DAG representation
of each agent will be converted into a JT representation for effective inference in
a way similar to the conversion studied in Chapter 4. Because knowledge acquisi-
tion can be performed more compactly using the DAG structure, we will use this
approach here.

A DAG model admits a causal interpretation of dependence. Once we adopt it
for each agent, we must adopt it for the joint representation of all agents.

Proposition 6.5 Let a multiagent system be one that observes Basic Assumptions
6.1 through 6.4. Then each subdomain Vi is structured as a DAG over Vi , and the
union of these DAGs is a connected DAG over V .
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Proof: If the union of subdomain DAGs is not a DAG, then it has a directed
cycle. This contradicts the causal interpretation of individual DAG models. The
connectedness is implied by Proposition 6.1. �

To avoid confusion, we refer to a DAG defined over a subdomain as alocal DAG
and to the union of local DAGs as theDAG unionof the multiagent system.

We are committed to conditionally independent agent interfaces and DAG sub-
domain modeling. As interface variables are embedded in subdomain DAGs, what
topological constraint must they satisfy, if any? Recall from Section 4.4 that the
graphical dependence structure should be an I-map of the problem domain. To
encode the conditional independence induced by each agent interface, that is,
I (X, Z, Y), the interface variables should graphically separateX andY in the DAG
union, that is,〈X, Z, Y〉. For directed graph structures, the criterion for graphical
separation is d-separation (Section 4.2). It then follows thatZ should d-separateX
andY. We define the concept of ad-sepsetbelow and show that each agent interface
should be a d-sepset.

Definition 6.6 Let Gi = (Vi , Ei ) (i = 0, 1)be two DAGs such that G= G0 � G1 is
a DAG. A node x∈ I = V0 ∩ V1 with its parentsπ (x) in G is ad-sepnodebetween
G0 and G1 if eitherπ (x) ⊆ V0 or π (x) ⊆ V1. If every x∈ I is a d-sepnode, then I
is ad-sepset.

Figure 6.22 illustrates the d-sepset concept. The agent interface is{e, f }. For the
shared variablef , we haveπ ( f ) = {c, e} andπ ( f ) ⊂ V0. Hence,f is a d-sepnode.
Fore, we haveπ (e) = {a, d},π (e) �⊂ V0 andπ(e) �⊂ V1. Hence,eis not a d-sepnode
and{e, f } is not a d-sepset. If, however, the arc (a, e) in G0 were reversed, then
{e, f } would be a d-sepset.

Note also that the condition

eitherπ (x) ⊆ V0 or π (x) ⊆ V1

1G0G
...

...

... ...

...

e

c

d

e

f
f

a

g h

Figure 6.22: An agent interface{e, f } that is not a d-sepset. Each box represents the DAG
of one agent. Dots represent additional variables not shown explicitly.
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in Definition 6.6 defines adisjunctionand is true if

π (x) ⊆ V0 and π (x) ⊆ V1.

For instance, if the arc (c, f ) in Figure 6.22 were reversed, then we would have
π ( f ) = {e}, π ( f ) ⊂ V0, andπ ( f ) ⊂ V1. The nodef would still be a d-sepnode.
Similarly, if the arcs (a, e) and (d, e) were both reversed, we would haveπ (e) = ∅,
π (e) ⊂ V0 andπ (e) ⊂ V1. The nodee would become a d-sepnode.

The following proposition establishes that each agent interfaceZ should be a
d-sepset.

Proposition 6.7 Let Gi = (Vi , Ei ) (i = 0,1)be two DAGs such that G= G0 � G1

is a DAG. Then V0\V1 and V1\V0 are d-separated by I= V0 ∩ V1 if and only if I
is a d-sepset.

Proof: [Sufficiency] SupposeI is a d-sepset. Letρ be a path betweenV0\V1 and
V1\V0 such that all nodes in one side ofρ belong toV0\I , all nodes on the other
side belong toV1\I , and one or more adjacent d-sepnodes inI are in between.
It suffices to show that every such path is closed byI . Everyρ has at least one
d-sepnode. By Definition 4.2, if one d-sepnode onρ is tail-to-tail or head-to-tail,
thenρ is closed byI .

Consider the case in whichρ has only one d-sepnodex. We show thatx cannot be
head-to-head onρ. Supposex is head-to-head with parentsy andz onρ. Because
x is the only d-sepnode onρ, neithery nor z is shared byV0 andV1, say,y ∈ V0

andz ∈ V1. This means{y, z} �⊂ V0 and{y, z} �⊂ V1, which implies thatx is not a
d-sepnode: a contradiction. Hence,x is either tail-to-tail or head-to-tail onρ.

Next, consider the case in whichρ contains at least two d-sepnodes. We show
that one of them cannot be head-to-head onρ. Pick two d-sepnodesx andy on ρ

that are adjacent. Such d-sepnodes do exist because of the wayρ is defined. Thex
andy are connected either by (x, y) or by (y, x). In either case, one of them must
be a tail.

[Necessity] Suppose there existsx ∈ I with distinct parentsy andz in G such
thaty ∈ V0 but y �∈ V1, andz ∈ V1 butz /∈ V0. Note that the condition disqualifiesI
from being a d-sepset, and this is the only way thatI may become disqualified. Now
y andz are not d-separated byx and henceV0\V1 andV1\V0 are not d-separated
by I . �

Proposition 6.7 gives us a syntactic rule to detect if an agent interface does
not conform to the conditional independence requirement. The d-sepset constraint
disallows interface variables such ase in Figure 6.22. This can be understood as
follows: When the value ofeor any descendant ofe (e.g.,h) is observed, it induces
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dependence betweena andd. Now knowing the value ofd can change an agent’s
belief ona. That is, the information on the interface{e, f } is no longer sufficient
for one agent to inform the other.

In summary, the d-sepset constraint is necessary (and syntactically sufficient)
to ensure correct e-message passing in all possible observation patterns. This con-
straint may be relaxed if certain observation patterns will never occur. We will leave
this possibility for speculation.

6.5 Multiagent Dependence Structure

So far, we have made four basic assumptions about agent belief, interagent message
passing, preference of simpler agent organization, and causal modeling. We have
shown that several representational constraints follow logically from these assump-
tions, including connectivity of agent communications graph, junction tree agent
organization, and d-sepset agent interface. These basic assumptions and logical
consequences collectively dictate a multiagent dependence structure at two levels:
the agent level modeling and the society–system level organization. We introduce
thehypertreenotion to describe the relation between the two levels.

Definition 6.8 Let G = (V, E) be a connected graph sectioned into subgraphs
{Gi = (Vi , Ei )}. Let the Gi s be organized as a connected tree
, where each node
is labeled by a Gi and each link between Gk and Gm is labeled by the interface
Vk ∩ Vm such that for each i and j, Vi ∩ Vj is contained in each subgraph on
the path between Gi and Gj in 
. Then
 is a hypertreeover G. Each Gi is a
hypernode, and each interface is ahyperlink.

An example hypertree is shown in Figure 6.23.
A node inG may be shared by more than two subgraphs. To ensure d-separation

by interfaces, we need to extend the d-sepset definition in Section 6.4, which is
based only on apair of subgraphs. Consider Figure 6.24 in whichG is sectioned
into {Gi |i = 0, . . . , 4}. Each hyperlink in
 satisfies Definition 6.6 for a d-sepset.
However, letX = {q, r }, Z = { j, k, l }, andY = V\{ j, k, l , q, r }; then,〈X, Z, Y〉G

does not hold according to d-separation, because the path〈p, j, q〉 is rendered open
by Z as well as the path〈i, j, q〉. Such agent interfaces are problematic. For instance,
the message thatA4 can send toA3 is P4( j, k, l ) by Basic Assumption 6.2. Ifj ,
k, l , andq are all observed byA4, then the message is identical no matter what
value ofq is observed. However, becausei andq are not d-separated byZ and
henceI (i, Z, q) does not hold,A2’s belief on i should in general be different
when a different value ofq is observed byA4. The agent interfaces fail in this
case.
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Figure 6.23: Here
 in (a) is a hypertree overG in (b), which is sectioned into subgraphs
in (c).

To avoid such failure, we may extend Definition 4.2 in an obvious manner and
require the agent interface to satisfy the following condition:

Condition 6.9 Let G be a directed graph such that a hypertree over G exists. A
node x contained in more than one subgraph in G must be such that for every pair
of subgraphs Gi and Gj that contain x with the parentsπi j (x) in Gi � G j , either
πi j (x) ⊆ Vi or πi j (x) ⊆ Vj .

Apply this condition to the example in Figure 6.24. AlthoughG0 andG4 are not
adjacent on the hypertree
, they are now subject to the test of whether

π04( j ) ⊆ V0 or π04( j ) ⊆ V4

holds. Becauseπ04( j ) = {i, p, q}, neitherπ04( j ) ⊆ V0 norπ04( j ) ⊆ V4 holds, and
hencej is not a valid interface node.

Although problematic agent interfaces such as those in Figure 6.24 are invali-
dated by Condition 6.9, the condition is too strong and disallows some valid agent
interfaces. Consider the hypertree DAG union in Figure 6.25. The nodex is shared
by all three subgraphs. Its parents inG0 andG1 areπ01(x) = {y, z}, and neither
π01(x) ⊆ V0 norπ01(x) ⊆ V1 holds. That is,x does not satisfy Condition 6.9.
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Figure 6.24: Here
 in (a) is a hypertree overG in (b), which is sectioned into subgraphs
in (c).

On the other hand, the agent interfaceI1,2 = {x, z} d-separatesV1\I1,2 and
(V0 ∪ V2)\I1,2, and the agent interfaceI0,2 = {x, y} d-separatesV0\I0,2 and
(V1 ∪ V2)\I0,2. BecauseG1 − G2 − G0 is the only possible hypertree given the
graph sectioning,A0 can only communicate indirectly withA1 throughA2. Hence,
the agent interfaces are valid with respect to Proposition 6.4 (if the graph depen-
dence structure is an I-map).

To avoid invalidating agent interfaces such as those in Figure 6.25, Condition 6.9
needs to be weakened. The following Proposition 6.10 establishes a necessary
condition of Condition 6.9, which turns out to define the d-sepset on a hypertree
properly.
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Figure 6.25: GraphG (a) is sectioned into subgraphs (b) with the hypertreeG1 − G2 − G0.

Proposition 6.10Let G be a directed graph satisfying Condition 6.9. Then for each
node x contained in more than one subgraph, there exists a subgraph that contains
all the parentsπ (x) of x in G.

Proof: We prove by contradiction. Suppose that Condition 6.9 holds inG, but for a
givenx, there exists no single subgraph containingπ (x). Theny, z ∈ π (x) and two
subgraphsGi andG j exist such thaty ∈ Vi , z ∈ Vj , y �∈ Vj , andz �∈ Vi . Clearly,
y, z ∈ πi j (x). Hence, we have found a pair of subgraphsGi andG j such that neither
πi j (x) ⊆ Vi norπi j (x) ⊆ Vj , which contradicts Condition 6.9. �

Using the weaker condition in Proposition 6.10, we extend the d-sepset in a
hypertree as follows:

Definition 6.11 Let G be a directed graph such that a hypertree over G exists.
A node x contained in more than one subgraph with its parentsπ (x) in G is a
d-sepnodeif there exists one subgraph that containsπ (x). An interface I is a
d-sepsetif every x∈ I is a d-sepnode.

Definition 6.11 classifies the two representative hypertree DAG unions above
correctly. According to the definition, not all agent interfaces in Figure 6.24 satisfy
the d-sepset condition, for there is no subgraph containing all parents of nodej . On
the other hand, the agent interfaces in Figure 6.25 satisfy the d-sepset condition be-
causeG2 contains all parents ofx in G, G0 contains all parents ofy, andG1 contains
all parents ofz. The following theorem establishes in general that Definition 6.11 is
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both necessary and sufficient. It is a generalization of Proposition 6.7 to a hypertree
DAG union.

Theorem 6.12Let
 be a hypertree over a directed graph G= (V, E). For each
hyperlink I that splits
 into two subtrees over U⊂ V and W⊂ V , respectively,
U\I and W\I are d-separated by I if and only if each hyperlink in
 is a d-sepset.

Proof: [Sufficiency] Assume that each hyperlink is a d-sepset. We show that for
any given hyperlinkI , U\I andW\I are d-separated byI .

Letρ be a path betweenU\I andW\I such that all nodes on one side ofρ belong
to U\I , all nodes on the other side belong toW\I , and one or more adjacent nodes
in I are in between. It suffices to show that every such path is closed byI . Everyρ

has at least one d-sepnode. By Definition 4.2, if one d-sepnode onρ is tail-to-tail
or head-to-tail, thenρ is closed byI .

Consider the case in whichρ has only one d-sepnodex. We show thatx cannot be
head-to-head onρ. Supposex is head-to-head with parentsy andz onρ. Because
x is the only d-sepnode onρ, neithery nor z is shared byU andW, say,y ∈ U
andz ∈ W. This means{y, z} �⊂ U and{y, z} �⊂ W. Given thatx is a d-sepnode,
there exists a subgraphGk that containsπ (x). Inasmuch asGk is either located in
the subtree overU or the subtree overW, eitherπ (x) ⊂ U or π (x) ⊂ W holds.
Because{y, z} ⊆ π (x), it follows that either{y, z} ⊂ U or {y, z} ⊂ W must hold,
which is a contradiction. Hence,x is either tail-to-tail or head-to-tail onρ.

Next, consider the case in whichρ contains at least two d-sepnodes. We show that
one of them cannot be head-to-head onρ. Pick two d-sepnodesx andy on ρ that
are adjacent. Suchx andy do exist owing to the wayρ is defined. Thex andy are
connected either by (x, y) or by (y, x). In either case, one of them must be a tail node.

[Necessity] Assume that every hyperlink d-separates the two subtrees. We show
that each hyperlink is a d-sepset by contradiction.

Suppose that there exists a shared nodex such that no subgraph containsπ (x)
(hence not every hyperlink is a d-sepset). Then there exists a hyperlinkI on 
,
wherex ∈ I , and there are nonempty subsets

πU (x) ⊂ π (x) and πW(x) ⊂ π (x),

such thatπU (x) ⊂ U andπW(x) ⊂ W, πU (x) is incomparable withπW(x), and
πU (x) ∪ πW(x) = π (x). BecauseπU (x) is incomparable withπW(x), there exist
y ∈ πU (x) but y �∈ πW(x) and z ∈ πW(x) but z �∈ πU (x). The pathρ = 〈y, x, z〉
betweenU andW is rendered open byI becausex is head-to-head onρ. Hence,
U\I andW\I are not d-separated byI , which is a contradiction. �

Using the hypertree concept, we define thehypertree multiply sectioned DAG
(or hypertree MSDAG). We show in the remainder of this section that it is the
multiagent dependence structure logically implied by the basic assumptions.
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Definition 6.13 A hypertree MSDAGG = �i Gi , where each Gi = (Vi , Ei ) is a
DAG, is a connected DAG such that (1) there exists a hypertree
 over G, and
(2) each hyperlink in
 is a d-sepset.

Because the DAGs in Figure 6.23(c) form a hypertree and each interface is a
d-sepset, they collectively form a hypertree MSDAG, whereas Figure 6.24(c) is
not a hypertree MSDAG. The following proposition establishes the necessity of a
hypertree MSDAG as the multiagent dependence structure:

Proposition 6.14Let a multiagent system be one that observes Basic Assumptions
6.1 through 6.4. Then it is structured as a hypertree MSDAG.

Proof: The requirement for individual DAGs and the connected DAG union follows
from Proposition 6.5. The hypertree organization follows from Proposition 6.3.
The d-sepset condition follows from Proposition 6.4, Proposition 6.12, and our
commitment to encode dependence relations graphically through I-maps.�

6.6 Multiply Sectioned Bayesian Networks

By Propositions 6.14, the dependence structure of a multiagent system is a con-
nected DAGG. Hence, a JPD overV can be defined by specifying a local distribution
for each node and applying the chain rule. Each node inG is either internal to an
agent (non–d-sepnode) or is shared (d-sepnode).

The distribution for an internal node can be specified by the corresponding agent
vendor. On the other hand, when a node is shared, its parent set within each agent
may differ. In Figure 6.23(c),j has no parent inG3, one parent inG2, and two
parents inG0. Because each shared nodex is a d-sepnode, by Definition 6.11 there
exists an agent that contains all parentsπ (x) of x in G.

When agents that containx are developed by the same vendor, onlyP(x|π (x))
needs to be specified. For each agentAk that containsπk(x) ⊂ π (x), Pk(x|πk(x))
is implied (see Exercise 5) and can automatically be derived, as will be seen in
Chapter 8. If agents are built by different vendors, then it is possible thatPk(x|πk(x))
andPm(x|πm(x)) are inconsistent for a pair of agentsAk and Am. This may occur
whenπk(x) = πm(x). For instance, in Figure 6.23(c),P1(g|h) by A1 may be incon-
sistent withP2(g|h) by A2. Inconsistence may also occur whenπk(x) �= πm(x). For
instance, in Figure 6.23(c),A0 may haveP0( j = j0|i = i1, p = p0) = 0.7, whereas
A2 may specifyP2( j = j0|i = i1) = 0. We make the following basic assumption
to integrate independently built agents into a coherent system.

Basic Assumption 6.5Within each agent’s subdomain, a JPD is consistent with
the agent’s belief. For shared variables, a JPD supplements an agent’s knowledge
with others’.
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The key issue is to combine agents’ beliefs on a shared variablex to arrive at
a common belief. A simple but less desirable method is to adopt the belief of the
agent that containsπ (x). A more reasonable method (Poole et al. [55]) interprets the
distribution from each agent as obtained from equivalent sample data. For example,
consider a distributionP(v|y), wherev, y ∈ {0, 1}:

P(v = 0|y = 0) = 0.4 and P(v = 0|y = 1) = 0.2.

It can be interpreted as

P(v = 0|y = 0) = 48/120 and P(v = 0|y = 1) = 24/120.

That is,v = 0 in 48 out of 120 cases, wherey = 0. The equivalent sample size
120 encodes how confident the vendor is about the distribution. The distribution
P(x|π (x)) can then be obtained from the combined data sample. The exact proce-
dure to obtain the combinedP(x|π (x)) is not as important to the current discussion.
The essence is that it is always possible (at least the simple method mentioned
above can be used) for agents to combine their beliefs for each sharedx to arrive at
P(x|π (x)). With P(x|π (x)) thus defined for each sharedx, and defined indepen-
dently by the corresponding vendor for each internalx, the Basic Assumption 6.5
is fulfilled.

We now introduce MSBNs and show that the representation is implied by the
basic assumptions.

Definition 6.15 An MSBN M is a triplet(V, G, P): V = ∪i Vi is thetotal universe
where each Vi is a set of variables called asubdomain. G = �i Gi (a hypertree
MSDAG) is thestructurewhere nodes of each subgraph Gi are labeled by elements
of Vi . Let x be a variable andπ (x) be all parents of x in G. For each x, exactly
one of its occurrences (in a Gi containing{x} ∪ π (x)) is assigned P(x|π (x)), and
each occurrence in other subgraphs is assigned a uniform potential. P= �i Pi is
theJPD, where each Pi is the product of the potentials associated with nodes in
Gi . Each triplet Si = (Vi , Gi , Pi ) is called asubnetof M. Two subnets Si and Sj

are said to beadjacentif Gi and Gj are adjacent in the hypertree.

As an example, Figure 6.26 shows an MSBN based on the hypertree MSDAG
in Figure 6.23. EachC() denotes a uniform potential. For simplicity, the subscript
in eachPi () andCj () has been omitted. For subnetS0 = (V0, G0, P0), we have
V0 = { f, i, j, o, p} and P0(V0) = P( j |i, p)P(p| f )C(i | f )P(o| f )C( f ). Note that
P(p| f ) and P(o| f ) are specified by the vendor ofA0, whereasP( j |i, p) may be
the result of combiningP0( j |i, p) from A0, P2( j |i ) from A2, andP3( j ) from A3.
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Figure 6.26: A simple MSBN. (a) Subnets. (b) The hypertree.

The JPD of the MSBN is

P(V) = P0(V0)P1(V1)P2(V2)P3(V3).

Given that for each variablex ∈ V , exactly one occurrence ofx is assigned
P(x|π (x)) and the uniform potentialC() assigned to other occurrences ofx has no
effect on the final product, we have

P0(V0)P1(V1)P2(V2)P3(V3) =
∏

v∈V

P(v|π (v)),

which is equivalent to the JPD obtained in a single-agent Bayesian network
(Theorem 2.3).

Note it is possible that, for some shared nodex, there exist multiple local DAGs
each of which containsπ (x). For example, in Figure 6.26,π ( f ) = {g},π (g) = {h},
andπ (h) = ∅. Both G1 andG2 contain each of these parent sets. In these cases,
which occurrence of the shared nodex is assignedP(x|π (x)) can be determined
arbitrarily because the assignment makes no difference to the resultant JPD. In
Figure 6.26, the occurrence off in G1 is assignedP( f |g), the occurrence ofg in
G1 is assignedP(g|h), and the occurrence ofh in G2 is assignedP(h).

Combining Proposition 6.14 and Basic Assumption 6.5, Theorem 6.16 estab-
lishes that, if one is committed to the basic assumptions, the representation of an
MSBN must be adopted.

Theorem6.16Let a multiagent system be one that observes Basic Assumptions 6.1
through 6.5. Then it is represented as an MSBN or equivalent.

Proof: By Definition 6.15, an MSBN is defined by a hypertree MSDAG struc-
ture and a JPD. By Proposition 6.14, the hypertree MSDAG is implied by Basic
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Assumptions 6.1 through 6.4. Hence, it suffices to show that Basic Assumptions 6.1
through 6.5 imply the JPD as defined in Definition 6.15.

Assume that for each variablex internal to a subgraph,P(v|π (v)) is specified by
the corresponding agent and for each shared variablex, P(v|π (v)) is specified by
combining beliefs from all agents involved. Then Basic Assumption 6.5 requires
that the JPD of the universeP′(V) satisfies

P′(V) =
∏

v∈V

P(v|π (v)),

whereπ (x) denotes the parents ofx in G. According to Definition 6.15,

P(V) =
∏

i

∏

v∈Vi

f (v|πi (v)),

whereπi (x) denotes the parents ofx in Gi , f (v|πi (v)) = P(v|πi (v)) if πi (v) = π (v)
and the occurrence ofx in Gi is assignedP(v|π (v)), and f (v|πi (v)), is a uniform
potential otherwise. Because a one-to-one mapping exists between termsP(v|π (v))
in P′(V) and nonuniform-potential terms inP(V), and the uniform potentials do
not affect the value ofP(V), we haveP′(V) = P(V). �

As another example, consider the multiagent system for monitoring the digital
system. Figures 6.27 through 6.31 show the subnet structure of each agent in the
MSBN representation based on the virtual componentsU0 throughU4 defined in
Section 6.3. The figures were generated using the WebWeavr toolkit. Each vari-
able in the subnet is labeled by its variable name followed by the variable’s index
(which readers may ignore) separated by a comma. The hypertree of the MSDAG
is isomorphic to Figure 6.21(a).
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Figure 6.27: The subnetG0 for virtual componentU0.
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6.7 Bibliographical Notes

6.7.1 On Multiagent Systems

The field of multiagent systems, started about two decades ago under the banner
of distributed artificial intelligence(DAI), has become very dynamic in both the
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academic community and industry in recent years in response to the need to develop
intelligent systems in large, complex, and open problem domains and the rapid
development of the Internet and e-commerce. Numerous conferences are held each
year such as the

� International Conference on Multiagent Systems (ICMAS),
� International Conference on Autonomous Agents,
� International Conference on Mobile Agents, and the
� International Conference on Cooperative Information Systems.
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Figure 6.31: The subnetG4 for virtual componentU4.



6.7 Bibliographical Notes 139

A classic collection of research articles in DAI is Bond and Gasser [5]. A more up-
to-date introduction to the field of multiagent systems is provided by Weiss [77]. The
first journal dedicated in the field isAutonomous Agents and Multi-Agent Systems,
although several other journals publish research and advances in the field regularly
such as the following:

� Artificial Intelligence,
� IEEE Transactions on Systems, Man, and Cybernetics, and
� AI Magazine.

6.7.2 On MSBNs

The research on MSBNs started in 1990 as the backbone of the PainULim project
(Xiang et al. [94] and Xiang et al. [95]) conducted through collaboration between
the University of British Columbia and Vancouver General Hospital. The practical
goal of the project was to develop a prototype system for diagnosis of patients
suffering from a painful or impaired upper limb due to diseases of the spinal cord,
peripheral nervous system, or both. The scientific goal of the project was to study
issues in developing Bayesian–network-based decision support systems in large
and complex uncertain domains.

To allow a natural and modular representation of medical domain knowledge in
neuromuscular diagnosis as well as focused and effective inference computation,
the framework of MSBNs was proposed (Xiang [80]) initially under the single-agent
paradigm. In this framework, subnets for natural subdomains can be constructed
individually, and inference computation can be performed on one subnet at a time as
the diagnosing neurologist shifts his or her attention from one subdomain to another.

At the 1994 UAI conference, Srinivas [69] independently presented his work on
hierarchical model-based diagnosis with Bayesian networks. Careful examination
revealed (Xiang [83]) that it was in fact an application of a special case of MSBNs
to hierarchical model-based diagnosis. Later, Koller and Pfeffer [35] advanced the
approach by Srinivas, proposedobject-oriented Bayesian networks(OOBNs), and
showed that MSBNs can be applied to inference in OOBNs.

At the same time, the modularity in MSBN representation and inference and
the increasing awareness of the importance of multiagent systems inspired rethink-
ing of MSBNs under the multiagent paradigm (Xiang [81] and Xiang [82]). The
marginal probability distribution at each subnet and the JPD of the MSBN were
given a multiagent interpretation. The sequential entering of observations and se-
quential local inference at centrally located subnets were extended to simultaneous
local observations and asynchronous local inference by multiple distributed agents
(Xiang [84]).
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With the multiagent extension, MSBNs provide an effective framework for ex-
act and distributed belief updating in cooperative multiagent systems. However,
the representational restrictions of the framework were sometime questioned by
researchers on multiagent systems. For instance, while I was presenting a demon-
stration on equipment monitoring with MSBNs at the First International Workshop
on Multi-agent Systems at MIT’s Endicott House in 1997, some participants ques-
tioned the necessity of the hypertree constraint for agent organization. In 1998,
one of my colleagues at Aalborg University raised the issue of the necessity of
the d-sepset constraint while I was visiting Denmark. The underlying fundamen-
tal question concerns the possibility of relaxing the representational constraints
while preserving the desirable properties of MSBNs. The result of this inquiry first
appeared in Xiang and Lesser [92] and formed the basis of this chapter.

6.8 Exercises

1. In Section 6.3 it was assumed that, for any two agents, natural or computational, to
communicate directly, they must share some variables. Discuss the validity of this as-
sumption.

2. Discuss the conditions under which a non-d-sepset agent interface is sufficient for
e-message passing between the relevant agents.

3. The figure below shows the sectioning of a graphG (not shown) into a set of subgraphs.
Determine if there exists a hypertree overG given the sectioning.
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Figure 6.32: Sectioning of a graph.
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4. The hypertree shown in Figure 6.24(a) and (c) does not satisfy the d-sepset condition.
What is the minimum change to make in Figure 6.24(c) so that the resultant hypertree
will satisfy the d-sepset condition?

5. LetV = ∪i Vi be a total universe in which eachVi is a subdomain and is associated with
an agentAi . Let G = �i Gi be a hypertree MSDAG in which nodes of each local DAG
Gi are labeled by elements ofVi . For each nodex, if π (x) ⊂ Vi , thenAi is responsible
for acquiringP(x|π (x)) and ties are broken arbitrarily.

Show that ifG is an I-map of the total universe, then for each nodex and each
subdomainVk, P(x|πk(x)) is implied, whereπk(x) denotes the parents ofx in Gk.

6. Construct a digital system with five components using AND, OR, and NOT gates such
that the components are interfaced as in Figure 6.5. Each componentshould have no
less than five gates. Represent the system as an MSBN in which each subnet models a
physical component.

7. Suppose five agents populate the digital system domain that you constructed in Exercise 6.
Each agent needs to be informed about an additional gate in an interfacing component
and its input and output. Define five virtual components accordingly and represent the
system as an MSBN in which each subnet models a virtual component.
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Linked Junction Forests

In Chapter 6, MSBNs were derived as the knowledge representation for multiagent
uncertain reasoning under the five basic assumptions. As in the case of single-agent
BNs, we want agents organized into an MSBN to perform exact inference effec-
tively by concise message passing. Chapter 4 discussed converting or compiling
a multiply connected BN into a junction tree model to perform belief updating
by message passing. Because each subnet in an MSBN is multiply connected in
general, a similar compilation is needed to perform belief updating in an MSBN
by message passing. In this chapter, we present the issues and algorithms for the
structural compilation of an MSBN. The outcome of the compilation is an alter-
native dependence structure called alinked junction forest. Most steps involved in
compiling an MSBN are somewhat parallel to those used in compiling a BN such
as moralization, triangulation, and junction tree construction, although additional
issues must be dealt with.
The motivations for distributed compilation are discussed in Section 7.2.

Section 7.3 presents algorithms for multiagent distributive compilation of the
MSBN structure into its moral graph structure. Sections 7.4 and 7.5 introduce
an alternative representation of the agent interface called alinkage tree, which is
used to support concise interagent message passing. The need to construct linkage
trees imposes additional constraints when the moral graph structure is triangulated
into the chordal graph structure. Section 7.6 develops algorithms formultiagent dis-
tributive triangulation subject to these constraints. After triangulation, each agent
has compiled its subnet into a local chordal graph structure. The compilation of the
local chordal graph into a local junction tree plus several linkage trees is presented
inSection 7.7. The resultant compiled structure for themultiagent system is a linked
junction forest. Belief updating in the linked junction forest will be addressed in
Chapter 8.

142
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7.1 Guide to Chapter 7

Recall from Chapter 4 that, to perform belief updating by concise message passing
in a nontree BN, the BN structure is converted into its moral graph, the moral
graph is then triangulated, and finally the resultant chordal graph is organized into
a JT. The moral graph, the chordal graph, and the JT are each produced in such
a way as to preserve the dependence relations in the BN. That is, each of them is
an I-map. A similar process is needed to compile the structure of an MSBN, its
hypertree MSDAG, so that belief updating can be performed by multiple agents
through concise message passing. The motivations for cooperative compilation by
multiple agents, where each agent only has the access of its local subnet and no
agent has the perspective of the entire MSBN, are addressed in Section 7.2.
Section 7.3 presents the first step of the compilation, moralization, which we

illustrate in Figure 7.1. Three local DAGs,Gi (i = 0,1,2), of an (trivial) MSBN
are shown in (a). The hypertree in this case is a hyperchain withG2 at the center
andG0 andG1 in terminal positions. Each local DAG is accessed by an agentAi .
Note thatA0 andA2 share variablesa, b, c, d andA1 andA2 sharea, b, d.
The moralization can be initiated at any agent, say,A2, which first performs a

local moralization onG2. The links〈a, c〉 and〈c, d〉 are added, and the directions
of arcs are dropped. The resultant local moral graph is shown in (b). AgentA2 then
calls one of the adjacent agents, say,A0.
In response,A0 performs a local moralization onG0. The links〈a, b〉 and〈c, d〉

are added, and the resultant local moral graph is shown in (c). After local moraliza-
tion, A0 sends toA2 the added links among nodes shared withA2, namely the links
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Figure 7.1: Illustration of cooperative moralization by three agents.
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Figure 7.2: Result of cooperative moralization by three agents.

〈a, b〉 and〈c, d〉. AgentA2 receives these links and adds them to its local graph if
the links are not already included. In this case, the link〈a, b〉 is added toG2, as
shown in (c). Afterwards,A2 calls the other adjacent agentA1.

In response,A1 performs a local moralization onG1. The link 〈a, b〉 is added,
and the resultant local moral graph is shown in (d). Because〈a, b〉 is between nodes
shared withA2, A0 sends〈a, b〉 to A2. Inasmuch as the link is already in the local
moral graph ofA2, no change will be made byA2 when the link is received. In
general, however,A2 may need to add some links received fromA1.
Now each agent has performed the local moralization, andA0 andA1 have sent

to A2 added links among nodes shared withA2. Next, it’s A2’s turn to send added
links among shared nodes. First,A2 sendsA0 the added links among nodes shared
with A0, except those thatA0 sent toA2 earlier. Hence〈a, c〉 is the only link to send.
When received,A0 adds〈a, c〉 to its local moral graph, and the result is shown in
Figure 7.2. Similarly,A2 sends〈a, c〉 to A1, which adds to its local moral graph.
The end result of cooperative moralization for each agent is shown in Figure 7.2.
The result is identical to a centralizedmoralization (Exercise 1). The algorithms for
cooperativemoralization in a general hypertreeMSBNare presented in Section 7.3.
Once the moral graphs of local DAGs are obtained, they need to be triangulated

so that each can be compiled into a JT representation. Section 7.4 describes how
the resultant local JTs can support effective interagent communication through a
derived data structure called alinkage tree. Figure 7.3 illustrates a linkage tree. The
local moral graphs of agentsA0 andA2 in the preceding example are duplicated in
Figure 7.3(a). Each is a chordal graph, and the corresponding JT is shown in (b).
The linkage treeL for communicating between the two agents is shown in (c). It
is a cluster tree. Each cluster inL, called alinkage, has a corresponding cluster
in each of the two local JTs,T0 andT2. The linkage provides a communications
channel between them. Using the linkage tree, the belief of an agent over the agent
interface{a, b, c, d} can be decomposed into the belief over individual linkages.
Suppose that each variable in the agent interface is ternary. An agent’s belief over
the interface then has a cardinality of 34 = 81. Using the linkage tree, the belief
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Figure 7.3: (a) Two local moral graphs. (b) Local JTs compiled from (b). (c) Linkage tree
constructed from (b).

over{a, b, c} has a cardinality of 33 = 27 and so is the belief over{b, c, d}. Hence,
the e-message encoded using the linkage tree has a cardinality of 54 and is more
concise than 81. The general definition of the linkage tree is given in Section 7.4.
Section 7.5 reveals several important properties of linkage trees. We show that

a linkage tree is also a junction tree and preserves the dependence relations among
shared variables. These properties legitimate the decomposition of agent belief over
the interface, as described in the preceding paragraph. Section 7.5 also shows that
a linkage tree can be constructed if and only if the local moral graph is triangulated
in a certain way. This imposes a requirement for cooperative triangulation to be
presented in Section 7.6.
Section 7.6 develops the algorithms for cooperative triangulation of the local

moral graphs. The technical requirements to be satisfied by the algorithms are
enumerated in Section 7.6.1. Sections 7.6.2 through 7.6.5 develop the triangulation
algorithms stepwise for the two-agent case, the hyperstar case (where a single agent
is at the center and each other agent is adjacent to the center agent only), and the
general hypertree case. The cooperative triangulation has a form similar to that of
the cooperativemoralization. It consists of local triangulations by individual agents
and the exchange of fill-ins between adjacent agents. Section 7.6.6 proves that the
algorithms satisfy all the technical requirements and are efficient. Some nontrivial
examples are given to demonstrate the performance.
Section 7.7 discusses the construction of local JTs and linkage trees after coop-

erative triangulation. The construction of local JTs is similar to what is presented
in Section 4.8. We describe the construction of the linkage tree between agentsA0

and A2 for the preceding example (see Figure 7.3). Consider the local JTT2 of
agentA2, which shares{a, b, c, d} with A0 and has “private” variables{e, f }. For
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Figure 7.4: Illustration of linkage tree construction.

each private variable, if it is contained in a unique cluster, thenA2 removes it from
the cluster. Figure 7.4(a) shows the resultant JT aftere is removed from the cluster
{c, e}. The new cluster{c} is now a subset of the adjacent cluster{b, c, d}. It is
then “merged” into{b, c, d}, as shown in (b). In (c), the other private variablef is
removed because it is contained in a unique cluster. The new cluster{a, c} is now
a subset of the adjacent cluster and is merged. The resultant JT is shown in (d),
which is the final linkage tree betweenA2 andA0.

7.2 Multiagent Distributed Compilation of MSBNs

An MSBN is a knowledge representation for distributed multiagent uncertain rea-
soning. As in the single-agent paradigm, we want to perform exact inference ef-
fectively by concise message passing. The message passing includes i-message
passing within an agent for local inference as well as e-message passing between
agents so that each can benefit from information maintained by others. We assume
that local inference is a more frequent activity of an agent than communication
with other agents. The analysis in Chapters 2 through 5 shows that, to make the
local inference effective, each subnet should be compiled into a junction tree rep-
resentation. Most steps involved in the MSBN compilation parallel those in the BN
compilation. However, to perform communication effectively in an MSBN system,
these steps are subject to further constraints and additional steps are needed, as will
be seen in this chapter.
Should the compilation be performed centrally or distributively?Weargue for the

distributed compilation as follows: As elaborated in Basic Assumption 6.2, Propo-
sition 6.3, and Definition 6.8, an agent can directly communicate only its belief on
shared variables with an adjacent agent on the hypertree. Such a restriction is neces-
sitated byefficiencyof communication because it minimizes e-messages, as argued
inSection6.3.Additional advantagesof the restrictioncanalsobearguedas follows:

1. The restriction protects theprivacyof agents because they will not be required to reveal
the unshared variables, the dependence among these variables, and the belief over these



7.3 Multiagent Moralization of MSDAG 147

variables. As an agent embeds the know-how of its vendor, and ultimately, the vendor’s
know-how is protected.

2. The restriction promotesefficiencyin agent development. To build a member agent for a
multiagent MSBN, only the d-sepsets with adjacent agents on the hypertree need to be
coordinated. The agent vendor has the freedom to determine the internal characteristics
of the subnet. Less coordination means better efficiency in development.

3. The restriction enhancesautonomyof agents. Because only the d-sepsets with adjacent
agents on the hypertree need to be coordinated, less coordination means more autonomy
of each agent.

To preserve agent privacy, clearly it is desirable not to require subnets to be cen-
tralized and then compiled. Hence, we will concentrate on compilation algorithms
that reveal no internal details of a subnet beyond the d-sepset.
An additional benefit of distributed compilation is that it facilitates dynamic

formation of a multiagent MSBN. With dynamic formation, agents may join or
leave the MSBN as the system is functioning. Recompilation may be necessary
when the system structure changes. Distributed compilation requires no collection
and redistribution of a large chunk of information (from and to diverse locations)
and will be more efficient to deploy than its centralized counterpart.
Throughout the chapter, we consider anMSBNwhosehypertree is populatedbya

set of agents. Each agent is located at a hypernode andmaintains the corresponding
subnet and d-sepsets. The hypertree structure plays an important role in supporting
the compilation algorithms and ensuring their correctness. It provides a tree organi-
zation for agent interaction, a hypertree (Definition 6.8) decomposition of the total
universe, and a hypertree decomposition of the DAG dependence structure. As we
deal with different aspects of the compilation, we will switch from time to time
among different aspects of the hypertree. When it is clear from the context, we will
simply refer to the hypertree structure ashypertreeand leave its relevant aspect
implicit. During different activities, agents exchange different types of messages
over the hypertree. We will refer to any message passing directly related to belief
updating ascommunicationand refer to other message passing activities, such as
those during structure compilation, asinteractionamong agents. Just as the agent
communication over the hypertree may bedirector indirect, the agent interaction
may also be direct or indirect.

7.3 Multiagent Moralization of MSDAG

As in the single-agent paradigm, the first step in compilation is to convert the
structure of an MSBN, namely, the hypertree MSDAG, into its moral graph. Recall
fromDefinition 4.7 that themoral graph of aDAG is obtained by connecting parents
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Figure 7.5: Moralization cannot be performed by local computation only.

pairwise for each child node and dropping the direction of each arc. Also recall
from Theorem 4.8 that, given a minimal I-map in the form of a DAG, its moral
graph is an undirected minimal I-map.
Formally, given a hypertreeMSDAGG = �i Gi , each subgraphGi overVi needs

to be converted into a graphG′
i overVi such that�i G′

i is the moral graphG′ of G,
andeachpair ofG′

i andG′
j is graph-consistent. The requirement of equality between

�i G′
i andG′ is one of maintaining minimal I-mapness. The requirement of graph-

consistence demands consistence among agents with respect to their representation
of dependence among shared variables.We refer toG′

i as thelocal moral graphand
the collection of local moral graphs as themoral graphof the hypertree MSDAG.
Due to the requirement of agent privacy asdescribed inSection 7.2, themoralization
computation should not disclose the internal details of each agent.
Local computation by individual agents without interaction does not ensure

correct moralization of a hypertree MSDAG. Consider the two subnet structures
in Figure 7.5. The moral graph ofG0 � G1 contains a link〈b, c〉 becauseb andc
share the childq. However, ifG0 andG1 are moralized independently by agents
A0 andA1, A0 would not include the link becauseb andc do not share any child
in G0.
We present recursive algorithms for each agent. The execution of each algorithm

by an agent is activated by a call from an entity known as thecaller. We denote
the agent called to execute the algorithm byA0. The caller is either an adjacent
agent ofA0 in the hypertree or the system coordinator (a human or an agent). If
the caller is an adjacent agent, we denote it byAc. If A0 has adjacent agents other
thanAc, we denote them byA1, . . . , An. The subdomains ofAc, A0, . . . , An are
Vc, V0, . . . , Vn, and their subgraphs areGc, G0, . . . , Gn, respectively. We denote
Vc ∩ V0 by Ic andV0 ∩ Vi by Ii (i = 1, . . . , n).
We also present algorithms to be executed by the system coordinator. The system

coordinator canbeahumanor a computational agent. In thesealgorithms,weuseA∗
to denote the agent selected by the systemcoordinator to performcertain operations.
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In algorithmCollectMlink, an agentA0 performs local moralization, updates its
moral graph with links collected from adjacent agents, and then sends all relevant
added moral links to the caller. Given a setF of links over a setX of nodes, we
will call a subsetE ⊆ F a restrictionof F to S ⊂ X if

E = {〈x, y〉|x ∈ S, y ∈ S, 〈x, y〉 ∈ F}.

Algorithm 7.1 (CollectMlink) Let A0 be an agent with a local graph G0 (initially
a DAG). Acaller is either an adjacent agent Ac or the system coordinator. Denote
additional adjacent agents of A0 by A1, . . . , An. When the caller calls on A0, it
does the following:

set LINK = ∅;
moralize G0 and denote added moral links by F0;
add F0 to LINK;
for each agent Ai (i = 1, . . . , n), do

call Ai to runCollectMlink and receive links Fi over Ii from Ai when finished;
add Fi to G0 and LINK;

if caller is an agent Ac, send Ac the restriction of LINK to Ic;

AfterCollectMlink is finished inA0, a setFi ofmoral links received fromeachAi

is defined, andLINK contains links added from local moralization and all received
links. Note that if a link is already inG0 or LINK, then adding it has no effect.

In algorithmDistributeMlink, an agentA0 receives moral links from the caller,
updates its moral graph accordingly, and sends all relevant added moral links to
each adjacent agent.

Algorithm 7.2 (DistributeMlink) Let A0 be an agent with a local undirected
graph G0 and a predefined set LINK of links. Acaller is an adjacent agent Ac or
the system coordinator. Denote additional adjacent agents of A0 by A1, . . . , An.
When the caller calls on A0, it does the following:

if caller is an agent Ac, do
receive a set Fc of links over Ic from Ac;
add Fc to G0 and LINK;

for each agent Ai (i = 1, . . . , n), do
send Ai the restriction of LINK to Ii with links in Fi removed;
call Ai to runDistributeMlink;

AlgorithmCoMoralize is executed by the system coordinator to activate coop-
erative distributive moralization.
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Figure 7.6:The subgraphs (a) and hypertree (b) of an MSBN.

Algorithm 7.3 (CoMoralize) A hypertree MSDAG is populated by multiple agents
with one at each hypernode. The system coordinator does the following:

choose an agent A∗ arbitrarily;
call A∗ to runCollectMlink;
after A∗ has finished, call A∗ to runDistributeMlink;

As an example, consider the execution ofCoMoralize in the MSBN shown in
Figure 7.6. SupposeA0 is selected as theA∗. In Figure 7.7(b), the black arrows
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Figure 7.7: (a) Moral graphs after local moralization duringCollectMlink . (b) During
CollectMlink , activation follows black arrows and link passing follows white arrows.
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show the direction of activation ofCollectMlink through the hypertree. The moral
graphs obtained after local moralization are shown in (a). Note thatj andk are
connected differently inG2, G3, andG4 and f andi are connected differently in
G0 andG2.
WhenA4 finishesCollectMlink, it sends the link〈 j, k〉 to A3. The white arrows

in Figure 7.7(b) show the direction in which links will be sent (if any) between
agents.WhenA3 finishes, it in turn sends〈 j, k〉 to A2. No link is sent fromA1 to A2

or from A2 to A0. Hence, afterCollectMlink is finished atA0, the resultant local
graphs are as shown in Figure 7.8.
AgentA0 then executesDistributeMlink. It sends the link〈 f, i 〉 to A2 and call

A2 to runDistributeMlink. The black arrows in Figure 7.9(b) show the direction
of activation ofDistributeMlink through the hypertree. No more links are sent
between other pairs of agents, and the final result is shown in Figure 7.9(a).
The following theorem shows thatCoMoralize produces the same moral graph

for the hypertree MSDAG as would be produced by a centralized moralization.

Theorem 7.1Let G = �i Gi be a hypertree MSDAG, G′ be the moral graph of G,
and G′

i be the local graph obtained by agent Ai after execution ofCoMoralize.
Then, each pair of G′i and G′

j is graph-consistent and G′ = �i G′
i .

Proof: Whatever links that an agent adds locally, it sends the relevant ones to each
adjacent agents duringCollectMlink andDistributeMlink. Hence, adjacent local
graphs are graph-consistent. BecauseG = �i Gi is a hypertree MSDAG, any two
local graphs are graph-consistent.
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BecauseG is a hypertree MSDAG, each non-d-sepnode has all its parents in its
local subgraph, and each d-sepnode has all its parents in at least one local subgraph
by Definition 6.11. Therefore, every node has all its parents in at least one local
subgraph and the corresponding agent will add the necessary moral links among
the parents as a centralized moralization would. �

Another important feature ofCoMoralize is that it does not reveal the internal
details of each agent as required. The only information exchanged between adjacent
agents are moral links that connect d-sepnodes. Hence, agent privacy is protected.
DuringCoMoralize, each of thenagents on the hypertree is called exactly twice.

The local moralization dominates the computation at each agent. Each node in a
subdomain is visited, and each pair of parents is processed. Lets denote the cardi-
nality of the largest subdomain andm denote the cardinality of the largest parent
set of individual variables. The complexity of local moralization is thenO(s m2),
and this is also the time complexity ofCoMoralize for each agent. The overall
complexity ofCoMoralize for the entire multiagent system is thenO(n s m2).

7.4 Effective Communication Using Linkage Trees

Each agent in an MSBN system needs to compile its subnet into a JT representa-
tion for effective local inference. After moralization, the next step is triangulation.
Because the JT should also support communication, this need further constrains
how the JT should be constructed. Since a given JT has a unique corresponding
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chordal graph, this need ultimately constrains how the moral graph should be tri-
angulated. We consider such constraints with the following approach: Suppose that
an agent has constructed a local JT from its subnet. We uncover desirable struc-
tural properties of this JT with respect to both local inference and communication.
In view of the relation between a JT and its corresponding chordal graph, these
properties become the constraints of triangulation.
To communicate between other agents, an agent needs to pass potentials

(e-messages) over d-sepsets (Section 6.3). Given that the JT representation of a
subnet maintains the current belief of the agent over its subdomain, how should the
e-message over a d-sepset be obtained from the JT?
An obviousmethod is to construct the JT so that each d-sepsetI with an adjacent

agent is contained in a single clusterQ. The e-message will then be the potential
B(I ) computed by marginalization of the cluster potentialBQ(Q).
Consider two subnets whose structures are shown in Figure 7.10(a). After mor-

alization, the local graphs are shown in (b), and they are chordal. From the cliques
of the local graphs, the JTs in (c) can be constructed. However, no cluster in ei-
ther JT contains the d-sepset{ f, g, h}. This can be fixed by adding a link be-
tween f andh to each of the local graphs in (b). The resultant graphs are still
chordal and convert to the JTs in (d). By performing local inference with these
JTs, the potential over the d-sepset{ f, g, h} can be obtained directly from the
corresponding clusters.
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graphs.
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The price paid is the increased complexity in the JT representation. The com-
plexity can be quantified in terms of the total number of potential values needed to
specify the JT representation. We define theraw-space complexityof a JT repre-
sentation to be

∑

Q

|B(Q)|,

where the summation is over all clusters of the JT. For example, if all variables are
binary, the raw-space complexity ofT1 is 20 and so is that ofT2. Hence, the total
raw-space complexity ofT1 andT2 is 40, whereas that ofH1 andH2 is 56.
In large problem domains, the d-sepsets will be much larger. The preceding

method will increase raw-space complexity exponentially on the cardinality of
d-sepsets. The consequences are increased space for storing the JTs and greater
computational time for local inference at the same rate, not to mention the expo-
nential complexity of e-message passing.
Is it possible to obtain the e-message from the less complexT1 andT2? The

answer is yes. From the moral graphs in (b),I ( f, g, h) can be derived because they
are I-maps. Therefore, an agent can compute the e-message

P( f, g, h) = P( f, g)P(g, h)/P(g),

where each factor is available from a cluster inT1 andT2. The graphical structure
for computing the e-message is the cluster treeL shown in Figure 7.11. Each of
P( f, g) and P(g, h) is a potential over a cluster ofL, andP(g) is the potential
over the corresponding separator. Each cluster inL is connected to a cluster inT1

and a cluster inT2 by a shaded link. The link indicates from which cluster in the
JT the corresponding cluster potential inL can be obtained. Next we present the
idea above as a graphical structure called alinkage treefor effective computation of
e-messages while keeping the raw-space complexity of the local JT low. First, we
introduce a graphical operation calledmergeto be used in defining the linkage tree.

Definition 7.2 A cluster C in a JT ismergedinto another cluster Q if Q is replaced
by Q′ = Q ∪ C, C is removed from the JT (together with its separator with Q),
and the other clusters originally adjacent to C are made adjacent to Q′.

a,b

b,g,h g,h,c

2
T T1

e,f,g

L

f,g

g,h

i,j

f,g,i

Figure 7.11: The cluster tree for computation of e-message.
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Figure 7.12: ClusterC in (a) is merged intoQ, resulting in the cluster graph in (b).

An example is given in Figure 7.12. Using the merge operation, we define the
linkage tree as follows:

Definition 7.3 Let G be a subgraph in a hypertree MSDAG, I be the d-sepset
between G and an adjacent subgraph, and T be a JT converted from G. Repeat the
following procedure in T until no removal is possible:

1. Remove x�∈ I if x is contained in a unique cluster C.
2. After removal, if C becomes a subset of an adjacent cluster D, merge C into D.

Let L be the resultant cluster graph. Then L is alinkage treeof T with respect to
I if

⋃

Q in L

Q = I ,

where each cluster Q in L is called alinkage. A cluster in T that contains Q
(breaking ties arbitrarily) is called thelinkage hostof Q.

ConsiderT1 in Figure 7.11, whereI = { f, g, h}. Elementa �∈ I is contained in
a unique cluster{a, b} and is removable. Afterwards, the cluster becomes a subset
of the adjacent cluster{b, g, h} and can be merged. The resultant cluster graph has
two remaining clusters{b, g, h} and{e, f, g}. Elementb is removable and so ise.
After removal ofb ande, no more elements are removable. Because the generating
set of the resultant cluster graph (shown asL) is I , L is a linkage tree ofT1. It has
two linkages{g, h} and{ f, g}. The linkage host of{g, h} is the cluster{b, g, h}
in T1.

7.5 Linkage Trees as I-maps

We analyze the properties of linkage trees in relation to e-message passing and the
constraints that they impose on triangulation. A linkage tree is constructed through
the merge operation; hence, we analyze the property of this operation first. The
following proposition shows that, after a cluster merge in a JT, the resultant cluster
graph is still a JT.



156 Linked Junction Forests

Proposition 7.4 Let C and Q be two adjacent clusters in a JT T . After C is merged
to Q, the resultant cluster graph is still a JT.

Proof: Denote the newly created cluster byQ′ and the resultant cluster graph by
T ′. First, we show thatT ′ is a tree. This is true because the merge operation is
equivalent to deleting the link betweenC andQ and then joining the two resultant
subtrees at the rootsC andQ.
Next, we show that the intersection of each pair of clusters inT ′ is contained in

every cluster on their pathρ. We consider the following possible cases:

1. ρ does notinvolve Q′.
2. ρ ends withQ′.
3. ρ hasQ′ in the middle.

For case 1,ρ is identical as inT and the statement is true onρ.
For case 2, denoteρ = 〈X, . . . , Y, Q′〉. It suffices to showX ∩ Q′ ⊆ Y. Consider

the path inT that starts fromX, ends atC or Q, and contains bothC andQ. Such a
path is either〈X, . . . , Y, C, Q〉 or 〈X, . . . , Y, Q, C〉, depending on whetherX and
Y are contained in the subtree rooted atC or atQ. For either case, becauseT is a
JT, we haveX ∩ Q ⊆ Y andX ∩ C ⊆ Y. Hence,X ∩ Q′ ⊆ Y.

For case 3, denoteρ = 〈X, . . . , Q′, . . . , Y〉. Consider the pathρ ′ = 〈X, . . . , Y〉
in T . The pathsρ andρ ′ have the same clusters exceptC, andQ onρ ′ is replaced
by Q′ on ρ. BecauseT is a JT, we haveX ∩ Y ⊆ C and X ∩ Y ⊆ Q. Hence,
X ∩ Y ⊆ Q′. �

The next proposition says that a linkage tree is also a JT.

Proposition 7.5 A linkage tree is a junction tree.

Proof: After removal of an element contained in a unique clusterC of a JT, the
junction tree property is unaffected. Hence, the resultant cluster graph is a JT. By
Proposition 7.4, after merging a cluster into another, the resultant is still a JT.�

Furthermore, the linkage tree preserves the I-mapness of the junction tree from
which it was derived, as shown in Proposition 7.6.

Proposition 7.6 Let L be a linkage tree of a JT T and I be the d-sepset. If T is an
I-map over its generating set, then L is an I-map over I .

Proof: Weshow thath-separationamongelements inI portrayedbyT is unchanged
during the construction ofL from T . That is, for any disjoint subsetsX, Y, andZ
of I , if 〈X|Z|Y〉T , then〈X|Z|Y〉L .
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Refer toDefinition7.3.Removal ofx is irrelevant toh-separationamongelements
of I becausex is not contained in any separator inT . BeforeC is merged intoD,
we haveC ⊂ D. Hence, mergingC into D does not alter h-separation along any
path that includesC andD. �

Becausea linkage treeL is a JTover thed-sepsetI , the e-messagecanbeobtained
as

P(I ) =
[

∏

Q

P(Q)

]/
∏

S

P(S),

where eachQ is a linkage inL and eachS is a separator inL. In the potential
representation, this is equivalent to

B(I ) =
[

∏

Q

B(Q)

]/
∏

S

B(S).

Clearly, as long as|Q| is small, for each cluster the e-message can be efficiently
encoded and passed even though|I | is large.
So far, we have focused on the case in which

⋃

Q in L

Q = I

holds when the procedure in Definition 7.3 halts. Given a JT, it is possible that when
the procedure halts we have

⋃

Q in L

Q ⊃ I ,

in which caseL isnota linkage tree. The following theorem identifies the condition
under which the linkage tree exists. The condition says that the local chordal graph
from which the JT is constructed must be triangulated in a certain way.
Before presenting the theorem, we revisit the notion of node elimination intro-

duced in Section 4.6. There elimination was performed according to a total order.
Here we extend the notion to partial orders. LetG be a graph overN0 ∪ N1, where
N0 ∩ N1 = ∅. The graphG is eliminatable in the partial order (N0, N1) if it is possi-
ble to eliminate all nodes inN0 one by one first and then eliminate all nodes inN1

one by one without any fill-ins. Denotej = |N0| andm = |N1|. A total elimination
order (v0, v1, . . . , v j −1, v j , . . . , v j +m−1) is consistent with a partial order (N0, N1)
if vi ∈ N0 for all i = 0, . . . , j − 1 andvi ∈ N1 for all i = j, . . . , j + m − 1. That
is, the firstj elements in the total order are those inN0 and the remaining are inN1.
The partial order could in general be (N0, N1, . . . , Nk). For simplicity, we write
({a}, {b}, {c, d}) as (a, b, {c, d}).
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Figure 7.13: An eliminatable graph that is not eliminatable in the order ({a, g}, {b, e, f, h}).

Theorem 7.7Let G be a graph over V from which a JT T is constructed. Let I
be a subset of nodes in G. Then a linkage tree of T exists with respect to I iff G is
eliminatable in the order(V\I , I ).

Proof: [Sufficiency] SupposeG is eliminatable in (V\I , I ). Consider a node
x ∈ V\I that can be eliminated first without fill-ins. Thenx must appear in a unique
clusterC in T , for otherwiseadj(x) is incomplete. Hence,x can be removed from
C. Repeating this argument for each node inV\I , we will be able to remove all
elements inV\I from T , and the resultant cluster graph corresponds to a linkage
tree relative toI .
[Necessity] SupposeG is not eliminatable in (V\I , I ). That is,V\I cannot be

eliminated without fill-ins in any total order that is consistent with (V\I , I ). This
means that nomatter what total order we use, there exists a nonempty subset ofV\I
(the subset may differ for different total orders) such that each node in the subset
appears in at least two clusters ofT . By Definition 7.3, elements in this subset will
not be removed fromT , and the generating set of the resultant cluster graph will
be a proper superset ofI . Hence, the linkage tree does not exist. �

An eliminatable graph may not be eliminatable according to a given order. For
example, the graph in Figure 7.13 can be eliminated in the order (a, b, e, f, g, h)
but not in the partial order ({a, g}, {b, e, f, h}). To triangulate the graph using the
order ({a, g}, {b, e, f, h}), a fill-in 〈 f, h〉 must be added. Therefore, Theorem 7.7
shows that to allow an agent to communicate with an adjacent agent effectively
using a linkage tree, the agent must triangulate its moral graph in the partial order
(V\I , I ) before construction of its JT representation. Triangulation according to
this constraint incurs possible overhead of additional fill-ins. In the next section,
we consider the computation of multiagent triangulation.

7.6 Multiagent Triangulation

7.6.1 Problem Specification

After moralization, the next step is to triangulate the moral graph of the MSDAG
into a chordal supergraph. This is necessary for the same reason that triangulation is
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used when compiling a BN: a junction tree of a graph exists if and only if the graph
is chordal (Theorem 4.10). A moral graph is a minimal I-map (if the MSDAG is a
minimal I-map). If it is not already chordal, to convert it into a chordal graph while
maintaining the I-mapness, links must be added to obtain a chordal supergraph. We
define the chordal graph from the MSDAG as the union of a set of local chordal
graphs, each of which is a supergraph of a local moral graph. Once the local chordal
graph is obtained, a JT I-map canbe constructed from it for effective local inference.
Formally, given the moral graphG = �i Gi of a hypertree MSDAG, we need

to convert each subgraphGi over Vi into a chordal supergraphG′
i over Vi such

that�i G′
i is a chordal supergraphG′ of G (the chordality requirement) and each

pair ofG′
i andG′

j is graph-consistent (thegraph-consistencerequirement). As in
multiagentmoralization, the requirement of graph consistence is one of consistence
in representing dependence relations among variables sharedbymultiple agents. By
Theorem 7.7, for eachG′

i and its d-sepsetIi relative to an adjacent subgraph on the
hypertree,G′

i must be eliminatable in the order (Vi \Ii , Ii ) (theelimination order
requirement). Furthermore, for agent privacy, interaction between agents during
triangulation should not reveal the internal dependency structure of each agent
beyond the structure over the d-sepset (theprivacyrequirement).

Next we present algorithms for cooperative multiagent triangulation subject to
the preceding four requirements. We proceed stepwise from the two-agent case to
the hyperstar case and eventually to the general hypertree case.

7.6.2 Cooperative Triangulation by Two Agents

The simplest case of cooperative triangulation involves only two agents.
Algorithm 7.4 performs the task.

Algorithm 7.4 Let V0 and V1 be two subdomains that form a total universe and
I = V0 ∩ V1 �= ∅. Let G0 and G1 be consistent graphs over V0 and V1 and be
associated with agents A0 and A1, respectively.

1. A0 eliminates nodes in G0 in the order(V0\I , I ); denote the fill-ins by F0;
2. A0 adds F0 to G0; denote the resultant graph by G′0;
3. A0 sends A1 the restriction of F0 to I ;
4. A1 adds to G1 the restriction of F0 to I received; denote the resultant graph by G′

1;
5. A1 eliminates nodes in G′1 in the order(V1\I , I ); denote the fill-ins by F1;
6. A1 adds F1 to G′

1; denote the resultant graph by G′′1;
7. A1 sends A0 the restriction of F1 to I ;
8. A0 adds to G′

0 the restriction of F1 to I received; denote the resultant graph by G′′
0;

Figure 7.14 illustrates the algorithm, and graphsG0 andG1 are shown in (a).
The shared nodes areI = {a, b}. Elimination inG0 is performed by agentA0 in
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Figure 7.14: Illustration of Algorithm 7.4: (a) Before cooperative triangulation. (b) After
cooperative triangulation.

the order ({e, f, c, d}, {a, b}). Nodee can be eliminated without fill-in. No node
in { f, c, d} can then be eliminated without fill-ins. Iff is eliminated next, a fill-in
{a, d} is required. Nodeccan then be eliminatedwithout fill-in. To eliminated next,
another fill-in{a, b} is needed.Hence,elimination inG0 in theorder (e, f, c, d, a, b)
producesG′

0 in (b), where the fill-ins are shown as dashed lines.
The fill-in {a, b} is sent fromA0 to A1 and added toG1 to obtainG′

1 (not
shown). Elimination inG′

1 by A1 in the order (k, o, j, l , q, m, n, a, b) produces fill-
in {a, q}, and the resultant graphG′′

1 is shown in Figure 7.14(b). For this example,
A1 has no fill-ins to send toA0; hence,G′′

0 = G′
0. However, this is not always the

case.
The need for steps 7 and 8 in Algorithm 7.4 is illustrated in Figure 7.15. The

graphsG0 andG1 are shown in (a), whereI = {a, b, c, d}. AgentA0 eliminatesG0

in the order (e, f, a, b, c, d), and obtainsG′, as shown in (b). After the restriction
of fill-ins to I is sent toA1, A1 obtainsQ′ in (b). AgentA1 starts elimination in
Q′ with k, which requires a fill-in{a, b}. This is the only fill-in added to obtainQ′′

(not shown). Because{a, b} is between nodes inI , A1 sends it toA0, which in turn
adds it toG′ to obtainG′′ (not shown). Note that the last actions occur through the
steps 7 and 8 of Algorithm 7.4.
The following proposition shows that when Algorithm 7.4 terminates, the local

graphs are triangulated correctly with respect to all four requirements:
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Figure 7.15: Illustration of the last two steps of Algorithm 7.4: (a) Before cooperative
triangulation. (b) After cooperative triangulation.
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Proposition 7.8 When Algorithm 7.4 halts, the following hold:

1. Graphs G′′
0 and G′′

1 are graph-consistent.
2. Graph G′′

0 is eliminatable in(V0\I , I ) and G′′
1 is eliminatable in(V1\I , I ). Namely, each

of G′′
0 and G′′

1 is chordal.
3. The graph union G′′0 � G′′

1 is eliminatable in((V0 ∪ V1)\I , I ). Namely, G′′
0 � G′′

1 is chordal.
4. No internal characteristics of either local graph beyond links among I are revealed to

the other agent.

Proof:
(1) The statement is true because of steps 4 and 8.
(2) GraphG′′

1 is eliminatable in the order (V1\I , I ) from steps 5 and 6.
SubsetV0\I of nodes is eliminatable first fromG′′

0, because subgraphs ofG′′
0 andG′

0

spanned byV0\I are identical by step 8, andG′
0 is eliminatable in the order (V0\I , I )

by steps 1 and 2. The remaining graph is spanned byI . It is eliminatable becauseG′′
1

is eliminatable in the order (V1\I , I ).
(3) It suffices to show that nodes inG′′

0 � G′′
1 are eliminatable in the order (V1\I , V0\I , I ).

SubsetV1\I is eliminatable, because the subgraph ofG′′
0 � G′′

1 spanned byV1 isG′′
1 by

steps 7 and 8, andG′′
1 is eliminatable in the order (V1\I , I ) from steps 5 and 6. The

remaining graph isG′′
0 by step 8 and is eliminatable in (V0\I , I ), as shown in (2).

(4) Agent privacy is protected as the result of steps 3 and 7. �

Proposition 7.8 justifies the correctness of Algorithm 7.4. It is also needed for
proving the more general case considered next.

7.6.3 Cooperative Triangulation in a Hyperstar

Next, we consider cooperative triangulation of themoral graph of anMSDAGwhen
the hypertree is restricted to a hyperstar populated byn > 2 agents. In a hyperstar
structure, exactly one agent is located at the center of the structure and each other
agent is adjacent to the center agent only. We denote the agent at the center of the
hyperstar byA0 and the agent at each terminal byAi (i = 1, . . . , n − 1).We denote
the local graph associated with agentAi (i = 0, . . . , n − 1) asGi overVi . Note
that because the local graphs are derived from a hyperstar MSDAG, they satisfy
the conditionVi ∩ Vj ⊂ V0 for everyi and j (i �= j ). We denoteV0 ∩ Vi by Ii .

Two algorithms are presented below. Algorithm 7.5 is executed byA0 at the
center, and Algorithm 7.6 is executed by eachAi (i = 1, . . . , n − 1) at a terminal.
Both algorithms are organized into two stages indicated by a blank line in between.
It is assumed that if an existing link is added to a graph, there is no effect.
The triangulation starts byA0. In each iteration of the firstfor loop

(Algorithm 7.5), A0 performs a local elimination relative to anIi , adds fill-ins
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locally, and sends them toAi . WhenAi receives the fill-ins (Algorithm 7.6), it up-
dates its local graph, performs a local elimination relative toIi , adds fill-ins locally,
and sends them toA0 for inclusion. After this process is completed with respect to
eachAi , A0 finalizesG′

0 and starts the secondfor loop (Algorithm 7.5). It sends all
relevant fill-ins obtained in the first loop to eachAi . In response, eachAi receives
the fill-ins and finalizesG′

i (Algorithm 7.6).

Algorithm 7.5 Let A0 be the agent at the center of the hyperstar. A0 does the
following:

set LINK= φ;
for each terminal agent Ai , do

eliminate V0 in G0 in the order(V0\Ii , Ii ) and denote the resultant fill-ins by F;
add F to G0 and LINK;
send Ai the restriction of LINK to Ii ;
receive a set F′ of fill-ins over Ii from Ai ;
add F′ to G0 and LINK;

denote the resultant graph by G′0;

for each terminal agent Ai , do
send Ai the restriction of LINK to Ii ;

Algorithm 7.6 Let Ai (1 ≤ i ≤ n − 1) be an agent at a terminal of the hyperstar.
Ai does the following:

receive a set F of fill-ins over Ii from A0;
add F to Gi ;
eliminate Vi in Gi in the order(Vi \Ii , Ii ) and denote the resultant fill-ins by F′;
add F′ to Gi ;
send A0 the restriction of F′ to Ii ;

receive a set LINK′ of fill-ins over Ii from A0;
add LINK′ to Gi and denote the resultant graph by G′

i ;

Figure 7.16 illustrates Algorithms 7.5 and 7.6. The hyperstar with three agents
is shown in (a), and the three local graphs are shown in (b). The d-sepsets are{a, b}
and{ j, k}, respectively. AfterA0 iterates once in the firstfor loop (relative toA1)
andA1 completes its first stage, the resultant local graphsare those shown in (c). The
corresponding elimination orders are (o, k, j, l , q, m, n, a, b) and (e, f, c, d, a, b),
respectively. AfterA0 iterates the second time in the firstfor loop (relative toA2)
andA2 completes its first stage, the resultant local graphsare those shown in (d). The
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Figure 7.16: Illustration of Algorithms 7.5 and 7.6: (a) The hyperstar structure of a trivial
MSBN. (b) The three local graphs. (c) The local graph afterA0 iterates once in the firstfor
loop andA1 completes its first stage. (d) The local graphs afterA0 iterates the second time
in the firstfor loop andA2 completesits first stage.

corresponding elimination orders are (o, l , b, a, q, m, n, j, k) and (i, h, g, j, k), re-
spectively. For this example,A0 has no fill-ins to distribute in the second stage of
Algorithm 7.5. This is not the case in the next example.
Consider the three local graphs in Figure 7.17(a) with the corresponding agents

organized into the same hyperstar as in Figure 7.16(a). The d-sepsets are{a, b, d}
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Figure 7.17: Need for second-round fill-in distribution in Algorithms 7.5 and 7.6. (a) Three
local graphs of a trivial MSBN. (b) The local graphs afterA0 iterates once in the firstfor
loop andA1 finishes the first stage. (c) The local graphs afterA0 iterates the second time in
the firstfor loop andA2 finishes the first stage. (d) The local graphs afterA0 completes the
second stage.
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and {a, b, c, d}, respectively. AfterA0 iterates once in the firstfor loop andA1

finishes the first stage, the resultant graphs are those shown in (b). The elimination
orders are (k, c, d, b, a) and (i, d, b, a), respectively. AfterA0 iterates the second
time in the firstfor loop andA2 finishes the first stage, the resultant graphs are shown
in (c). The elimination orders are (k, d, c, b, a) and (f, e, d, c, b, a), respectively.
After A0 completes the second stage, the local graphs in (d) are obtained. Note that
without this stage, the fill-in{a, d} cannot be added toG1.
Also note that in the second stage, there is no effect whenA0 iterates through

the terminal agent involved in the last iteration of the firstfor loop (i.e.,A2 in this
example). This iteration is not excluded from Algorithm 7.5 to keep it simple.
Before trying to establish the correctness of Algorithms 7.5 and 7.6, we present

a useful property of a chordal graph in Theorem 7.9, which says that the subgraph
of a chordal graph is always chordal.

Theorem 7.9Let G be a chordal graph and G′ be a graph obtained by deleting
some nodes (and links incident to these nodes) from G. Then G′ is chordal.

Proof: It suffices to show that, after the deletion of a single nodex, the remaining
graphG′ is chordal. We prove this by contradiction:

Suppose thatG′ is nonchordal. Then there must be a chordless cycleρ of length
greater than 3 inG′. BecauseG is chordal, a chord must have been deleted fromρ

whenx and links incident to it are deleted fromG. That each link deleted hasx as
one of the end points implies thatx is in ρ: a contradiction to the assumption that
x is not inG′. �

The following proposition shows that, when Algorithms 7.5 and 7.6 terminate,
the local graphsare triangulated correctlywith respect to the requirements ongraph-
consistence, chordality, andprivacy.Wewill address the requirement onelimination
order later.

Proposition 7.10Let Algorithms 7.5 and 7.6 be applied to the moral graph of a
hyperstar MSDAG. When all agents halt, the following hold:

1. G′
0 and G′

i are graph-consistent for i= 1, . . . , n − 1.
2. The graph�n−1

i =0G′
i is eliminatable in the order(∪n−1

i =1 (Vi \Ii ), V0). Namely,�n−1
i =0G′

i is
chordal.

3. G′
0 is chordal and G′

i is eliminatable in the order(Vi \Ii , Ii ) for i = 1, . . . , n − 1.
4. No internal details of any local graph beyond links among its d-sepsets are revealed to

any other agent.
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Proof:
(1) For eachi , G0 andGi are graph-consistent due to moralization. All fill-ins overIi

during the entire process are added toG′
0, accumulated inLINK, and sent toAi by A0.

They are added toG′
i by Ai . Hence,G′

0 andG′
i are graph-consistent.

(2) Without losing generality, assume that the firstfor loop in Algorithm 7.5 proceeds in
the orderi = 1, 2, . . . , n − 1. The eliminations then occurs in the following sequence:

A0, A1, A0, A2, . . . , A0, An−1.

EachAi (i = 1, . . . , n − 1) eliminatesVi in the order (Vi \Ii , Ii ) (Algorithm 7.6). After
the elimination, the subgraph spanned byVi \Ii is never changed owing to hyperstar.
Hence,Vi \Ii can be eliminated fromG′

i without fill-ins.
The last two eliminations byA0 and An−1 are equivalent to Algorithm 7.4 due to

hyperstar. By Proposition 7.8 (3),G′
0 � G′

n−1 is eliminatable in the order

(V0\In−1 ∪ Vn−1\In−1, In−1),

which implies thatG′
0 is eliminatable in (V0\In−1, In−1). Hence, all nodes in�n−1

i =0G′
i can

be eliminated by first eliminatingVi \Ii for eachi = 1, . . . , n − 1 and then eliminating
V0.

(3) Consider the same elimination sequenceA0, A1, A0, A2, . . . , A0, An−1 given in (2)
above. For eachG′

i (i = 1, . . . , n − 1),Vi \Ii is eliminatable, as argued in (2) above;Ii

is also eliminatable due to eliminability ofG′
0, the hyperstar, and Theorem 7.9.

(4) Agent privacy is protectedbecause allfill-ins communicated are among theshared
variables. �

Note that the statement “addF ′ to Gi ” in Algorithm 7.6 is only included for
clarity. It can be removed without affecting the end result.

7.6.4 On the Requirement of Elimination Order

The third statement in Proposition 7.10 is weaker than the requirement on elimi-
nation order, which would dictate thatG′

0 be eliminatable in the order (V0\Ii , Ii )
for eachi = 1, . . . , n − 1. In fact, Algorithms 7.5 and 7.6 cannot guarantee this, as
shown by the following example.
Consider the three local graphs in Figure 7.18(a), whereG0 is the center of

the hyperstar. The two d-sepsets are{b, c, d, e} and {a, d, e}, respectively. By
Algorithms 7.5 and 7.6,A0 first eliminatesG0 in the order (f, a, b, c, d, e) rel-
ative to A1. The elimination produces no fill-ins. ThenA1 eliminatesG1 in the
order (g, b, c, d, e) also without fill-ins.
Next, agentA0 eliminatesG0 relative toA2 in the order (f, b, c, a, d, e), which

produces the fill-in{a, e}. The fill-in is added toG0 and sent toA2 (the dashed links
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Figure 7.18: An example that does not satisfy the requirement on elimination order.
(a) Before cooperative triangulation. (b) After algorithms and leaf are performed.

in (b)), which then eliminatesG2 in the order (h, a, d, e) relative toA0 without
additional fill-ins. All agents now halt, and eachG′

i is shown in (b). However, if we
try to eliminate theG′

0 relative toA1 in the order (f, a, b, c, d, e), another fill-in
{b, e} will be produced. Hence,G′

0 is not eliminatable in the order (V0\I1, I1).
Such a situation does not seem to arise often. For instance, it does not occur

in the examples in Figures 7.16 and 7.17. To guard against such situation, after
Algorithms 7.5 has been terminated,A0 may perform another round of elimination
in the order (V0\Ii , Ii ) for eachi = 1, . . . , n − 2. If any fill-in is added, the algo-
rithm should be repeated. In Section 7.6.6, we revisit this issue in the more general
case of cooperative triangulation in a hypertree.

7.6.5 Cooperative Triangulation in a Hypertree

We now consider the most general case: to triangulate the moral graph of a general
hypertree MSDAG when the hypertree is populated byn > 3 agents. As in multi-
agent moralization, we present recursive algorithms for each agent. The execution
of each algorithm by an agent (denoted byA0) is activated by a caller, which is
either an adjacent agent (denoted byAc) of A0 or the system coordinator. IfA0

has adjacent agents other thanAc, denote them byA1, . . . , Am. We denoteVc ∩ V0

by Ic andV0 ∩ Vi by Ii (i = 1, . . . , m). We also present algorithms to be executed
by the system coordinator. The system coordinator can be a human or an agent. In
these algorithms, we useA∗ to denote the agent selected by the system coordinator
to perform certain operations.
In algorithmDepthFirstEliminate , A0 performs elimination and updating with

respect to all adjacent agents. In algorithmDistributeDlink , A0 receives fill-ins
from the caller and then distributes all fill-ins among d-sepnodes added toG0 since
the start of the cooperative triangulation to each other adjacent agent. Algorithm
CoTriangulate is executed by the system coordinator to activate the cooperative
triangulation by multiple agents.
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Algorithm 7.7 (DepthFirstEliminate) Let A0 be an agent with a local moral
graph G0. A calleris either an adjacent agent Ac or the system coordinator. Denote
additional adjacent agents of A0 by A1, . . . , Am. When the caller calls on A0, it
does the following:

if caller is an agent Ac, do
receive a set Fc of fill-ins over Ic from Ac;
add Fc to G0;

set LINK = φ;
for each agent Ai (i = 1, . . . , m), do

eliminate V0 in the order(V0\Ii , Ii ) and denote the resultant fill-ins by F;
add F to G0 and LINK;
send Ai the restriction of LINK to Ii ;
call Ai to runDepthFirstEliminateand receive fill-ins F′ over Ii from Ai

when finished;
add F′ to G0 and LINK;

if caller is an agent Ac, do
eliminate V0 in the order(V0\Ic, Ic) and denote the resultant fill-ins by F′

c;
add F′

c to G0 and LINK;
send Ac the restriction of LINK to Ic;

Algorithm 7.8 (DistributeDlink) Let A0 be an agent with a local graph G0. A
caller is either an adjacent agent Ac or the system coordinator. Denote additional
adjacent agents of A0 by A1, . . . , Am. When the caller calls on A0, it does the
following:

if caller is an agent Ac, do
receive a set Fc of fill-ins over Ic from Ac;
add Fc to G0;

set LINK to the set of all fill-ins added to G0 so far;
for each agent Ai (i = 1, . . . , m), do

send Ai the restriction of LINK to Ii ;
call Ai to runDistributeDlink;

Algorithm 7.9 (CoTriangulate) The moral graph of a hypertree MSDAG is popu-
lated by multiple agents with one at each hypernode. The system coordinator does
the following:

choose an agent A∗ arbitrarily;
call A∗ to runDepthFirstEliminate;
after A∗ has finished, call A∗ to runDistributeDlink;



168 Linked Junction Forests

A

1A

0

2

A

A3

A5 A7

A9

A10
A8A6

A4

2
3
4

5

8

9

1
6
7

12

10
11

18

19

16
1713

20

14 15

Figure 7.19: Illustration ofCoTriangulate.

Figure 7.19 illustratesCoTriangulate with a system of 11 agents. The hyper-
tree is depicted in the figure with each node labeled by an agent. Suppose the
agent A∗ chosen in the algorithm isA5. For each arrow, an elimination (see
DepthFirstEliminate ) by the agent at the tail on its local graph is performed, and
the relevant fill-ins generated are then sent to the agent at the head. For example, the
arrow fromA5 toA3 represents theeliminationofA5 onG5 in theorder (V5\V3, V5 ∩
V3) followed by sendingA3 the restriction of fill-ins toV5 ∩ V3. The label of each
arrow shows the sequence of the operation. It’s easy to see that the sequence is
similar to a depth-first traversal, which accounts for the name of the algorithm.
After A5 has finishedDepthFirstEliminate , the flow of fill-ins during execution

of DistributeDlink is shown byonly those arrows pointing away fromA5.

7.6.6 Correctness and Complexity of Cooperative Triangulation

In Theorem 7.12, we show the properties ofCoTriangulate. We define thealtitude
of a node in a tree to be used in the proof. Consider a tree rooted at a noder . Given
a nodex on the tree, find the longest path fromr throughx to a terminal and denote
the terminal byy. The altitude ofx is then the length of the path betweenx andy.
In Figure 7.19, for example, if the root isA5, then the altitudes ofA2, A4, andA5

are 0, 1, and 2, respectively.
Lemma 7.11 establishes the depth-first property ofDepthFirstEliminate to be

used in proving Theorem 7.12. We will refer toA∗ as theroot of the hypertree.

Lemma 7.11All eliminations on local graphs located at the (hyper)subtree rooted
at A0 are performed after A0 is called to runDepthFirstEliminateand before A0
returns from the call.

Proof: We prove by induction on the altitudek of A0.
Whenk = 0, A0 is a terminal, and exactly one elimination is performed onG0

(see Figure 7.19, where the total number of eliminations on a local graph located at
a hypernode is shown by the number of outgoing arrows of the node). Only the two
if statements inDepthFirstEliminate are executed in this case, where the second
one contains the elimination. Hence, the lemma is true.
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Assume that the lemma is true whenk = q ≥ 0. Now consider the casek =
q + 1. The eliminations performed on local graphs located at the subtree rooted
at A0 are those performed onG0 and those performed on local graphs located at
the subtree rooted at eachAi (i = 1, . . . , m). Exactlym + 1 eliminations are to
be performed onG0 (one relative to eachAi (i = 1, . . . , m) and one relative to
Ac). The firstm eliminations relative toAi (i = 1, . . . , m) are contained in the
for loop. All eliminations on local graphs located at the subtree rooted at each
Ai (i = 1, . . . , m) are also performed in thefor loop during the call toAi by the
inductive assumption. The last elimination onG0 is performed in theif statement
following thefor loop. �

We now prove the properties ofCoTriangulate.

Theorem 7.12Let CoTriangulatebe applied to the moral graph of a hypertree
MSDAG. When all agents halt, the following hold:

1. Each pair of adjacent local graphs on the hypertree is graph-consistent.
2. The graph union of all local graphs on the hypertree is chordal.
3. Each local graph on the hypertree is chordal.
4. No internal details of any local graph beyond links among its d-sepsets are revealed to

any other agent.

Proof:
(1) Initially the moral graph is graph-consistent. We show that any fill-in among a pair

of d-sepnodes produced by any agent will be communicated to any other agent that
shares the pair. Letx and y be two disconnected d-sepnodes inG0 associated with
an agentA0. Suppose the fill-in{x, y} is produced by another agentA′ duringCo-
Triangulate.

Because the MSDAG is a hypertree, nodesx and y are contained in every local
graph on the path betweenA′ and A0. Suppose the path does not contain the root
A∗. If A′ has a lower altitude thanA0, then {x, y} would be communicated toA0

during DepthFirstEliminate. If A′ has a higher altitude thanA0, {x, y} would be
communicated toA0 duringDistributeDlink.

Next suppose the path does contain the rootA∗. Then{x, y}would be communicated
from A′ to A∗ duringDepthFirstEliminate and fromA∗ to A0 duringDistributeDlink.

(2) We prove the statement by induction on the altitudek of agentA0. When k = 1,
A1 throughAm are terminals of the hypertree. By Lemma 7.11, all eliminations on
graphs located on the subtree rooted atA0 are performed whenA0 is called to run
DepthFirstEliminate. Afterwards, no change is made on each local subgraph spanned
by Vi \Ii . The elimination process is identical to that of Algorithms 7.5 and 7.6 except
for the additional elimination ofG0 relative toAc. Because the additional elimination
is performed last and onV0 only, by Proposition 7.10 (2), the graph unionQ of G0

throughGm is eliminatable in the order (∪mi =1(Vi \Ii ), V0\Ic, Ic).
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Denote the union of all local graphs on the subtree rooted atAi as Qi over
V ′

i (i = 1, . . . , m). When the altitude ofA0 is k = q ≥ 1, assume thatQi is elimi-
natable in the order (∪m

i =1(V
′
i \Ii ), V0\Ic, Ic).

Consider the casek = q + 1. By the inductive assumption, eachQi is eliminatable
in (V ′

i \Ii , Ii ). Because the last elimination on the subtree rooted atA0 eliminatesV0 in
(V0\Ic, Ic), the graph union of all local graphs on the subtree is eliminatable in the order
(∪m

i =1(V
′
i \Ii ), V0\Ic, Ic). Finally, whenA0 = A∗, the graph union of all local graphs on

the subtree is eliminatable in the order (∪m
i =1(V

′
i \Ii ), V0) by Proposition 7.10 (2).

(3) Each local graphG0 other than the one associated withA∗ is eliminated the last time
in the order (V0\Ic, Ic). Hence,V0\Ic is eliminatable. By (2) and Theorem 7.9,Ic is
eliminatable.

For the rootA∗, the last elimination onG0 is performed relative to anAi in the
order (V0\Ii , Ii ). The processing is equivalent to Algorithm 7.4. By the hypertree and
Proposition 7.8 (2),G0 is eliminatable in (V0\Ii , Ii ).

(4) All fill-ins communicated are among the shared variables. �

Next, we consider the time complexity ofCoTriangulate. We concentrate on
DepthFirstEliminate and focus on its elimination processing only. This is because
the amount of computation for transmission of fill-ins to adjacent agents during
DepthFirstEliminate andDistributeDlink is dominated by the former.

Given the moral graph of a hypertree MSDAG withn hypernodes, it is
easy to see from Figure 7.19 that 2(n − 1) eliminations are performed during
DepthFirstEliminate . Let k be the maximum number of nodes in a local graph
andd be the maximum degree of a node. To eliminate a node, the completeness
of its adjacency is checked. The complexity of the checking isO(d2). Using the
heuristics in Section 4.6,O(k) nodes are checked before one is eliminated. Hence,
the time complexity of eliminating all nodes in a local graph isO(k2 d2). The
complexity ofCoTriangulate is thenO(n k2 d2).
As shown in Section 7.6.4,CoTriangulate does not guarantee that eachG0 is

eliminatable in (V0\Ii , Ii ), although negative cases do not occur often. The follow-
ing algorithm extendsCoTriangulate to ensure the requirement on eliminatable
order is fully satisfied.

Algorithm 7.10 (SafeCoTriangulate)

performCoTriangulate;
each agent performs an elimination relative to the d-sepset with each adjacent

agent;
if no agent added any fill-ins, halt;
else restart this algorithm;

The following theorem establishes the property ofSafeCoTriangulate:
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Table 7.1:Agent communication interfaces

Agents Interface

A0 vs A1 I0,1 = {a, b, c, d, e, f, g}
A1 vs A2 I1,2 = {h, i, j, k, l , m, n, o, p, q, r }
A2 vs A3 I2,3 = {s, t, u, v, w, x, y, z, a′, b′}
A2 vs A4 I2,4 = {c′, d′, e′, f ′, g′, h′, i ′, j ′}

Theorem7.13Let SafeCoTriangulatebe applied to the moral graph of a hypertree
MSDAG. When all agents halt, each local graph G0 is eliminatable with respect to
each adjacent local graph Gi in the order(V0\Ii , Ii ).

Proof: Each round ofSafeCoTriangulatewill add some fill-ins to some local
graphs, for otherwise it will halt. Because only a finite number of fill-ins can be
added to each local graph before it becomes complete, and a complete graph is
eliminatable in any order,SafeCoTriangulatewill halt. �

By Theorems 7.12 and 7.13, we conclude that the problem of cooperative
triangulation with respect to all requirements is solved bySafeCoTriangulate.
Figure 7.20(a) shows the moral graph of a hypertree MSDAG whose total uni-
verse contains 80 variables. The hypertree is shown in Figure 7.21, and the agent
interfaces are listed in Table 7.1.
The result ofSafeTriangulateis shown in Figure 7.20(b) with fill-ins displayed

as dashed lines.SafeTriangulateterminateswith one execution ofCoTriangulate.
A total of eight fill-ins areadded (identical fill-ins are countedonly once).Onemight
ask whether cooperative triangulation will result in toomany fill-ins comparedwith
a single-agent centralized triangulation. To answer this question empirically, an
experiment has been performed in whichGetChordalGraph in Section 4.6 was
applied to the union of the local graphs in Figure 7.20(a). As a result, a total of six
fill-ins were added. Hence, the cooperative triangulation results in only two extra
fill-ins for this example.Theexperiment demonstrates that cooperative triangulation
produces a reasonably sparse chordal graph.
In the following, we show the results of cooperative triangulation in the multi-

agent system for monitoring the digital system presented in Chapter 6. Figure 7.22
shows the local chordal graph for agentA0. Dark links are those in the original
local DAG. Light links are added during moralization. The only fill-in is{a0, x3}
(the grey level of the link is intermediate).1

1 The three types of links in black, light grey, and darker grey correspond to black, green, and red links on computer
screen, respectively.
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Figure 7.20: (a) The moral graph of a hypertree MSDAG. (b) The chordal graph obtained
bySafeTriangulate.
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Figure 7.21: The hypertree of an MSDAG.
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Figure 7.22: The local chordal graph forA0.

Figure 7.23 shows the local chordal graph forA1. The fill-in {a0, x3} is shared
with A0. An additional fill-in{i0, p0} is added. Figure 7.24 shows the local chordal
graph forA2. The fill-in {i0, p0} is shared withA1, and {s0, x0} is added as an
additional fill-in. Figures 7.25 and 7.26 show the local chordal graphs forA3 and
A4. AgentA3 shares{s0, x0} with A2, andA4 has no fill-ins in its local graph.
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Figure 7.23: The local chordal graph forA1.
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7.7 Constructing Local Junction Trees and Linkage Trees

After each local dependence structure has been moralized and triangulated, it can
be further organized into a local junction tree. This task can be performed by each
individual agent using the method described in Section 4.8. After the local JT
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Figure 7.25: The local chordal graph forA3.
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Figure 7.26: The local chordal graph forA4.

is obtained, a linkage tree needs to be constructed between the agent and each
adjacent agent. Because the local graph has been triangulated with respect to the
requirement on elimination order, such a linkage tree does exist (Theorem 7.7) and
can be constructed from the local JT according to Definition 7.3. We illustrate this
process with an example.
Figure 7.27 shows the local JTs obtained by agentsA1 andA2. Each can compute

the local JT using its local chordal graph shown in Figure 7.20(b). No interaction
is needed.
Figure 7.28 shows the linkage tree obtained byA1 andA2. AgentA1 applies the

procedure inDefinition 7.3 to the local JT in Figure 7.27(a). It can removeaaandbb

h,l,m,n

g,m,w"

a,b,f,g

b",c",n

i,n,p

h,j,k,p,o

j,k,q,r

r,x’,y’

a,b,d

b,c,d,e

e,x",y",z"

aa,bb,z"

a",p,z’

a",i,p

h,j,k,o,p d",e",o

j,k,q,r c’,q,v’,w’

c’,d’,g’,i’

d’,e’,f’,j’

e’,t’,u’

h,n,p

h,l,m,n i,n,p

f",g",l,v

s,t,v,w d’,h’,i’,r’

i’,r’,s’
s,t,x

t,u,x,y

a’,b’,u,z

j",k",z

h",s,x

h",i",x
T

T

1

2

(a) (b)

h,n,p

Figure 7.27: The local junction trees forA1 (a) andA2 (b).
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h,l,m,n i,n,p

h,j,k,p,o
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Figure 7.28: The linkage tree betweenA1 andA2.

from the terminal clusterC = {aa, bb, z′′}. The resultantC becomes a subset to its
adjacent cluster{e, x′′, y′′, z′′} and can bemerged. Now denoteC = {e, x′′, y′′, z′′}.
AgentA1 can then removex′′, y′′, andz′′ fromC such thatC can bemerged into its
adjacent cluster{b, c, d, e}. By repeating this process,A1 will obtain the linkage
tree in Figure 7.28. Similarly,A2 will obtain the same linkage tree locally from
Figure 7.27(b).
Note that because the linkage trees associated withA1 and A2 are computed

locally and independently; in general, the two linkage trees may be different. We
will return to this issue in Section 8.3.
Before we continue, we show the local junction trees obtained by the multiagent

system for monitoring the digital system in Figures 7.29 through 7.33.
From these local junction trees, the linkage trees between each pair of adjacent

agents are computed, as shown in Figures 7.34 through 7.37. Note that although the
d-sepset between a pair of agents has a cardinality between 9 and 13 (see Table 6.2),
the largest linkage among all linkage trees has a cardinality of only 6.
With the local JT and linkage trees constructed by each agent, the hypertree

MSDAG in the original MSBN has been converted into a different dependence
structure, which is termed alinked junction forest(LJF). We formally define this
structure as follows:
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Figure 7.29: The local junction tree forA0.
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Definition 7.14 A linked junction forest F is a tuple(V, G, T, L).
V = ∪i Vi is the total universe, where each Vi is a set of variables, called a

subdomain.
G = �i Gi , where each Gi = (Vi , Ei ) is a chordal graph such that there exists a

hypertree	 over G.
T = {Ti } is a set of JTs, each of which is a corresponding JT of Gi .
L = {Li } is a collection of linkage tree sets. Each Li = {Li, j } is a set of linkage

trees, one for each hyperlink incident to Gi in 	. Each Li, j is a linkage tree of Ti
with respect to a hyperlink Vi ∩ Vj .

An LJF is an alternative dependence structure for a multiagent system, where
each agent is associated with a (Vi , Gi , Ti , Li ).We refer to the tuple (Vi , Gi , Ti , Li )
as thelocal JT dependence structureof agentAi , or simply the local JT structure
of Ai when there is no confusion. We conclude this chapter by emphasizing that
an LJF is an I-map. In the following theorem, the graphical separation refers to
h-separation.

Theorem 7.15Let a hypertree MSDAG G= �i Gi be an I-map of a total universe
and F be a linked junction forest of G. Then the following holds:

1. For each two disjoint subsets X and Y of variables in the universe, if there exists a
hyperlink Z such that X is located onone side of Z on the hypertree and Y is located
on the other side, then I(X, Z, Y).

2. For each subdomain Vi with the corresponding JT Ti in F and any disjoint subsets X,
Y , and Z of Vi ,

〈X|Z|Y〉Ti =⇒ I (X, Z, Y).

3. For each hyperlink I with a corresponding linkage tree L and any disjoint subsets X, Y ,
and Z of I ,

〈X|Z|Y〉L =⇒ I (X, Z, Y).

Proof:
(1) It follows from Theorem 6.12 and the I-mapness ofG.
(2) It follows from the I-mapness ofG, the I-mapness of themoral graph (Theorem4.8), the

preservation of I-mapness by triangulation (adding fill-ins only), and the preservation
of I-mapness by JTs (Theorem 4.18).

(3) It follows from (2) and Proposition 7.6. �

Given an LJFF = (V, G, T, L), if the three conditions in Theorem 7.15 hold,
F is said to be anI-mapoverV .
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Theorem 7.15 describes the three levels of conditional independence encoded in
an LJF. The hypertree-level independence ensures effective and exact distributed
inference, the JT-level independenceensureseffective andexact local inference, and
the linkage-tree level independence ensures effective and exact e-message passing.
These will become even clearer as we present the MSBN inference methods in the
next chapter.

7.8 Bibliographical Notes

The concept of linkage trees was initially presented in Xiang, Poole, and Beddoes
[96] and was refined in Xiang [84, 89]. The analysis of the cluster merge operation
(Proposition 7.4) is from Jensen [28]. The distributed triangulation of a hyperstar
was first proposed in Xiang et al. [96]. The cooperative triangulation of a general
hypertree was proposed by Xiang [89].

7.9 Exercises

1. Verify that the result of cooperative moralization in Figure 7.2 is identical to what would
be obtained from a centralized moralization.

2. Follow AlgorithmCoMoralize with the MSDAG in Figure 7.6 on the assumption that
A2 is selected asA∗. Compare the resultant moral graph of the MSDAG with that from
Section 7.3.

3. Compute the linkage tree between agentsA2 andA3 from the local junction tree ofA2

in Figure 7.31, where the local junction tree ofA3 is shown in Figure 7.32.
4. Apply two-agent triangulation (Algorithm 7.4) to the local moral graphs in Figure

7.10(b). Interpret the result.
5. Follow three-agent triangulationon theassumption that the localmoral graphsare those in

Figure7.17(a). Let agentA2 executeAlgorithm7.5andA0 andA1 executeAlgorithm7.6.
6. Follow AlgorithmSafeCoTriangulateon the assumption that the local moral graphs are

those in Figure 7.18(a). LetA0 be the initiating agentA∗.
7. Follow AlgorithmSafeCoTriangulateon the assumption that the local moral graphs are

those in Figure 7.20(a). LetA1 be the initiating agentA∗.
8. Use the local chordal graphs in Figure 7.20(b) to perform the following:

(a) Construct the local JTsT0 andT1 for agentsA0 andA1.
(b) Construct the linkage tree betweenA0 andA1 from T0.
(c) Construct the linkage tree betweenA0 andA1 from T1.
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Distributed Multiagent Inference

Chapter 7 has presented compilation of an MSBN into an LJF as an alternative
dependence structure suitable for multiagent belief updating by concise message
passing. Just as in the single-agent paradigm in which the conditional probability
distributions of a BN are converted into potentials in a junction tree model, the
conditional probability distributions in an MSBN need to be converted into poten-
tials in the LJF before inference can take place. This chapter presents methods for
performing such conversions and passing potentials as messages effectively among
agents so that each agent can update belief correctly with respect to the observations
made by all agents in the system.

Section 8.2 defines the potential associated with each component of an LJF
and describes their initialization based on probability distributions in the original
MSBN. Section 8.3 analyzes the topological structures of two linkage trees over an
agent interface computed by two adjacent agents through distributed computation.
This analysis demonstrates that, even though each linkage tree is created by one of
the agents independently, the two linkage trees have equivalent topologies. This re-
sult ensures that the two agents will have the identical message structures when they
communicate through the corresponding linkage trees. Sections 8.4 and 8.5 present
direct interagent message passing between a pair of agents. The effects of such
message passing are formally established. The algorithms for multiagent commu-
nication through intra- and interagent message passing are presented in Section 8.6.
We also establish that exact posterior distributions can be obtained efficiently by
local computation after such communications. Section 8.7 demonstrates how multi-
agent inference functions in trouble-shooting a digital system. The computational
complexity of multiagent communication is analyzed in Section 8.8. The properties
of, and motivations for regional agent communication are shown in Section 8.9.
The possibility of extending the loop cutset conditioning and forward sampling
(two alternative methods for belief updating in BNs) to inference in MSBNs is
considered in Section 8.10.
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Figure 8.1: A trivial MSBN.

8.1 Guide to Chapter 8

Chapter 7 has described compiling an MSBN into an LJF structure. Before belief
updating can be performed, the quantitative knowledge in the MSBN needs to
be compiled as well. Section 8.2 presents the method for the compilation. As an
example, the MSBN in Section 7.1 is duplicated in Figure 8.1 with the conditional
probability distributions shown. The hypertreehas the topology ofG0 − G2 − G1.
Its compiled LJF representation is shown in Figure 8.2, whereL02 is the linkage tree
betweenT0 andT2 andL12 is the linkage tree betweenT1 andT2. The probability
distribution of each node in each subset is assigned to a cluster in the corresponding
local JT in the same way as in the single-agent paradigm. For example,P(k|a, b)
is associated with the nodek in G0. Because the cluster{a, b, k} in the localJT
T0 contains the family ofk, P(k|a, b) is assigned to the cluster. The product of all
distributions thus assigned to a cluster then becomes the potential of the cluster
(e.g., the productP(c)P(d) for the cluster{b, c, d} in T0). A cluster that has no
such assigned distributions is given a uniform potential (e.g., the cluster{a, b, c}
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Figure 8.2: The LJF representation with initial potential assignment.
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in T1). Each separator in each local JT is given a uniform potential as well as each
linkage in each linkage tree.

Once these three types of potentials (for clusters and separators of local JTs and
linkages of linkage trees) are assigned, all other potentials are defined accordingly.
These include the following potentials:

� A potential for each local JT.
� A potential for each separator in each linkage tree.
� A potential for each linkage tree.
� A joint system potential (JSP) for the entire LJF representation.

Although a single linkage treeL02 is drawn in Figure 8.2 between local JTsT0 and
T2, in fact a separate linkage tree is obtained by agentA0 from T0 and another byA2

from T2. This is necessary because the two agents are in general remotely located
and each needs a linkage tree to maintain its potential over the agent interface.
Section 8.3 considers the consequences when the two linkage trees are computed
by the two agents independently. The analysis concludes that, although in general
the two linkage trees will be different, the difference is constrained and does not
affect the result of belief updating by message passing.

The primitive action for message passing between two adjacent agents is the
transmission of a potential over a single linkage. For example, the transmission of
a potentialB(a, b, c) from A0 to A2 over the linkage{a, b, c} in L02 is a primitive
action (see Figure 8.2). Section 8.4 defines such a message.

Section 8.5 sets forth the actions involved in message passing between two
adjacent agents over their linkage trees (recall that there are two of them – one
for each agent). This process entails the transmission of potentials over linkages
between agents followed by internal message passing in the receiving agent. For
example, whenA0 passes its belief toA2 over their interface, it sends a potential
over the linkage{a, b, c} and another potential over the linkage{b, c, d}. When the
two potentials are received,A2 combines the potential over the linkage{a, b, c}
with the potential in its linkage host (i.e., the cluster{a, b, c}) and combines the
potential over the linkage{b, c, d} with the potential in its linkage host. Afterwards,
A2 performs internal message passing overT2, as discussed in Chapter 5.

Section 8.6 discusses how all agents in the system communicate through message
passing over linkage trees. Figure 8.3 illustrates the process when the communi-
cation is activated by agentA0. The black arrows indicate the sequence in which
agents are activated:A0 first, thenA2, and thenA1. WhenA1 is activated, it passes
the message toA2 over their linkage trees. After local processing, as discussed
above,A2 passes the message toA0 over their linkage trees. The white arrows
indicate the sequence of the message passing. The first round of message passing is
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Figure 8.3: Communication among agents.

then completed, and the second round starts. After local processing,A0 passes the
message back toA2, andA2 passes the message toA1 (following the black arrows).
Section 8.6 shows that, after these two rounds of interagent message passing, all
agents’ beliefs are updated correctly.

The computational complexity of these communications is analyzed in Section
8.8. The conclusion is that as long as the MSBN structure is sparse, the multiagent
communication operation is efficient.

To illustrate how multiple agents can use the MSBN–LJF representation and
the communications algorithms presented in practice, Section 8.7 demonstrates
troubleshooting a multi-component digital system by five cooperating agents. Two
devices in the system are broken. By limited local observations and two communi-
cations, the agents are able to locate the two faulty devices with high certainty.

Section 8.9 discusses the issue of regional communication when not all agents
in the multiagent system are involved in the communications activity. Regional
communication is sometimes desirable because it is more efficient than full-scale
communication, although agents that participate in it can only benefit from the
knowledge of each other but not the agents outside the region. Regional communi-
cation is sometimes necessary when the computer network that physically connects
agents fails. When such a failure occurs, regional communication allows agents iso-
lated into each region to continue cooperation as a group; hence, the performance
of the system degrades gracefully.

Section 8.10 examines the possibility of extending two alternative methods for
belief updating in BNs, loop cutset conditioning and forward sampling, for belief
updating in MSBNs. The analysis concludes that, although both extensions are
possible in theory, they require many more messages to be transmitted among
agents and much more complex coordination of agent activities.



186 Distributed Multiagent Inference

8.2 Potentials in a Linked Junction Forest

To perform inference in an MSBN using the alternative dependence structure, an
LJF, the JPD of the MSBN, needs to be converted into the belief over the LJF. As in
the case of potential assignment for a JT in the single-agent paradigm (Section 5.3),
we seek a concise and localized belief representation by exploring the independence
(Theorem 7.15) encoded in the LJF. This involves assigning potentials to the clusters
and separators of local JTs and linkage trees and assembling them into a joint system
potential (JSP).

8.2.1 Defining Potentials

The following potentials areassigned, and all other potentials aredefined(or de-
rived) in terms of these potentials.

� Each clusterQ in each local JT is assigned a potentialBQ(Q).
� Each separatorS in each local JT is assigned a potentialBS(S).
� Each linkageQ in each linkage tree is assigned a potentialBQ(Q).

The initial assignment of these potentials is described in the next subsection. Here
we define the other potentials first:

The potential of a JTTi over the subdomainVi is defined as

BTi (Vi ) =
[
∏

j

BQj (Qj )

] /[
∏

k

BSk(Sk)

]
,

where j is over the indices of all clusters inTi andk is over the indices of all
separators. The semantics ofBTi (Vi ) have been established in Theorem 5.10.

For each separatorS in each linkage tree, its potential is defined as

BS(S) =
∑

Q\S

BQ(Q),

whereQ is any one of the two linkages with its separatorS. Note that the definition
refers to one of the two linkages without preference. As will be shown in Sections 8.3
and 8.5, this causes no problem at all. The potential of a linkage treeLi, j over a
d-sepsetIi, j is then defined as

BLi, j (Ii, j ) =
[
∏

m

BQm(Qm)

] /[
∏

k

BSk(Sk)

]
,

wherem is over the indices of all linkages inLi, j andk is over the indices of all
separators. In Section 8.2.3, we discuss the semantics ofBLi, j (Ii, j ).
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The joint system potential(JSP) over the universeV is associated with the LJF
F and is defined as

BF (V) =
[
∏

i

BTi (Vi )

] /[
∏

k

BLk(Ik)

]
,

wherei is over the indices of all JTs inF andk is over the indices of linkage tree –
one for each hyperlink in the hypertree. The semantics ofBF (V) will be discussed
in Section 8.2.3.

With the potentials attached to the JT and linkage trees of each local dependence
structure (Vi , Gi , Ti , Li ), we refer to the resultant tuple (Vi , Gi , Ti , BTi , Li , BLi )
as thelocal JT representation. It is the compiled subdomain representation of the
corresponding agentAi . Note thatBLi is a collection of linkage tree potentials, one
for each linkage tree of the local structure. We refer toF = (F, BF (V)) as alinked
junction forest representationof the corresponding MSBN.

8.2.2 Initial Potential Assignment

As described in the previous section, the potential for each cluster and each separator
in each local JT and the potential for each linkage in each linkage tree are assigned
(versus derived).

The potential assignment in each JT is the same as in the single-agent paradigm:
Let Ti be a JT obtained from the subnetSi = (Vi , Gi , Pi ). For each clusterQ and
each separatorS in Ti , assign a uniform potential. For each nodev in Gi , find a
clusterQ in Ti such thatf mly(v) ⊆ Q and break ties arbitrarily. UpdateB(Q) to
the productB(Q) ∗ P(v|π (v)). Note that the assignment ensures

BTi (Vi ) = Pi (Vi ).

For each linkage in each linkage tree, assign a uniform potential.
Now consider the JSP

BF (V) =
[
∏

i

BTi (Vi )

] /[
∏

k

BLk(Ik)

]
.

Because each linkage is assigned a uniform potential, the denominator
∏

k BLk(Ik)
contributes no nontrivial information. Hence,

BF (V) =
∏

i

BTi (Vi ).
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Because each separator of each local JT is assigned a uniform potential, we have

BF (V) =
∏

i

BTi (Vi ) =
∏

i

Pi (Vi ) = P(V). (8.1)

That is, the JSP is identical to the JPD of the MSBN.
Recall from Chapter 5 that supportiveness is an important property to ensure the

correct belief updating by message passing. This is also true for belief updating in
an LJF. That is, the initial potential assignment must ensure that each separator in
each JT and each linkage tree is supportive (readers are encouraged to verify this).
Each act of message passing must also maintain the supportiveness. Indeed, the
inference algorithms presented later in this chapter do maintain the supportiveness.
Because the analysis is straightforward, we omit it from our presentation.

8.2.3 Consistence of Potentials

Message passing achieves belief updating by bringing adjacent belief units into
consistence. We define different levels of consistence in an LJF representation.

Consider a local JTTi . If a pair of adjacent clustersQ andC and their separator
Ssatisfy

∑

Q\S

BQ(Q) = const1 ∗ BS(S) = const2 ∗
∑

C\S

BC(C),

then Q and C are said to beconsistent. If every pair of adjacent clusters inTi

is consistent, thenTi is locally consistent. Note that this notion is paralleled in
the single-agent paradigm. There, the local consistence ensures global consistence
because of the JT structure. Here, we will useglobal consistenceto describe the
consistence at the level of the LJF and will not use the notion at the local JT level
any more.

Because a linkage tree is a JT, we apply the notion of local consistence to a
linkage tree in the same way as to a local JT.

Using the local consistence concept, the following proposition establishes the
semantics of the linkage tree potential. That is, when a local JT is locally consistent,
the potential of its linkage tree over a given d-sepset is the marginal of the JT
potential. In other words, it is a correct e-message over the d-sepset.

Proposition 8.1 Let Ti over Vi be a local JT in an LJF representation that is an
I-map, and let Ti be locally consistent. Let Li, j be a linkage tree of Ti over the
d-sepset Ii, j . For each linkage Q in Li, j with its host C in Ti , assign BQ(Q) =
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∑

C\Q BC(C). Then

BLi, j (Ii, j ) =
∑

Vi \Ii, j

BTi (Vi ).

Proof: Because the LJF is an I-map,Ti is an I-map overVi . Without losing
generality, we assume thatBTi (Vi ) = const∗ P(Vi ). Then, by Theorem 5.16, for
each clusterX in Ti , BX(X) = const1 ∗ P(X), and for each separatorZ, BZ(Z) =
const2 ∗ P(Z). Hence, according to the assignment of linkage potentials, for each
linkageQ, we haveBQ(Q) = const3 ∗ P(Q). According to the definition of sep-
arator potentials in a linkage tree, for each separatorR in Li, j we haveBR(R) =
const4 ∗ P(R).

From Proposition 7.5,Li, j is a JT. From Proposition 7.6,Li, j is an I-map over
Ii, j . From Theorem 5.10, the result follows. �

Next, we consider a local JTTi and a linkage treeLi, j of Ti . If a linkageC in
Li, j and its linkage hostQ in Ti satisfy

∑

Q\C

BQ(Q) = const∗ BC(C),

thenC andQ are said to beconsistent.
WhenTi is locally consistent and each linkage inLi, j is consistent with its host

in Ti , the local JTTi and its linkage treeLi, j are said to beconsistent. Recall that
the separator potential in a linkage tree is defined by marginalizing the potential of
its adjacent cluster. Hence, wheneverTi andLi, j are consistent,Li, j is also locally
consistent. From Proposition 8.1, whenTi andLi, j are consistent,Li, j carries all
the relevant information that agentAi has relative to agentAj .

Finally, consider an LJF representationF . If every local JT is consistent and
every linkage tree is consistent with its local JT, thenF is said to beglobally
consistent. WhenF reaches global consistence, every agent will have received all
relevant information that other agents have to offer. Further communication would
have no effect on each agent’s belief. Using the notion of global consistence, we
establish the semantics of JSP in the remainder of this section.

Theorem 8.2 Let a hypertree MSDAG G= 	i Gi be an I-map of a total universe
V and F be an LJF of G. If for each cluster Q in each local JT of F, BQ(Q) =
const1 ∗ P(Q) and the LJF representation(F, BF (V)) is globally consistent, then

P(V) = const∗ BF (V).
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Proof: Recall that

BF (V) =
[
∏

i

BTi (Vi )

] /[
∏

k

BLk(Ik)

]
.

By Theorem 7.15,F is an I-map in the sense that the hypertree is an I-map, each
local JT is an I-map, and each linkage tree is also an I-map. Because each local JT
is an I-map, we have

P(Vi ) = const2 ∗ BTi (Vi ),

according to Theorem 5.10. Inasmuch as eachTi is locally consistent and is con-
sistent with each of its linkage treesLi, j , by Proposition 8.1 we have

P(Ii, j ) = BLi, j (Ii, j ).

Because the hypertree is an I-map, we have

P(V) = const∗
[
∏

i

P(Vi )

] /[
∏

k

P(Ik)

]
.

�

Recall Basic Assumption 6.5. It requires the uncertain knowledge representation
of a multiagent system to respect the belief of each agent within its subdomain
and to supplement each agent’s knowledge with others’ outside the subdomain.
Theorem 8.2 assures us that when an MSBN is compiled into an LJF representation,
Basic Assumption 6.5 is kept in this alternative representation.

8.3 Linkage Trees over the Same d-sepset

Recall that each agent is associated with a local JT and a set of linkage trees –
one for each d-sepset. Because two adjacent agents have a shared d-sepsetIi, j ,
each of them has a linkage tree over the d-sepset. Given that each agent computes
its linkage tree overIi, j independently from its local JT, the two linkage trees are
potentially different. We analyze the potential difference, which has implications
for e-message passing operations during agent communication. We consider the
following possible difference between the two linkage trees:

1. The linkages of the two trees may be different.
2. The separators of the two trees may be different.
3. When the clusters and the separators are identical, the topology of the two trees may still

be different.
4. When the clusters and the separators are identical, the potentials of the two trees may

still be different.
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First, we consider the linkages. According to Theorem 7.12, the adjacent local
graphsGi andG j are graph-consistent. Hence, the subgraphs ofGi andG j spanned
by the d-sepset are identical. Each linkage is a clique in the subgraph. Hence, the
linkages in the two trees must be identical.

Second, we consider the separators. According to Proposition 7.5, each linkage
tree is a junction tree with the linkages as clusters. We have shown in the preceding
paragraph that the clusters of the two linkage trees are identical. The following
proposition shows that all junction trees of the same set of clusters have the same
set of separators as well.

Proposition 8.3 Let G be a connected chordal graph, and H and T be two distinct
corresponding JTs of G. Then H and T have the identical set of separators.

Proof: Because the clusters ofH are cliques ofG and so are clusters ofT , H
andT have the same set of clusters. We prove the proposition by induction on the
numberk of clusters ofH . The statement trivially holds ifk = 2. Assume that it
holds whenk = n. We considerH with n + 1 clusters.

Let C be any terminal cluster ofH with the adjacent clusterC∗ and the separator
S, as in Figure 8.4(a). LetH ′ be the JT resultant from removing the clusterC (and
its separator) fromH .

If C is terminal inT , let T ′ be the JT resultant from removingC from T .
Consider the case in whichC is not terminal inT , as in Figure 8.4(b). BecauseT

is a JT, every separator on the path betweenC andC∗ must be equal toS. Hence, at
least one separator incident toC in T is S. Denote the corresponding adjacent cluster
of C asQ. RemoveC and its separatorSwith Q, and let other adjacent clusters of
C be adjacent toQ, as shown in (c). The resultant is still a JT. Denote this JT asT ′.

Clearly H ′ andT ′ haven clusters each. By the inductive assumption, they have
the identical set of clusters. Because the only separator removed fromH andT is
S, the result follows. �

Third, we recognize that the topology of the two linkage trees may be different
even when both have the same clusters and separators. This means that the same
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Figure 8.4: Illustration of proof for Proposition 8.3.
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Figure 8.5: Two JTs with identical clusters and separators but different topologies.

cluster in different linkage trees may have different separators. Figure 8.5 shows
such an example, whereC1 has three separators in (a) but two in (b). On the
other hand, the potential of a linkage tree is defined in terms of potentials over its
linkages and separators. Hence, as long as the linkages and separators are identical,
the topological difference has no affect on the linkage tree potential.

Finally, we consider the potential value. Clearly, because each linkage tree is
maintained by a separate agent, it is possible from time to time that the two linkage
tree potentials are inconsistent. Recall that the JSP of an LJFF is defined as

BF (V) =
[
∏

i

BTi (Vi )

] /[
∏

k

BLk(Ik)

]
.

The denominator involves a linkage tree potential for every d-sepset. If the two
linkage trees are inconsistent, the JSP would not be uniquely defined. We have
seen that the initial assignment does ensure that each pair of linkage trees over the
same d-sepset is consistent (by assigning them uniform potentials). As we will see,
during communication the consistence will be maintained.

8.4 Extended Linkage Potential

In this section, we consider an extended potential to be associated with each linkage.
Recall that the potential of a linkage treeLi, j over a d-sepsetIi, j is defined as

BLi, j (Ii, j ) =
[
∏

m

BQm(Qm)

] /[
∏

k

BSk(Sk)

]
,

wherem is over the indices of all linkages inLi, j andk is over the indices of all sep-
arators. When the linkage tree is locally consistent, each separator potential carries
redundant information because it is simply a marginal of some cluster potential.
Their appearance as denominators in the preceding equation can be interpreted as a
“removal” of the redundance from the numerator, the product of cluster potentials.
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Figure 8.6: Defining linkage peers for each linkage.

Instead of removing redundance after the product, the extended potential explores
the idea of removing redundance before the product.

First, we introduce the notion ofpeer separatorof a linkage to signify what
redundant information needs to be removed and from where.

Definition 8.4 Let Li, j be a linkage tree of a local JT. Convert Li, j into a rooted
tree by selecting a linkage Q arbitrarily as the root and direct links away from it.
For each linkage Q′ �= Q, assign the separator with its parent linkage as thepeer
separator of Q′.

For example, the linkage tree in Figure 8.6 has five linkages. If the linkageQ0

is chosen as the root, then it has no peer assigned to it. The peer separator of each
other linkage is labeled beside the linkage. We now define the extended linkage
potential.

Definition 8.5 Let Li, j be a linkage tree with linkage potentials, separator po-
tentials, and linkage peers defined. For each linkage Q with peer R, itsextended
linkage potentialis

B∗
Q(Q) = BQ(Q)/BR(R).

For the cluster Q without peer, define

B∗
Q(Q) = BQ(Q).

Consider the linkage tree in Figure 8.6. The extended potential for linkageQ1 is

B∗
Q1

(h, l , m, n) = BQ1(h, l , m, n)/B{h,n}(h, n),

and the extended potential for linkageQ0 is B∗
Q0

(h, n, p) = BQ0(h, n, p).
The semantics of extended linkage belief are shown in Proposition 8.6. The proof

is trivial.
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Proposition 8.6 Let Li, j be a linkage tree. Then the linkage tree potential BLi, j (Ii, j )
can be expressed in terms of extended linkage potentials as

BLi, j (Ii, j ) =
∏

Q

B∗
Q(Q),

where each Q is a linkage in Li, j .

In the following sections, the extended linkage potentialB∗
Q(Q) will be used

as the actual e-message transmitted between agents, whereas the linkage potential
BQ(Q) and separator potentialBS(S) will only be used as conceptual objects in
our analysis. In our presentation, whenever eitherBQ(Q) or B∗

Q(Q) is updated, it
is assumed that both are updatedsimultaneously.

8.5 E-message Passing between Agents

In this section, we describe how agents in a system organized as an LJF representa-
tion achieve consistence by message passing. First, we introduceAbsorbThrough-
Linkage, whose effect is to propagate belief from one agent to an adjacent agent
through a single linkage.

Algorithm 8.1 (AbsorbThroughLinkage) Let Ai and Aj be adjacent agents.
Agent Ai is associated with the local JT Ti and linkage tree Li , and Aj with Tj and
L j . Let Qi be a linkage in Li , Ci be the linkage host of Qi in Ti , and Qj be the
corresponding linkage in Lj .

WhenAbsorbThroughLinkageis called on Ai for Ci to absorb through Qi ,
the following occurs:

1. Agent Ai requests transmission ofB∗
Qj

(Qj ) from Aj .
2. Upon receipt, Ai updates its host potential B′Ci

(Ci ) = BCi (Ci ) ∗ B∗
Qj

(Qj )/B∗
Qi

(Qi ).

3. Agent Ai updates its linkage potential B∗
′

Qi
(Qi ) = B∗

Qj
(Qj ).

The followingUpdateBeliefalgorithm propagates belief from an agent to an ad-
jacent agent through multiple linkages (a hyperlink) between them.UpdateBelief
is analogous toAbsorption in Section 5.4 for message passing in a single agent
JT. However, here, the message originates from a local JT and is targeted at an-
other local JT. The channel is a d-sepset and (a hyperlink) in the form of multiple
linkages.

Algorithm 8.2 (UpdateBelief) Let Ai and Aj be adjacent agents. Agent Ai is
associated with local JT Ti and linkage tree Li , and Aj with Tj and Lj . When
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UpdateBelief is called on Ai relative to Aj , the following occur:

1. Upon request from Ai , for each linkage Qj with host Cj in L j , Aj assigns BQj (Qj ) =∑
Cj \Qj

BCj (Cj ).
2. For each linkage Qi with host Ci in Li , Ai calls AbsorbThroughLinkageon itself

for Ci to absorb through Qi .
3. Agent Ai performsUnifyBelief (Algorithm 5.4) at Ti .

From Propositions 8.1 and 8.6, the messages passed through all linkages in step 2
collectively define an e-message, the belief of agentAj over the d-sepset withAi .
Hence,UpdateBelief essentially performs e-message passing between a pair of
agents. Its effects are shown formally in the following proposition.

Proposition 8.7 Let Ti and Tj be adjacent local JTs, and Li and Lj be the corre-
sponding linkage trees. Let Tj be locally consistent. AfterUpdateBeliefis performed
in Ai relative to Aj , the following hold:

1. The JT Ti is locally consistent.
2. Linkage trees Li and Lj are both consistent with Tj .
3. If Li and Lj were consistent beforeUpdateBelief, the JSP of the LJF is invariant after

UpdateBelief.
4. If Ti was locally consistent and was consistent with Li beforeUpdateBelief, Ti and Li

are alsoconsistent afterUpdateBelief.

Proof:
1. This holds due toUnifyBelief at the end ofUpdateBelief.
2. Linkage treeL j is consistent withTj due to the first step ofUpdateBelief. Linkage trees

Li andL j are consistent because of the last step ofAbsorbThroughLinkage.
3. BecauseLi and L j were consistent, the JSP is uniquely defined irrespective of the

potential of the linkage tree referenced:

BF (V) =
[
∏

m

BTm(Vm)

] /[
∏

k

BLk (Ik)

]
.

After UpdateBelief, the potentials ofLi , L j , andTi are updated, and as shown in (2),Li

andL j are consistent. Hence, only termsBTi (Vi ) andBLi (Ii ) in the preceding expression
are modified. The updatedBLi (Ii ) can be equivalently represented as

B′
Li

(Ii ) = BLi (Ii ) ∗ [
B′

Li
(Ii )

/
BLi (Ii )

]
.

The updated potential forTi is

B′
Ti

(Vi ) = BTi (Vi ) ∗ [
B′

Li
(Ii )

/
BLi (Ii )

]
.

Therefore, afterUpdateBelief, the JSP is invariant.
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4. For simplicity, we assume that all constants involved have a value of 1. We need to
show

∑

Vi \Ii

B′
Ti

(Vi ) = B′
Li

(Ii ).

This is true because
∑

Vi \Ii

B′
Ti

(Vi ) = (
B′

Li
(Ii )/BLi (Ii )

) ∗
∑

Vi \Ii

BTi (Vi ) = (
B′

Li
(Ii )/BLi (Ii )

) ∗ BLi (Ii ) = B′
Li

(Ii ),

where the first equation is derived from Theorem 5.8 and the second one from the local
consistence ofTi and consistence betweenTi andLi beforeUpdateBelief. �

Recall from Section 8.3 that because the two linkage trees over a d-sepset are
computed independently by two corresponding agents, they may differ in topology.
In addition, from Section 8.4, the peer of each linkage is also computed by the
corresponding agent independently. Hence, the two agents may define the extended
linkage potential differently for each linkage (owing to difference in topology or
in the choice of root when defining the linkage peers). The preceding analysis
shows that such differences are immaterial. This observation is useful, for otherwise
the two agents would have to coordinate the topology of their linkage trees as well
as the choice of root when defining the linkage peers.

8.6 Multiagent Communication

Through a sequence of e-message passing among agents organized into an LJF, the
global consistence in the multiagent system can be achieved. We present the agent
communication algorithms in this section.

The following CollectBelief algorithm recursively propagates belief inwards
(from terminal agents towards an initiating agent) on the hypertree of an LJF.
Just asUpdateBelief is analogous toAbsorption at a higher abstraction level,
CollectBelief is analogous toCollectEvidencein the single-agent JT propagation
but is at the hypertree level.

Algorithm 8.3 (CollectBelief) Let A0 be an agent with local JT T0. A caller is
either an adjacent agent Ac or the system coordinator. Denote additional adjacent
agents of A0 by A1, . . . , Am if any. When the caller calls on A0 toCollectBelief, it
does the following:

1. If A0 has no adjacent agent except caller, it performsUnifyBelief at T0 and returns.
2. Otherwise, for each agent Ai (i = 1, . . . , m), A0 calls CollectBeliefon Ai . After Ai

finishes, A0 calls on itself toUpdateBeliefrelative to Ai .
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The followingDistributeBelief algorithm recursively propagates belief outwards
(from an initiating agent towards terminal agents) on the hypertree of an LJF.Dis-
tributeBelief is analogous toDistributeEvidence in the single-agent JT propaga-
tion but is at the hypertree level.

Algorithm 8.4 (DistributeBelief) Let A0 be an agent with local JT T0. A caller is
either an adjacent agent Ac or the system coordinator. Denote additional adjacent
agents of A0 by A1, . . . , Am, if any. When the caller calls on A0 toDistributeBelief,
it does the following:

1. If caller is an adjacent agent, A0 callsUpdateBeliefon itself relative to caller.
2. For each agent Ai (i = 1, . . . , m), A0 callsDistributeBeliefon Ai .

The followingCommunicateBeliefalgorithm combinesCollectBeliefandDis-
tributeBelief. CommunicateBeliefis analogous toUnifyBelief in the single-agent
JT propagation but is at the hypertree level.

Algorithm 8.5 (CommunicateBelief) An LJF representation is populated by mul-
tiple agents with one at each hypernode. The system coordinator does the following:

Choose an agent A∗ arbitrarily. Call CollectBeliefon A∗ followed by a call of
DistributeBeliefon A∗.

CommunicateBeliefbrings an LJF representation into global consistence, as
shown in Theorem 8.9 below. Our proof uses the following notation (see Figure 8.7
for illustration). LetAi �= A∗ be an agent on the hypertree. LetAj be the adjacent
agent ofAi on the path betweenAi and A∗. Denote their local JTs byTi , Tj , and
T∗, respectively. Denote the linkage tree ofAi relative toAj by Li and that ofAj

relative toAi by L j .

Lemma 8.8 After CollectBelief is called on A∗, Ti is locally consistent and is
consistent with Li and Lj .

Proof: If Ai is a terminal agent on the hypertree, whenCollectBelief is called on
Ai , it performsUnifyBelief at Ti . Hence,Ti is locally consistent by Theorem 5.14.

jA A A* i

Figure 8.7: Illustration of notation for proof of Theorem 8.9.
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If Ai is an internal agent on the hypertree, it performsUpdateBeliefrelative to
each adjacent agent except the callerAj . Because the last step in eachUpdateBelief
executesUnifyBelief, it rendersTi locally consistent.

When Aj is called to performCollectBelief, it performs anUpdateBelief rel-
ative to Ai . Before theUpdateBelief, Ti is locally consistent, as shown. Hence,
UpdateBeliefrendersLi andL j consistent withTi by Proposition 8.7 (2). �

Using the lemma, we now prove Theorem 8.9, which establishes the correctness
of CommunicateBelief.

Theorem 8.9 After CommunicateBelief is applied to an LJF representation
(F, BF (V)), it is globally consistent and BF (V) is invariant.

Proof: To prove global consistence, we show that for an arbitrary pair of adjacent
agentsAi andAj (Figure 8.7),Ti andTj are locally consistent, and each is consistent
with bothLi andL j .

By Lemma 8.8, afterCollectBelief is called onA∗, each local JTTi is locally
consistent, and each pair of corresponding linkage treesLi andL j are consistent
with Ti .

Consider the state afterDistributeBelief is called onA∗. WhenAj is called to
performDistributeBelief, it performs anUpdateBeliefrelative to the caller, which
rendersTj locally consistent by Proposition 8.7 (1).

After Ai is called byAj to performDistributeBelief, Ti is locally consistent due
to theUpdateBeliefrelative toAj , andTj is consistent withLi andL j by Proposi-
tion 8.7 (2). BecauseLi was consistent withTi , as shown above forCollectBelief,
Li is consistent withTi as well owing to Proposition 8.7 (4).

Next, consider the invariance ofBF (V). CommunicateBeliefconsists of a set
of UpdateBelief. By Proposition 8.7 (3),BF (V) is invariant. �

The following theorem shows that when an LJF representation is globally con-
sistent, each local JT contains the correct marginal over the corresponding sub-
domain.

Theorem 8.10LetF = (F, BF (V)) be an LJF representation, where F is an I-map
over V . Let Ti be a local JT over Vi in F . If F is globally consistent, then

BTi (Vi ) = const∗
∑

V\Vi

BF (V).
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Proof: For simplicity, we assume that all the constants involved have the value 1.
The JSP is

BF (V) =
[

∏

Tm in F

BTm(Vm)

] /[
∏

Lk in F

BLk(Ik)

]
.

Let Tj be a terminal hypernode on the hypertree ofF and I j be the corresponding
d-sepset. LetF ′ be the LJF representation obtained by removingTj (and I j ) from
F andV ′ = V \ (Vj \ I j ). BecauseF is an I-map, we have

BF ′(V ′) =
∑

Vj \I j

[
∏

Tm in F

BTm(Vm)

] /[
∏

Lk in F

BLk(Ik)

]

=
{[

∏

Tm in F ′
BTm(Vm)

] /[
∏

Lk in F ′
BLk(Ik)

]}
∗

∑

Vj \I j

[
BTj (Vj )/BL j (I j )

]

=
[

∏

Tm in F ′
BTm(Vm)

] /[
∏

Lk in F ′
BLk(Ik)

]
,

where the first equation obtainsBF ′(V ′) from BF (V) by marginalizing out the
variables inVi \ V ′, the second equation applies Theorem 5.8, and the third equation
results from consistence betweenTj andL j ; F ′ is still a hypertree and an I-map
overV ′.

By recursively applying the marginalization to a terminal hypernode of the re-
sultant hypertree, eventually we obtain

BTi (Vi ) =
∑

V\Vi

BF (V).
�

Recall from Eq. (8.1) in Section 8.2.2 that, after the initial potential assignment
for an LJF representation obtained from an MSBN, we haveBF (V) = P(V). From
Theorem 5.16, when a JT is locally consistent, the potential associated with each
cluster is the correct marginal of the potential over the JT. Combining these with
Theorem 8.10, we have the following corollary, which says that when an LJF is
globally consistent, the potential associated with each cluster in each local JT is the
correct marginal of the JPD of the deriving MSBN.

Corollary 8.11 LetF be an LJF representation derived from an MSBN over V . If
F is globally consistent, then for each cluster C in each local JT,

BC(C) = const∗
∑

V\C

P(V),

where P(V) is the JPD of the MSBN.
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Based on Corollary 8.11, the prior probability of any variable in an MSBN can
be obtained by marginalization of any cluster that contains the variable in any
local JT of the LJF. Next, we consider how to obtain posteriors after agents make
observations.

Recall from Section 5.6 that, in the case of a single-agent JT, if the agent observes
the values of a subsetX of variables,EnterEvidencecan be performed to update
the potential of the JT intoBT (V) = const∗ P(V |X = x). In a multiagent system,
agents make observations in their subdomains independently. LetXi ⊂ Vi be the
subset of variables observed by agentAi . Let x be the configuration ofX = ∪i Xi

corresponding to the observation by all agents. Extending the discussion in
Section 5.6, we have

P(V |x) = BF (V) ∗
∏

i

∏

x∈Xi

obs(x),

which is equivalent to

∏

i

{[
BTi (Vi ) ∗

∏

x∈Xi

obs(x)

] /[
∏

k

BLk(Ik)

]}
.

This means that the posterior JPD over V can effectively be obtained simply by
making each agentAi performEnterEvidence locally for its observation onXi .

After each agent has finished, the LJF isno longerglobally consistent. If an-
otherCommunicateBeliefis activated in the LJF, it will again be globally consis-
tent. Applying Theorems 8.10 and 5.16, we have the following results similar to
Corollary 8.11 but applicable to posteriors.

Theorem 8.12LetF be a globally consistent LJF representation over V and P(V)
be the JPD. After all agents with local observations have performedEnterEvidence
locally, aCommunicateBeliefis performed inF . Then for each cluster C in each
local JT,

BC(C) = const∗
∑

V\C

P(V |x),

where the configurationx denotes all the observations entered.

Corollary 8.11 and Theorem 8.12 justify the following operations: After an LJF
representation is converted from an MSBN andCommunicateBeliefis performed,
priors for any variables in any subdomain can be obtained locally by the correspond-
ing agent. After several agents have entered their observations, if anotherCommu-
nicateBelief is performed, posteriors can be obtained locally by each agent. This
process can repeat any finite number of times. Between two consecutive executions
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ofCommunicateBelief, if an agent has local observations, by performingEnterEv-
idencefollowed byUnifyBelief, it can obtain posteriors that are exact relative to
all the observations accumulated in the entire system up to the lastCommunicate-
Belief and relative to all the local observations by the agent.

8.7 Troubleshooting a Digital System

In this section, we demonstrate how an MSBN-based multiagent system functions
in practice. We will use digital system monitoring as the problem domain. The
physical components of the digital system are shown in Figures 6.6 through 6.10.
Five agents populate the monitoring system. The virtual components are shown
in Figures 6.14 through 6.17 and Figure 6.10. The subnet structures are shown in
Figures 6.27 through 6.31. The hypertree is shown in Figure 6.21(a). The local
junction trees are illustrated in Figures 7.29 through 7.33, and the linkage trees are
presented in Figures 7.34 through 7.37.

In addition to the dependence structures, we assume the following representa-
tional parameters: Each logical gate is represented as a binary variable and is either
normal or faulty. For simplicity, the space is denoted as{good, bad}. It is assumed
that each gate has a 0.01 probability of being faulty. A faulty gate is modeled
so that it may or may not produce the incorrect output. A faulty AND gate is as-
sumed to output correctly 20% of the time. A faulty OR gate outputs correctly 70%
of the time, and a faulty NOT gate outputs correctly 50% of the time. We consider
a scenario in which the external inputs are as follows:

a0 = 0,a2 = 1,b0 = 0,e2 = 1,h2 = 0, i0 = 1, i2 = 1,

k0 = 0,k1 = 0, l2 = 0,o0 = 0,

o1 = 0,o2 = 1, p1 = 1,s0 = 0, v4 = 1, v7 = 1, y1 = 1,

y2 = 1,z1 = 0,z5 = 0.

In addition, suppose that the gatesd1 and t5 are faulty and produce incorrect
outputs. The state of the total universe is then completely defined and is shown in
Figure 8.8. The input and output of each gate are labeled in the figure. Because
gatesd1 and t5 produce incorrect outputs, the outputs of other gates downstream
will also be affected. Each incorrect output is underlined in the figure.

Note that the view in Figure 8.8 is only for the convenience of the reader. This
view is not available to any of the agents. We assume that the state of each gate is
not observable by any agent. We also assume that observation of each input and
output has a cost. Hence, observing all inputs and outputs is not an option. To make
the situation more challenging, we assume that a direct inputx4 of the faulty gate
t5 and the direct outputw0 of the faulty gated1 are unobservable.
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Figure 8.9: AgentA4 cannot decide ift4 or t5 is abnormal.

First, we demonstrate the limitation of autonomous inference by individual agents
without cooperation. Consider agentA4. The belief ofA4 after all variables have
been observed, exceptx4 and the states of gates, is shown in Figure 8.9. The height
of each histogram ranges from 0 to 1. The labels 0 and 1 represent logical values of
the inputs and outputs of each gate. The labelsb andg stand for the states of gates:
bad and good.

Becausex4 is unobservable, although agentA4 suspects thatt4 or t5 might be
faulty, it is quite uncertain (with belief 0.28 and 0.73 for each being faulty, as shown
by the histogram beside each corresponding node). Hence,A4 is unable to justify a
replacement action with high certainty. We will see next that by cooperating with
other agents,A4 can do much better.

For the cooperative monitoring, suppose that initially each agent makes some
local observations, as shown in Table 8.1.

Table 8.1:Local observations by each agent

A0 : a0, b0, s1
A1 : i0, k0, z3
A2 : i2, s0, b2
A3 : o1, l1
A4 : i2, e2, o2, n2
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Figure 8.10: AgentA2 sees nothing wrong before communication.

Owing to the limited amount of observations, most agents do not yet detect any
abnormality. Figure 8.10 shows the belief ofA2. All gates are believed to be normal
with high probability.

Only A4 detects that something is wrong. Its probabilities for gatest4, t5, d0, and
g6 to be faulty are 0.10, 0.25, 0.19, and 0.49, respectively, as shown in Figure 8.11.
Agent A4 then initiates a communication. AgentA4 can achieve this by assuming
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Figure 8.11: AgentA4 detects that something is wrong.
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Figure 8.12: AgentA2 suspects gatesd1, t8, g7, t4, andt5 after communication.

the role of the system coordinator and activatingCommunicateBelief with A∗
being itself.

After the communication, the deviation of circuit outputs from their expected
values is detected by all agents. AgentA0’s belief on gatesg1 andg4 being faulty
are 0.09 and 0.15, respectively. AgentA1’s belief on gatesg0, g1, andg7 being faulty
are 0.15, 0.09, and 0.24, respectively. AgentA2 suspects abnormality in gatesd1, t8,
andg7 as well as gatest4 andt5 that physically belong to the subdomain ofA4 (see
Figure 8.12). AgentA3’s belief in gated1 being faulty is 0.24. AgentA4’s belief
on gatest4, t5, g6, andd0 being faulty are 0.10, 0.25, 0.49, and 0.19, respectively.
In summary, many gates are suspected but not conclusively.

To further reduce the uncertainty, suppose that each agent makes one more ob-
servation. AgentA1 observesq0, and its belief is shown in Figure 8.13. The agent
has now ruled out gatesg1, g0, andg9 but still suspectsg7.

Figure 8.14 shows thatA3 is quite confident thatd1 is faulty (with belief 0.98)
after making an additional observation onq1.

After observingc0, A0’s belief on gatesg1 andg4 does not change much. After
observingf1, A2 rules outt4 with its belief ont5’s being faulty increased to 0.27. Its
uncertainty about gatesd1, t8, andg7 is unchanged. AgentA4 observesq2 and rules
out gatesd0 andg6. It still suspectst4 (with belief 0.27) andt5 (with belief 0.72).

The unresolved uncertainty demands another communication. Suppose thatA1

initiates the communication this time. After that, agentsA0, A1, andA3 are certain
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Figure 8.13: AgentA1 makes an additional observationonq0.

that all gates in their physical domains are normal. AgentA2 is confident that only
d1 is abnormal. AgentA4 is sure that gatet5 is faulty and everything else is normal,
as shown in Figure 8.15. On average, four observations have been made per agent.
The cooperation allows agents to converge their belief to high certainty even though
some outputs of the gates are unobservable.
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Figure 8.15: AgentA4 knows thatt5 is faulty after the second communication.

8.8 Complexity of Multiagent Communication

We consider the time complexity ofCommunicateBelief in a multiagent system
organized into an LJF. We used the following parameters to characterize the LJF.

� n: the total number of agents in the system.
� m: the maximum number of clusters in a local JT.
� q: the cardinality of the largest cluster in local JTs.
� r : the maximum number of linkages in a linkage tree.

DuringCommunicateBelief,UpdateBelief is performed twice for each hyper-
link in the hypertree, once duringCollectBelief, and once duringDistributeBelief.
Hence,UpdateBelief is performed 2(n− 1) times because a tree ofn nodes has
n − 1 links.

UpdateBeliefhas three steps. The first step updates up tor local linkage poten-
tials (one for each linkage) and has a complexity ofO(r 2q). In the second step,
AbsorbThroughLinkage is performed up tor times (one for each linkage). For
eachAbsorbThroughLinkage, an extended linkage potential is transmitted, and
a linkage host potential is updated. Hence, this step has the complexityO(r 2q). In
the last step ofUpdateBelief,UnifyBelief is performed, which has the complexity
O(m 2q) (see Section 5.5). The overall complexity ofUpdateBelief is then

O((m + 2r ) 2q).

Combining the preceding analysis, we arrive at the conclusion that the com-
plexity of CommunicateBeliefis O(n (m + 2r ) 2q). It is assumed that the shared
variables between a pair of agents are a small subset of either subdomain involved
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(see Exercise 3). This impliesm � r . Therefore, the complexity ofCommuni-
cateBeliefcan be simplified to

O(n m 2q).

It is efficient as long as the cardinalityq of the largest cluster is reasonably small.

8.9 Regional Multiagent Communication

Although CommunicateBeliefcan be performed effectively, when the problem
domain is very large, the computation ofCommunicateBeliefcan still be quite
expensive. Each agent must pass i-messages locally duringUnifyBelief. To pass
e-messages among agents,AbsorbThroughLinkage must be performed, which
involves transmission across some media, resulting in delay. Furthermore, the
e-message passing and local i-message passing must be performed in a semiparallel
fashion, as illustrated in Figure 8.16.

Consider the LJF in Figure 8.16. Suppose thatCommunicateBeliefis activated
at A0. During CollectBelief, the local computation at each agent and e-message
passing among agents on the hyperchain〈A0, A1, A2, A3, A4〉 occur strictly in
sequence. That is, the local computation atA4 is followed by e-message passing
from A4 to A3, followed by local computation atA3, followed by e-message passing
from A3 to A2, and so on until eventually the local computation takes place atA0. The
overallCollectBelief is semiparallel in that the computation along the hyperchain
〈A1, A2, A3, A4〉 occurs in parallel with, say, that along〈A1, A8, A9〉. The similar
semiparallel and semisequential computation occurs duringDistributeBelief but
in the reverse direction.

The semiparallel computation implies that the computational time ofCommu-
nicateBelief is lower bounded by the length of the longest hyperchain in the LJF.
In general, a given agent’s belief about its subdomain is more sensitive to the prob-
abilistic information contained in agents close to it on the hypertree than those

A11

A10

A8

A9

A5 A6

A4

A7

A1

A0

A2

A3

Figure 8.16: Illustration of semiparallel computation duringCommunicateBelief.
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located far away (see Exercise 4 for exceptional cases). Therefore, it makes sense
for an agent to exchange belief with only nearby agents on the hypertree before an
urgent decision without activating the full scale ofCommunicateBelief. That is, a
regional communication is sometimes desirable, for it is more efficient.

When agents are distributed, their physical connection through a computer net-
work may fail from time to time. When that happens, it is impossible to conduct a
full-scaleCommunicateBelief. However, each agent can still benefit from the in-
formation contained in other agents that are still physically connected to it. In such
a case, a regionalCommunicateBelief is necessary because the full-scaleCom-
municateBelief is not an option. We analyze the consequences of such regional
communication in Corollary 8.13.

Given an LJFF , if we recursively remove some terminal hypernodes, then
those that remain from a subhypertreeF ′. The hypernodes inF ′ are connected,
and for each hypernode, its adjacency is identicalto that inF . The subhypertree
captures the intuitive notion of a region. The following corollary shows that regional
communication is exact relative to the observations contained in the region and
relative to the knowledge contained in the entire LJF.

Corollary 8.13 Let F be a globally consistent LJF representation over V and
P(V) be the JPD. LetF ′ be a subhypertree ofF . After some agents with local
observations inF ′ have performedEnterEvidencelocally, aCommunicateBelief
is performed inF ′ only. Then for each cluster C of each local JT inF ′,

BC(C) = const∗
∑

V\C

P(V |x),

where the configurationx denotes all the observations entered inF ′.

Proof: Apply Theorem 8.12 to the case in which only agents onF ′ performEn-
terEvidence. The corollary follows. �

8.10 Alternative Methods for Multiagent Inference

We have organized probabilistic knowledge of multiple agents as an MSBN, com-
piled an MSBN into an LJF representation, and performed belief updating using
concise message passing in the LJF. This framework for cooperative multiagent
inference is extended from the junction-tree-based inference method for single-
agent BNs (Chapters 3 through 5). In Sections 2.7 and 2.8, we briefly introduced
two alternative inference methods for BNs, loop cutset conditioning and forward
sampling (as a typical example of stochastic simulation). Can these methods be
extended for multiagent inference in MSBNs?
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Consider extending the loop cutset conditioning to MSBNs. Recall that the
method converts a multiply connected BN into multiple tree-structured BNs, per-
forms λ − π message passing in each of them, and then combines the results to
obtain posteriors. The key step of the method is to observe a set of nodes hypo-
thetically, the loop cutset, in the multiply connected BN so that all cycles can be
broken.

In an MSBN, cycles can exist both within local DAGs and across multiple local
DAGs. Assume that a total ofk cycles exist in the DAG union. Finding a loop cutset
that can break thek cycles is the first challenge, and it requires a distributed search.
After such a cutset is found, the multiply connected DAG union needs to be con-
verted toO(2k) tree-structured DAG unions, and concise message passing needs to
be performed in each of them. Because communication within each tree-structured
DAG union requires coordination among all agents involved, the communication
for the entire multiagent system essentially requires such coordination to be re-
peatedO(2k) times – once for each tree-structured DAG union. In other words,
the amount of communication isO(2k) times as much as that needed by a single
tree-structured DAG union. As discussed in Section 1.4, the agent autonomy dic-
tates that constant communication among agents is undesirable or unavailable in a
multiagent system. Even ifO(2k) communications are acceptable, because the loop
cutset must assume a different, hypothetically observed configuration at each of the
O(2k) tree-structured DAG unions, the adequate assignment of a configuration to
each DAG union and the coherent combination of partial beliefs from each DAG
union without a centralized control appear to require complex coordination and
communication among agents. In essence, the extended loop cutset conditioning
appears to demand much more communication and complex coordination among
agents than are required by message passing in LJFs.

Next, consider extending forward sampling to MSBNs. Recall that the method
randomly generates the value of each node in a multiply connected BN given the
values of its parent nodes according to the conditional probability distribution stored
in the node. A large number of configurations are thus generated, and the posteriors
are approximated by frequency counting. Because a value for each node is passed
to each child during the generation of each configuration, a massive volume of
messages needs to be passed over the DAG structure.

According to forward sampling, the value of a child node is decided after the
values of all its parents have been determined. In an MSBN, the parents of a node,
however, may be located in an adjacent local DAG. Hence, for each simulated con-
figuration, messages must be passed between agents to complete the configuration.
One important difference from message passing in LJFs is worth analyzing. In an
LJF, all potentials (one for each linkage) for the same linkage tree can be passed
from one agent to another in one batch, and two batches (one in each direction of
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Figure 8.17: Two adjacent local DAGs in an MSBN.

the hyperlink) are sufficient to complete the communication. For extended forward
sampling, the situation is different:

An agentA0 may contain a variablex, but the values of its parent variablesπ (x)
must be determined by another agentA1 because the parents ofπ (x) are contained
only in A1. Thus, A0 needs to wait untilA1 sends the values ofπ (x). It is also
possible thatA1 contains a variabley, the parents ofπ (y) are contained only inA0,
andx is an ancestor ofy. Hence,A1 cannot determine the values for all variables it
shares withA0 and as a result cannot send them in one batch. Instead,A1 must wait
until A0 sends the values ofπ (y). Figure 8.17 illustrates the situation in whichA0

must wait for the value ofa from A1, andA1 must wait for the value ofb from A0.
Because the DAG union of an MSBN is acyclic, a deadlock is not possible. However,
if a directed path crosses the interface between two agentsk times, then messages
must be passed back and forthk times between the two agents before all variables
on the path settle on their values. Note that a directed path may pass across multiple
agent interfaces. Hence, during the generation of each configuration, the number
of batches of messages between each pair of adjacent agents is upper bounded by
the number (which is usually much larger than 2) of d-sepnodes between them.
Because each batch of messages incurs a communications cost independent of its
volume, it is undesirable to exchange a large number of batches.

If the configurations are generated one by one, as in the single-agent case, the
aforementioned communications cost will have to be multiplied by the number of
configurations. To reduce this cost, the sequential generation of configurations as
normally performed in a single-agent BN should be avoided. Agents can gener-
ate a large number of values for each local variable before a batch of messages
is exchanged. For example,A1 may generate 1000 values fora and pass all of
them to A0 and later receive 1000 values for each ofb and c. The price to be
paid is that all 1000 values for each variable must be saved in some way until
the compatibility of each configuration with observations is resolved. Note that
if 1000 configurations do not produce approximate posteriors that are sufficiently
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accurate, either the batch size (1000) can be increased or additional batches can be
exchanged.

After configurations have been generated, another problem that must be resolved
is to determine which of them are compatible with the observations. This can be
achieved by letting each agent label each configuration that is incompatible with
its local observation. All such labels must then be communicated among all agents
to weed out each configuration that is labeled as incompatible by any agent.

Overall, extended forward sampling appears to be more manageable than ex-
tended loop cutset conditioning. In comparison with the message passing in LJFs,
the per-batch-volume of interagent messages tends to be larger owing to the number
of configurations to be generated, and more batches need to be exchanged because of
the need to follow causal ordering of variables and to propagate configuration labels.

In summary, the two alternative methods do not necessitate constructing the
LJF representation, although extended loop cutset conditioning requires distributed
search for the loop cutset and local DAG conversion. In general, the on-line commu-
nication cost of the two methods appears significantly higher than that of message
passing in LJFs. Because the LJF representation is constructed off-line, message
passing in LJFs during on-line inference has a simpler coordination and incurs a
lower communications cost.

8.11 Bibliographical Notes

Efforts to improve the inference efficiency in MSBNs have been ongoing since
the initial proposal of the framework. The first set of inference algorithms was
presented in Xiang [80] and Xiang et al. [96]. The algorithms were designed under
the single-agent paradigm. An algorithmShiftAttention directs the computation to
a single subnet at any time according to the subdomain of the user’s current focus
of attention (see Exercise 6). The algorithmUpdateBelief at the time requires
multiple performance ofUnifyBelief – once for each linkage. An improved version
of UpdateBeliefwas later proposed by Xiang [83] and reduces the total number
of clusters in the local JT to be processed by coordinating eachUnifyBelief to be
performed.

As the MSBN framework was extended to the multiagent paradigm (Xiang [84]),
so must the inference algorithms be extended to address asynchronous and paral-
lel observations by multiple agents. The algorithmCommunicateBeliefwas then
proposed. Optimizing message passing by taking advantage of the semiparallel
pattern of communication (as demonstrated in Section 8.9) was also analyzed.
The algorithms presented in this chapter correspond to a more recent improve-
ment (Xiang [88]). By using the extended linkage belief, the improved algorithm
UpdateBeliefreduces the number of timesUnifyBelief is to be performed to two.
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Lazy inference in MSBNs by Xiang and Jensen [91] provides an alternative
representation and inference formalism to the LJF representation discussed in this
chapter. It uses a factorized representation for each cluster potential and multiple
local JTs for each agent. Lazy inference can improve space complexity by factor-
izing potentials.

To address the knowledge engineering issues in building large BN-based systems,
the object-oriented Bayesian networks (OOBNs) have been proposed (Koller and
Pfeffer [35]). An OOBN is intended to function under the single-agent paradigm.
Belief updating in OOBNs can be performed by usingCommunicateBelief, or
by using single-agent-oriented MSBN inference such asShiftAttention (see Exer-
cise 6), or converting the OOBN to a BN and applying any BN inference method
(Bangso and Wuillemin [1]). The last two options are not applicable to a multiagent
MSBN system owing to the requirements of agent autonomy and privacy.

Equipment troubleshooting using MSBNs was demonstrated by Xiang and Geng
[90]. Exercise 1 is an extension of a result by Dawid and Lauritzen [12].

8.12 Exercises

1. Prove the following theorem:
LetT = (V, �, E) be a junction tree, where each clusterQi is associated with a probabil-
ity distribution fQi (Qi ) and each separatorSj is associated with a probability distribution
fSj (Sj ) such thatT is locally consistent.

Then there exists a unique probability distribution

PT (V) =
∏

i fQi (Qi )∏
j fSj (Sj )

such that
(a) for each clusterQi ,

∑
N\Qi

PT (V) = fQi (Qi ), and
(b) T is an I-map ofPT (V).

2. Let the subdomains{Vi } of a total universeV be organized into a hypertreeF (Defini-
tion 6.8). LetV be populated by a set of cooperative agents{Ai }, each of which holds
its belief overVi expressed as a probability distributionPi (Vi ) and every two of adjacent
agents inF are consistent in their beliefs over their interface.

Using the theorem in Exercise 1, justify that the joint system potential of a globally
consistent LJF representation is a coherent joint belief of all agents.

3. In Section 8.8, it is assumed that the shared variables between a pair of agents are a small
subset of either subdomain involved. What is the consequence if this assumption is not
true?

4. A given agent’s belief about its subdomain is usually more sensitive to the probabilistic
information contained in agents close to it on the hypertree than those located far away.
Under what condition is this not true?
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5. Construct an experimental MSBN and perform multiagent belief updating using an
automated toolkit such as WebWeavr-III.

Convert the MSBN into a centralized BN by obtaining the union of all subnets. Use
any exact method and the same set of observations above for belief updating. Compare
the posteriors obtained in each case.

6. Suppose that in an MSBN-based multiagent system, multiple agents make observations
but exactly one agent observes at any time. The order in which agents observe is unknown
in advance. The belief of the observing agent must be updated as soon as the observation is
made. An observation may involve multiple variables. Design an algorithm to implement
this requirement. (Hint: You may use any algorithms presented in this chapter except
CommunicateBelief. This algorithm is equivalent toShiftAttention in the single-agent
paradigm.)
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Model Construction and Verification

In Chapter 7, we developed algorithms to compile a given MSBN into an LJF, and
in Chapter 8, we described multiagent belief updating by message passing. We
have not discussed how an MSBN is constructed. In this chapter, we address issues
related to the construction of MSBNs. In particular, we study how to integrate an
MSBN-based multiagent system from agents developed by independent vendors.
As detailed in Chapter 6, an MSBN is characterized by a set of technical condi-
tions. Because independently developed subnets may not satisfy these conditions
collectively, automatic verification is required to avoid the “garbage in and garbage
out” scenario. The verification process becomes subtle when agents are built by in-
dependent vendors and the vendors’ know-how needs to be protected. We develop
a set of distributed algorithms that verify the integrity of an integrated multiagent
system against the technical requirements of an MSBN.
The motivations for multiagent distributed verification are presented in Section

9.2. Section 9.3 addresses the verification of subdomain division among agents. The
concept of the interface graph is introduced to capture the knowledge of the system
integrator about the public aspects of multiple agents. A simple method to verify
the subdomain division using the interface graph is presented. Constructing the
hypertree of theMSBN at the logical level once the subdomain division is validated
is also described. After the logical hypertree is constructed by the system integrator,
each agent needs to be notified of its location in the hypertree and the physical
addresses of its adjacent agents, which will be used for subsequent interaction. This
process is termedregistrationand is presented in Section 9.4. After registration,
the hypertree is physically constructed. All subsequent verification, compilation,
and inference operations can be performed along the hypertree. Although each
subnet has a local DAG dependence structure, the union of all such local DAGs
may still be cyclic. Section 9.5 develops a set of distributed algorithms that allow
multiple agents to cooperate and verify the acyclicity of theDAGunion. Section 9.6

215
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presents a set of distributed algorithms that verify the agent interface, the d-sepset
condition.

9.1 Guide to Chapter 9

This chapter considers how to construct a multiagent system and to verify that
it satisfies the technical conditions of the MSBN representation. Section 9.2 dis-
cusses the motivations for integrating an MSBN system from agents developed by
independent vendors. Given such a set of agents, it is not necessarily the case that
they collectively meet the requirements of an MSBN, as elaborated in Chapter 6.
To protect agent privacy, integration and verification need to be performed without
revealing the internal details of each agent.
Section 9.3 deals with the first issue in construction and verification: the parti-

tioning of the total universe into subdomains by a set of given agents. For instance,
suppose that four (trivial) agents have the following subdomains:

V0 = {a, b, w, x}, V1 = {c, d, x, y}, V2 = {e, f, y, z}, and V3 = {g, h, w, z}.
Note that the variablesw, x, y, andzare shared among the agents whereas variables
a, b, c, d, e, f , g, andh are private. Hence, what is actually known to the system
integrator is only the following:

W0 = {w, x}, W1 = {x, y}, W2 = {y, z}, and W3 = {w, z}.
One of the requirements of an MSBN is that the subdomains be organized into a
hypertree. Hence, the issue is to decide whether a hypertree exists forV0 throughV3

given only the knowledge ofW0 throughW3. Section 9.3 devises a graphical model
called theinterface graphthat encodes the knowledge onW0 throughW3. Using
the interface graph and some graphical manipulation, the existence of a hypertree
can be determined correctly without knowing the private variables. If a hypertree
does exist, the method can also produce the topology of the hypertree.
Once the topologyof thehypertree is determined, eachagent needs tobe informed

how to contact its neighboring agents on the hypertree through computer network
connections. That is, each agent needs to know the Internet address or the universal
resource locator (URL) or something similar for each adjacent agent so that it can
pass messages to the agent. The process is termedregistrationand is elaborated in
Section 9.4. After registration, the multiagent system is up and running through the
hypertree backbone.
Another important requirement of an MSBN is that the union of local DAGs of

agents should be a DAG. It turns out that a set of local DAGs does not necessarily
union into a DAG. An example is shown in Figure 9.1 in which the hypertree is
a hyperstar withG3 at the center. The interface betweenG0 andG3 is {n, k}. The



9.2 Multiagent MSBN System Integration 217

G2

c

d

f

e

G

g

i

l G
a

b

j 

k 

a j 

k 

1 3 h

m

n o
b

rq
p

n

s

k 
G0

Figure 9.1: Four local DAGs.

interface betweenG1 andG3 is {a, b}, and that betweenG2 andG3 is { j, k}. Each
local graph is a DAG. However, a directed cycle exists across all four local DAGs.
The cycle cannot be detected by examining each pair of adjacent local DAGs either.
Centralizing all local DAGs to a single agent for cycle detection violates agent

privacy. Section 9.5 develops a cycle detection method based on message passing.
Each message concerns only a node shared by agents and whether such a node
has any parent or child in each agent. The message neither reveals the number of
parents or children in each agent nor what they are. Using such messages and some
control messages, agents are able to cooperate and determine whether the DAG
union is acyclic.
Still another important requirement of an MSBN is that each agent interface

should be a d-sepset. As defined in Chapter 6, an agent interface is a d-sepset if
each shared node in the interface is a d-sepnode. A shared node is a d-sepnode if a
local DAG contains its parents in all local DAGs. Therefore, whether a shared node
is a d-sepnode cannot be determined by examining any one interface and related
local DAGs. As a consequence, whether an agent interface is a d-sepset cannot be
determined only by the two agents involved either. To verify the d-sepset condition,
agents must cooperate.
Section 9.6 develops a suite of algorithms for d-sepset verification. The algo-

rithms are also based on message passing. A message concerns only a node shared
by agents and whether an agent contains parents not shared by other agents (private
parents). The message does not reveal how many private parents the agent has nor
what they are. Through communicating these and other messages, agents can deter-
mine correctly whether all agent interfaces in a hypertree DAG union are d-sepsets.

9.2 Multiagent MSBN System Integration

We consider how to construct a cooperative multiagent system based on theMSBN
representation. It is possible that all agents are developed by a single vendor (which
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could be a single person or a firm). More commonly, agents are developed by inde-
pendent vendors andare integrated into a systembyan integrator. Consider a system
for monitoring and troubleshooting a piece of complex equipment. A modern piece
of equipment is commonly assembled from components manufactured by different
suppliers. The supplier of each component has knowledge about the internal func-
tional structure of the component and is in a good position to construct the agent for
monitoring the component. The vendor of that equipment assembles the compo-
nents. Because the vendor has knowledge of the structure by which the components
are related to each other and about the interface between components, it is also in
a good position to assemble the component agents into an MSBN-based system.
The primary task of integration, given a set of agents and their interfaces, is to

determine thehypertree topologyand the locationof eachagent on thehypertree.We
refer to this process as thelogicalconstruction of the hypertree. Because the agents
are likely executing at remote locations over a geographical area and connected
through a local area network (LAN) or a wide area network (WAN), each agent
needs to knowwhich agents on the hypertree are adjacent and how to communicate
with them. That is, after the hypertree is constructed logically, each agent needs to
be notified of its logical neighbors on the hypertree and their physical addresses
in the LAN or WAN. We refer to this process as thephysicalconstruction of the
hypertree. Once the hypertree is physically constructed, a multiagent system is
established, and direct and indirect interaction among agents can take place. We
deal with the logical construction of the hypertree in the next section and address
the physical construction in Section 9.4.
For the multiagent system to function correctly with respect to the performance

properties we established in Chapter 8, the system must satisfy the conditions
specified in Definition 6.15. Independently developed agents do not always in-
tegrate into a valid MSBN. Certain conditions, such as the hypertree requirement
(Definition 6.8), need to be verified during the logical construction of the hypertree.
Afterwards, a physically established multiagent systemmay still violate additional
technical conditions of an MSBN. Hence, verification of these conditions is nec-
essary before any compilation and inference can be performed. In Sections 9.5
and 9.6, we consider automatic verification of the acyclicity of the DAG union and
the d-sepset agent interface.
As an operational constraint, we are primarily interested in distributed algorithms

that admit agent privacy. That is, the construction and verification process should
not reveal the internal structure of each agent. The reasons are similar to those we
have argued in Chapter 7 in the context of distributed compilation: Distributed and
privacy-protecting verification protects agent vendors’ know-how and facilitates
dynamic formation of a multiagent MSBN. It would be inconsistent to insist on
agent privacy for compilation and inference but to disregard privacy in verification.



9.3 Verification of Subdomain Division 219

9.3 Verification of Subdomain Division

A set of agents and their associated subnets define a division{V0, . . . , Vn−1} of the
total universeV = ∪i Vi into subdomains. According to Definition 6.15, subnets
should be organized as a hypertree. Definition 6.8 defines the hypertree in terms of
a set of subgraphs. If we ignore the graphical structure of each subgraph and focus
on the relation between subsetsVi , then Definition 6.8 dictates a connected tree�

in which each node is labeled by aVi and each link betweenVk andVm is labeled
byVk ∩ Vm such that for eachi and j ,Vi ∩ Vj is contained in each node on the path
betweenVi andVj . Recall the definition of junction tree in Section 3.7. Clearly, if
we treat the set{V0, . . . , Vn−1} of subdomains as a set of clusters, then� is in fact
a junction tree.
In Section 4.5, it has been shown that, given an arbitrary undirected graph, a

junction tree whose clusters are the cliques of the graphmay not exist. Hence, given
an arbitrary division of the total universe into a set of subdomains, a corresponding
hypertree may not exist.
More specifically, recall from Theorem 4.10 that, given an undirected graphG,

a junction tree can be constructed using the cliques ofG as clusters if and only if
G is chordal. Given the set{V0, . . . , Vn−1}, a graphG can be constructed with the
setV = ∪i Vi as the nodes. Using the algorithmIsChordal in Section 4.6, whether
G is chordal can be determined, and hence whether a hypertree exists out of the
subdomain division{V0, . . . , Vn−1} canbedetermined.However, sucha verification
test requires the knowledge of eachVi . For each agentAi , Vi can be partitioned
into two subsets of variables. Denote the set of all variables to be shared with other
agents byWi ⊂ Vi . We callWi thepublicvariables, andVi \Wi theprivatevariables
of agentAi . Because the above test requires disclosure of the private variables, the
commitment to agent privacy prevents such a test.
In the following algorithm, we present a method that does not violate agent

privacy. We designate the verification task to the system integrator. We assume that
the integrator has the knowledge of all public variables but not for private variables.
Using public knowledge, the integrator can build a graph, which we refer to as the
interface graph.

Algorithm 9.1 (GetInterfaceGraph) Given the collection of sets of public
variables {W0, . . . , Wn−1}, create a new set X= {x0, . . . , xn−1} such that X∩
(∪i Wi ) = ∅. Define a new collection{W′

0, . . . , W′
n−1} where W′

i = Wi ∪ {xi }. Cre-
ate an undirected graph G whose nodes W′ = ∪i W′

i . The links in G are such that
each W′

i is complete and no other links exist. Return G.

Figures 9.2 and 9.3 illustrateGetInterfaceGraph using a trivial total universe.
In Figures 9.2(a), the total universe is divided into five subdomains. The public
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Figure 9.2: Subdomain division verification.

variables are

W0 = {u, y}, W1 = {w, u, y, z}, W2 = {y, z}, W3 = {v, w}, and W4 = {v}.
Note that the integrator does not have the knowledge of (a). Instead, only the
preceding list is accessible. The integrator defines{W′

0, . . . , W′
4}, as shown in (b).

The interface graph thus created is shown in Figures 9.3.
The following theorem shows that whether or not a junction tree can be con-

structed from the subdomainsV0, . . . , Vn−1 canbedeterminedaccording towhether
the interface graph is chordal.

Theorem 9.1 Let {V0, . . . , Vn−1} be a collection of sets andVi = ∪n−1
j =0
j �=i

Vj (i =
0, . . . , n − 1) such that Wi = Vi ∩ Vi �= ∅ and Vi \Vi �= ∅ (i = 0, . . . , n − 1). Let
G be the interface graph created from the collection{W0, . . . , Wn−1}. Then a junc-
tion tree exists with V0, . . . , Vn−1 as clusters if and only if G is chordal.

The first restrictionVi ∩ Vi �= ∅ says that eachVi has a nonempty intersection
with at least another set. The second restrictionVi \Vi �= ∅ says that eachVi has
some elements that are unique. These restrictions reflect the properties of a division
of a total universe into subdomains in a multiagent system. We prove the theorem
below.

Proof: SupposeG is chordal. EachW′
i is a distinct clique inG because it contains

a unique nodexi . There are exactlyn cliques inG, W′
0, . . . , W′

n−1, due to the
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Figure 9.3: Testing the existence of a hypertree.
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Figure 9.4: Determining hypertree topology from public variables only: (a) A junction tree
constructed from the subdomain cluster of Figure 9.2; (b) An isomorphic junction tree
constructed using public variables only.

construction ofG. Given thatG is chordal, a junction treeT ′ exists whose clusters
are cliques ofG by Theorem 4.10. That is, each cluster ofT ′ is labeled by aW′

i . We
construct a treeT that is isomorphic toT ′. Each cluster ofT is, however, labeled
by Vi . For any two clusters inT , the intersectionVi ∩ Vj = Wi ∩ Wj . Hence,T is
also a junction tree.
Next suppose a junction treeT exists withV0, . . . , Vn−1 as clusters. FromT ,

we construct a treeT ′ isomorphic toT with each cluster labeled byW′
i . Using

the argument above,T ′ is a junction tree, and hence a corresponding undirected
graphG is chordal by Theorem 4.10. �

Applying Theorem 9.1 to the example in Figure 9.2, we can test whether the
interfacegraph inFigure9.3 is chordal using thealgorithmIsChordal (Section4.6).
The test is positive. Therefore, there exists a junction tree constructed from the
subdomain division, as shown in Figure 9.4(a). In fact, the topology of the junction
tree can be determined by a junction tree created usingW′

0, . . . , W′
n−1 as clusters,

as shown in Figure 9.4(b). Because the junction tree in Figure 9.4(b) and that in (a)
are isomorphic, the integrator can use the topology obtained fromW′

0, . . . , W′
n−1

to organize the agentsA0, . . . , An−1 into a hypertree. We say that the hypertree is
now logically constructed.
As another example, consider the subdomain division in Figure 9.5(a). Here

the variableh in V2 becomes a public variable shared byV4. The new collection
{W′

0, . . . , W′
4} is shown in (b), and the corresponding interface graph is shown in (c).

The graph is nonchordal because〈h, v, w, z, h〉 forms a chordless cycle. Hence,
the subdomain division cannot yield a hypertree agent organization.

9.4 Agent Registration

Once the integrator has verified the subdomain division and determined the hy-
pertree topology, the verification proceeds to the other requirements of an MSBN.
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Figure 9.5: A subdomain verification with a negative result: (a) Each cluster variables in
each subdomain are substituted; (b) Private variables in eachsubdomain are substituted by
a variablexi ; (c) The corresponding interphase graph.

As we have seen, the hypertree structure provides a backbone for effective ex-
change of information among agents during compilation (Chapter 7) and inference
(Chapter 8). We will see that it is also sufficient to support distributed verification.
To this end, each agent needs to be notified of its neighbors on the hypertree for
future exchange of information. In other words, before agents can participate in
the activities in the system, it is necessary for each agent to locate those agents
physically in order to communicate in the future. For example, if agents are re-
motely located in the Internet, each agent needs to know the Internet address of
each other adjacent agent on the hypertree. In addition, the agent needs to know the
variables shared with each adjacent agent. We refer to this process asregistration,
which is commonly used to refer to the similar processes in distributed systems
(Tanenbaum [73]).
As discussed in Section 9.3, before registration the system integrator has deter-

mined the hypertree topology as well as the set of variables (agent interface) shared
between each pair of adjacent agents. The registration can be implemented by a
registrar agent on behalf of the system integrator. The registrar has access to the
following information:

1. The set of agents in the system. We assume that each agent is known to the registrar
by a unique logical name (e.g., “boiler 3 guardian” in a chemical plant monitoring
system).

2. The topology of the hypertree and the location of each agent on the hypertree.
3. The agent interface between each pair of adjacent agents.
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Each agent is given the physical address of the registrar. The registration can then
proceed as follows:

Algorithm 9.2 (Registration)

1. Each agent sends the registrar its logical name and physical address.
2. The registrar collects the addresses until all are received.
3. For each agent Ai , the registrar sends Ai the physical address of each adjacent agent

and the agent interface.

We have assumed that each agent is known to the integrator (and registrar) by
a logical name instead of its physical address. The actual physical address is not
known to the relevant agents until registration. This arrangement allows flexible
physical location and relocation of agents, which is known aslocation transparency
in distributed systems (Tanenbaum [73]).
After registration, each agent knows its hypertree neighbors and the correspond-

ing agent interface. The hypertree is said to be physically constructed.

9.5 Distributed Verification of Acyclicity

9.5.1 The Issue of Acyclicity Verification

According to Definition 6.15, the structure of an MSBN, denoted byG = �i Gi ,
where eachGi is a local DAG, is a hypertree MSDAG. As specified in Defi-
nition 6.13, in a hypertree MSDAG, not only is each local subgraph a DAG, but the
unionG is also a DAG (acyclic). We refer toG = �i Gi as a hypertree DAG union
because the task here is to determine whetherG is acyclic.
Figure 9.6 shows two local DAGsG1 andG2 with the agent interface{a, b}.

However, the DAG union contains a directed cycle〈a, c, d, b, g, a〉 and thus is
cyclic. The cycle can be detected if acyclicity is tested on the DAG union. Although
such pairwise verification may detect some directed cycles, the pairwise acyclicity
in a hypertree DAG union does not guarantee the global acyclicity.
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Figure 9.6: A cyclic DAG union.
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Figure 9.7: The three local DAGs are pairwise acyclic. However, their union is cyclic.

Consider the three local DAGs in Figure 9.7. The union ofG1 andG3 is acyclic
and so is the union ofG3 andG2. However, when the union of the three DAGs
are obtained, a directed cycle〈a, c, d, b, n, k, g, j, l , a〉 is formed. This example
can be extended so that the union ofk ≥ 2 local DAGs is acyclic but the union of
k + 1 local DAGs is cyclic. Hence, a distributed verification of acyclicity requires
cooperation beyond pairs of agents.

9.5.2 Verification by Marking Nodes

We show below that acyclicity of a directed graph can be verified by marking root
and leaf nodes recursively. Once this is established, agents can mark private nodes
(variables) locally and mark shared nodes by cooperation.
A nodex is markedif x and arcs connected tox are ignored during the further

verification process. Lemma 9.2 says that marking a root or a leaf does not change
acyclicity.

Lemma 9.2 Let G be a directed graph and x be either a root or a leaf in G. Then
the acyclicity of G remains unchanged after x is marked.

Proof: If G is acyclic, thenmarkingx cannot create a directed cycle inG. Suppose
G is cyclic. Then there exists a nonempty setO of directed cycles inG. If x is a
root, it does not have any incoming arc. Ifx is a leaf, it does not have any outgoing
arc. Therefore,x cannot participate in any cycles inO, which implies that none of
the cycles inO will be changed afterx is marked. �

Once a root or leaf is marked, other nodes may become roots or leaves. Hence,
marking roots and leaves canbeperformed recursivelywhile preserving the acyclic-
ity. The following proposition says that if a directed graph is acyclic, every node in
it will be marked by recursive applications of Lemma 9.2. On the other hand, if it
is cyclic, at least three nodes will be left unmarked.

Proposition 9.3 Let G be a directed graph. The graph is acyclic if and only if it is
empty after recursive marking of roots and leaves.
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Figure 9.8: A directed graph.

Proof: Without losing generality, we assume thatG has at least three nodes and
is connected. SupposeG is acyclic. ThenG has at least one root and one leaf.
According to Lemma 9.2, after all of them are marked, the resultant graph is still
acyclic and has at least two less unmarked nodes. BecauseG has a finite number
of nodes, after recursive marking of roots and leaves, eventuallyG will have no
unmarked nodes left.
Next, supposeG is cyclic. ThenG has at least one directed cycleθ consisting

of at least three nodes. For each nodex in θ , x is neither a root nor a leaf and thus
cannot be marked as such. Marking of any nodes outsideθ cannot turnx into a root
or a leaf. Hence, none of the nodes inθ can be marked by recursive marking of
roots and leaves. BecauseG has a finite number of nodes, after recursive marking
of roots and leaves eventually there will be no roots or leaves to mark inG whereas
all nodes (at least three) inθ are unmarked. �

As an example, consider the directed graph in Figure 9.8. After marking the root
node f and the leaf nodese, i , m, o, the graph in Figure 9.9(a) is obtained. The
nodeh becomes a new leaf. After markingh, the graph in (b) is obtained. There are
nine unmarked nodes in (b), but none of them is a root or a leaf. Hence, the original
graph in Figure 9.8 is cyclic.
As another example, suppose the arc (g, j ) in Figure 9.8 is replaced by the arc

( j, g), which results in the graph in Figure 9.10. After marking the root nodes
f , j , and the leaf nodese, i , m, o, the graph in Figure 9.11(a) is obtained. After
marking the new rootl and the new leafh, the graph in (b) is obtained. Note that
the unmarked nodes form a directed path (a, c, d, b, n, k, g) with a new roota and
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Figure 9.9: Testing acyclicity by node marking. Marked nodes are shown in grey.
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Figure 9.10: Another directed graph.

a new leafg. By recursively marking the root node and the leaf node, eventually
the only unmarked node left will beb. As shown in (c),b is both a new root (no
unmarked parents) and a new leaf (no unmarked children), it can be marked to
yield the graph in (d). Because no unmarked node is present, the original graph in
Figure 9.10 is acyclic.

9.5.3 Marking Nodes in a Hypertree DAG Union

We now consider a hypertree DAG unionG in which nodes in each local DAG are
partitioned into private nodes and public nodes. BecauseG is a connected directed
graph, one may attempt to apply Proposition 9.3 in order to test its acyclicity.
However, although private roots and leaves can be recognized locally within each
local DAG, public roots and leaves can only be recognized through cooperation
among agents. Consider the DAG union in Figure 9.7 reproduced as Figure 9.12.
The nodei (private) is a leaf both inG2 (appearing markable locally) and in the
DAG union (hence markable globally). On the other hand,k (public) is a leaf in
G3 (appearing markable locally), a root inG2 (appearing markable locally), but a
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Figure 9.11: Testing acyclicity of a DAG: (a) After marking root and leaf nodes; (b) After
marking the new rooti and the new leafh; (c) After recursively marking root and leaf nodes,
the only unmarked node left will beb; (d) All nodes are marked.
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Figure 9.12: Three DAGs which are pairwise acyclic but whose union is cyclic.

nonroot and nonleaf in the DAG union (hence not markable globally). Moreover,
marking of public roots and leaves may turn some private nodes into new roots or
leaves. For instance, if the arc (g, j ) is replaced by (j, g), then j would be a public
root. Marking of j would turnl to a new root and make it markable.
The following proposition shows that recursive and alternate marking of private

roots and leaves and public roots and leaves is sufficient to determine the acyclicity
of a hypertree DAG union.

Corollary 9.4 Let G be a DAG union. Let G′ be the graph resulting from recursive
and alternate marking of private roots and leaves and public roots and leaves in G
until no more nodes can be marked. Then G is acyclic if and only if G′ is empty.

Proof: According to Proposition 9.3, ifG is acyclic, at each round of recursive
marking, either some private roots and leaves or some public roots and leaves can
be marked untilG is empty. IfG is cyclic, at each round of recursive marking,
either some private roots and leaves or some public roots and leaves can be marked
until only nodes in directed cycles inG are left unmarked (at least three).
The alternate marking of public and private nodes is necessary. Otherwise, the

marking may halt prematurely even ifG is acyclic. �

To illustrate the necessity of alternate marking, consider the acyclic DAG union
in Figure 9.13. Without using alternate marking, two options exist:

1. Recursive marking of all private roots and leaves followed by recursive marking of all
public roots and leaves, or
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Figure 9.13: An acyclic DAG union.
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2. Recursive marking of all public roots and leaves followed by recursive marking of all
private roots and leaves.

With the first option, private nodesc (root) andd (leaf) in G1 will be marked in
the first stage. Neither of the private nodese and f in G2 can be marked at this
stage. In the second stage, the public nodesa (now a root) andb (now a leaf) can
be marked. The marking terminates witheand f unmarked.
With the second option, no public nodes can be marked in the first stage because

neithera nor b is a root or leaf. In the second stage, private nodesc (root) andd
(leaf) inG1 will be marked. The marking terminates witha, b, e, and f unmarked.
If alternate marking is performed by starting with private nodes,c andd will be

marked in the first stage. In the second stage, public nodesa andbwill be marked.
In the third stage, private nodese and f will be marked. Now the resultant graph
is empty. Alternate marking by starting with public nodes gives the same result.
Note that in order to recognize a public root shared by two agents, one agentmust

tell the other that there are no unmarked parents in its local DAG. The same is true
for recognition of a public leaf. Hence, marking public nodes requires cooperation
among agents.
Note also that Corollary 9.4 does not requireG to satisfy the hypertree condi-

tion even though our application is under the context of a hypertree DAG union.
Corollary 9.4 forms the basis for a distributed verification algorithm, which we
present next.

9.5.4 Multiagent Verification

As demonstrated in Sections 9.5.1 and 9.5.3, in order to verify the acyclicity of a
hypertree DAG union, agents must cooperate. We present a set of algorithms, most
of which are recursive, to be executed by an agent. We follow the same convention
used in earlier chapters for naming agents: An algorithm executed by an agent is
activated by a call from an entity known as the caller. We useA0 to denote the agent
called to execute the algorithm. The caller is either an adjacent agent ofA0 in the
hypertree or the system coordinator, which could be either a human or an agent. If
the caller is an adjacent agent, we denote it byAc. If A0 has adjacent agents other
thanAc, we denote them byA1, . . . , Ak. The subdomains ofAc, A0, . . . , Ak are
Vc, V0, . . . , Vk, and their subgraphs areGc, G0, . . . , Gk, respectively. We denote
Vc ∩ V0 by Ic andV0 ∩ Vi by Ii (i = 1, . . . , k). If an algorithm is executed by the
system coordinator, we will useA∗ to describe any agent selected by the system
coordinator.
Cooperation requires interaction, which is generally more expensive and less

efficient than local computation. Hence, it is desirable to simplify the task for
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Figure 9.14: The DAG union in Figure 9.7 after local preprocessing.

cooperation as much as possible. According to Corollary 9.4, private roots and
leaves in local DAGs can be marked separately and recursively. We definePre-
Processbelow to mark these nodes before cooperation starts.

Algorithm 9.3 (PreProcess)WhenPreProcessis called on A0, it does the
following:

1. Agent A0 recursively marks each private root or leaf in its local DAG G0.
2. For each agent Ai (i = 1, . . . , k), A0 calls Ai to runPreProcess.

PreProcesscan be activated at any agent by the system coordinator. The process-
ing will then propagate outwards along the hypertree. The end result ofPreProcess
is independent of the agent that activated the processing. Note that no internal
structural information within each agent is revealed to other agents.
As an example, consider the hypertree DAG union in Figure 9.7. Suppose that

three agents are organized into the hyperchainA1 − A3 − A2. If PreProcessis
activated atA1, then it is performed first atA1, then atA3, and finally atA2.
Alternatively,PreProcesscan be activated atA3 and then be performed atA1 and
A2. Either way, the DAG union afterPreProcessis at the same state and is shown
in Figure 9.14.
In general, afterPreProcessis completed by all agents, the nodes that are left

unmarked in each local DAG are either nodes that form directed paths terminated at
public nodes or isolated public nodes. The first case occurs in this example (e.g., the
directed path (a, c, d, b) inG1 and (b, n, k) inG3). To see the second case, consider
another example in Figure 9.15(a). The only difference of the DAG union from the
previous example is the reversal of arc (g, j ) in G2. The end result ofPreProcess
is shown in (b). Two isolated public nodesj andk (each qualifies as a root and
as a leaf) are left unmarked inG2. PreProcessprevents marking such public roots
and leaves because an isolated public node in a local DAG may still participate in
a directed cycle in other local DAGs. It would be inconsistent to mark the node in
one local DAG and to keep it unmarked in another. To mark the remaining nodes,
further cooperation among agents is needed.
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Figure 9.15: Three local DAGs whose union is shown in Figure 9.10: (a) The local DAGs
beforePreProcessis performed. (b) AfterPreProcessis performed.

To find out if a public nodex can bemarked, an agent cooperates with others and
performsCollectFamilyInfo to determine ifx is a root or leaf in the DAG union.
Messages in the form of a triplet (x, p, c) are passed among all agents who sharex.
The purpose is to collect the parent and child information forx, wherep signifies
whether any agents have parents ofx in their local DAGs andc signifies whether
any agents have children ofx.

Algorithm 9.4 (CollectFamilyInfo) WhenCollectFamilyInfo(x) is called on an
agent A0, it does the following:

1. Agent A0 forms a triplet t0 = (x, p0, c0), where p0 = 1 if G0 contains an (unmarked)
parent of x and p0 = 0 otherwise, and c0 = 1 if G0 contains a (unmarked) child of x
and c0 = 0 otherwise.

2. If A0 does not share x with any agent Ai (i = 1, . . . , k), or p0 = c0 = 1, then A0 returns
t0 to caller.

3. Otherwise, A0 callsCollectFamilyInfo(x) in each agent Ai (i = 1, . . . , k) that shares x.
4. After each Ai (i = 1, . . . , k) being called has returned their triplets (assuming k agents

are called), t1, t2, . . . , tk, A0 returns a triplet t= (x, p = maxki =0 pi , c = maxki =0 ci ) to
caller.

WhenCollectFamilyInfo(x) is activated in an agentA0, it will be performed
recursively outwards fromA0 to each other agent (except the caller agent) on the
hypertree as long as the agent sharesx. The outward propagation terminates at
each agentAi that has no other agents to call, either becauseAi has no adjacent
agent except the caller or becauseAi does not sharex with any other adjacent agent
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Figure 9.16: Illustration ofCollectFamilyInfo.

except the caller. The triplet (x, p, c) will be passed from each suchAi inwards
towardsA0. For example, suppose thatCollectFamilyInfo(k) is activated atA2 in
Figure 9.15(b). AgentA2 forms a triplet (k,0,0) and callsCollectFamilyInfo(k)
in A3. In response,A3 forms (k,1,0). BecauseA3 does not sharek with A1, the
outward propagation ofCollectFamilyInfo(k) stops atA3. It starts the inward
passing of the triplet by returning (k,1,0) toA2. Finally A2 combines (k,1,0) with
its own (k,0,0) and returns (k,1,0) as the final triplet, reflecting the fact thatk is
a public leaf.
In general, a public node may be shared by several agents that are more

widely scattered on the hypertree than in the preceding example. For instance, in
Figure 9.16,x is shared by agentsA1 throughA4. Suppose thatCollectFamily-
Info(x) is activated atA3. If A3 starts with the triplet (x,1,1), thenx is neither a
public root nor a public leaf. In that case, there is no need to continue collecting
family information aboutx andA3 will terminateCollectFamilyInfo(x) by return-
ing (x,1,1) (step 2 ofCollectFamilyInfo). Otherwise,A3 will call A2 to perform
CollectFamilyInfo(x). UnlessA2 forms its triplet as (x,1,1), it will call A1 andA4

to performCollectFamilyInfo(x). The propagation ofCollectFamilyInfo(x) stops
at A1 andA4, and triplets are passed from them toA2 and then toA3.
Note that duringCollectFamilyInfo, the only internal structural information

revealed about each agent is whether it contains any parents or children of a public
node. The number of parents or children and what they are remain private.

CollectFamilyInfo is efficient, as we will show below. However, it can be im-
proved to perform more efficiently. For instance, whenA0 calls Ai to perform
CollectFamilyInfo(x), A0 may forward its own triplet toAi . If A0 has (x,1,0)
andAi has (x,0,1), thenAi can immediately return (x,1,1) to A0 without calling
other agents toCollectFamilyInfo. Weconsider this opportunity in an exercise (see
Exercise 2).
Once a public nodex is determined to be a root (p = 0) or a leaf (c= 0), the

following DistributeMark is used to mark the node in every agent that shares it.
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Algorithm 9.5 (DistributeMark) WhenDistributeMark(x) is called on an agent
A0, it does the following:

1. Agent A0 marks the node x.
2. Agent A0 recursively marks any private root or leaf in its local DAG G0.
3. For each agent Ai (i = 1, . . . , k) that shares x, A0 callsDistributeMark(x) in Ai .

WhenDistributeMark(x) is activated at an agentA0, it will be performed recur-
sively outwards fromA0 to each agent on the hypertree as long as the agent con-
tainsx. Note thatDistributeMark effectively alternates the marking of a public
node with the marking of private nodes, as suggested by Corollary 9.4.
The followingMarkNode combinesCollectFamilyInfo andDistributeMark .

It is used tomark each currently recognizable public root or leaf along the hypertree
and to alternate the marking with the marking of private roots and leaves in each
agent.

Algorithm 9.6 (MarkNode) WhenMarkNodeis called on an agent A0, it does the
following:

1. Agent A0 returnsfalse if it has no adjacent agent except Ac. Otherwise it continues.
2. For each unmarked public node x in G0, if there exists anadjacent agent Ai (i = 1, . . . , k)

that shares x, A0 calls CollectFamilyInfo(x) on itself. After A0 returns the triplet
(x, p, c), it callsDistributeMark(x) on itself if p= 0 or c = 0.

3. Agent A0 callsMarkNode in each Ai (i = 1, . . . , k).
4. If any Ai returnstrueor DistributeMark(x)has been called on A0, then A0 returnstrue

to caller. Otherwise, A0 returnsfalse(no node is marked).

In the second step ofMarkNode, each public root or leaf contained inA0 is
identified and marked outwards along the hypertree and then any resultant private
roots and leaves are also marked. In the third step, the processing continues at
adjacent agents ofA0 and outwards on the hypertree. Either in the first step or in
the last step, a flag is returned to signify whether any node has been marked at all.
The followingMarkedAll is used to checkwhether all nodes in a hypertreeDAG

union have been marked.

Algorithm 9.7 (MarkedAll) WhenMarkedAll is called on an agent A0, it does
the following:

1. Agent A0 returnsfalse if there exists an unmarked node in G0. Otherwise, it continues.
2. If A0 has no adjacent agents except Ac, it returnstrue. Otherwise, A0 callsMarkedAll

in each Ai (i = 1, . . . , k).
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3. If any Ai returns false (with unmarked nodes), then A0 returns false. Otherwise, A0
returnstrue.

MarkedAll can be activated at any agentA0 on the hypertree. It will then be
propagated outwards along the hypertree. As soon as an unmarked node is found
by any agent, it terminates the propagation ofMarkedAll and passes a flag of value
false inwards towardsA0. The flag is then returned byA0. If no unmarked node is
found,MarkedAll will be performed by every agent and flags of valuetrue will be
passed from terminal agents on the hypertree inwards towardsA0. The flagtrue is
eventually returned byA0. According to Corollary 9.4, the DAG unionG is acyclic
if and only if true is returned.
The following top-level algorithm,TestAcyclicity, combines the preceding al-

gorithms for cooperative verification of the acyclicity of a DAG union.

Algorithm 9.8 (TestAcyclicity) Let a hypertree DAG union G be populated by
multiple agents with one at each hypernode. The system coordinator does the
following:

1. Choose an agent A∗ arbitrarily.
2. CallPreProcessin A∗.
3. CallMarkNode in A∗ repeatedly untilfalse is returned (no node is marked in the last

call).
4. CallMarkedAll in A∗. If true is returned, then concludethat G isacyclic. Otherwise, G

is cyclic.

9.5.5 Illustration of Cooperative Verification

We illustrate the performance ofTestAcyclicity with two examples, one with a
cyclic DAG union and another with an acyclic DAG union. The first example uses
the DAG union in Figure 9.7.

� SupposeA1 is chosen asA∗. After PreProcess, the union is shown as Figure 9.14 and is
reproduced as Figure 9.17 for convenience.
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Figure 9.17: Illustration ofTestAcyclicity in a cyclic DAG union.
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� WhenMarkNode is activated inA1, it calls on itselfCollectFamilyInfo(a), which is then
propagated to AgentA3, and returns a triplet (a,1,0) to A1. Subsequently,A1 generates
the final triplet (a,1,1) and terminatesCollectFamilyInfo(a). Because neitherp nor c
is zero,DistributeMark(a) is not called.
AgentA1 then calls on itselfCollectFamilyInfo(b) , which eventually terminates sim-

ilarly asCollectFamilyInfo(a).
� AgentA1 callsMarkNode in A3, which calls on itselfCollectFamilyInfo(j) and is then
propagated toA2. AgentA2 returns a triplet (j,1,0) to A3. Subsequently,A3 generates
the final triplet (j,1,1) and terminatesCollectFamilyInfo(j) . No DistributeMark is
called.
AgentA3 then calls on itselfCollectFamilyInfo(k) , which eventually terminates sim-

ilarly asCollectFamilyInfo(j) .
� AgentA3 callsMarkNode in A2, which returnsfalsebecauseA2 has no other adjacent
agent. This causesA3 to return false to A1, which also returnsfalse and terminates
MarkNode.

� WhenMarkedAll is activated inA1, it returns false immediately.TestAcyclicity is
terminated with the conclusion that the DAG union iscyclic.

As the second example, consider the DAG union in Figure 9.15(a).

� SupposeA1 is selected asA∗. Figure 9.18(a) shows the DAG union afterPreProcesshas
been called onA1.

� WhenMarkNode is first called onA1, it callsCollectFamilyInfo(a) on itself and then
CollectFamilyInfo(b) as in the previous example.
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Figure 9.18: Illustration ofTestAcyclicity in an acyclic DAG union.
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� Agent A1 callsMarkNode in Agent A3, and calls on itselfCollectFamilyInfo(j) and
is then propagated toA2. Agent A2 returns a triplet (j,0,0) to A3. Subsequently,A3

generates the final triplet (j,0,1) and terminatesCollectFamilyInfo(j).
Becausep = 0, A3 callsDistributeMark(j) on itself. It marksj andl and then calls

DistributeMark(j) in A2, which marks j as well. Figure 9.18(b) shows the resultant
DAG union.
AgentA3 then calls on itselfCollectFamilyInfo(k), which eventually terminates sim-

ilarly asCollectFamilyInfo(j). Figure 9.18(c) shows the resultant DAG union.
� Agent A3 callsMarkNode in A2, which returnsfalse. BecauseDistributeMark was
called onA3, it returnstrue to A1, which returnstrue and terminates the first call of
MarkNode in TestAcyclicity.

� WhenMarkNode is called onA1 the second time,A1 calls on itselfCollectFamily-
Info(a), which is then propagated toA3. AgentA3 returns a triplet (a,0,0) to A1. Sub-
sequently,A1 generates the final triplet (a,0,1) and terminatesCollectFamilyInfo(a).
Becausep = 0, A1 callsDistributeMark(a) on itself. This causes the marking of

a, c, d by A1 anda by A3. Figure 9.18(d) shows the resultant DAG union.
AgentA3 then calls on itselfCollectFamilyInfo(b). It eventually terminates similarly

asCollectFamilyInfo(a) with b marked in bothA1 and A3. Figure 9.18(e) shows the
resultant DAG union.

� Agent A1 callsMarkNode in A3, which then callsMarkNode in A2. Agent A2 has
no additional adjacent agent and returnsfalse, which causesA3 to returnfalse to A1.
BecauseDistributeMark was called onA1, it returnstrue and terminates the second call
of MarkNode in TestAcyclicity.

� WhenMarkNode is called onA1 the third time withinTestAcyclicity, it propagates
MarkNode to A3 and then toA1. Eventually,false is returned.

� WhenMarkedAll is called onA1, it is propagated toA3 and A2. Eventually,true is
returned.

� TestAcyclicity is now terminated with the conclusion that the DAG union isacyclic.

9.5.6 Correctness and Complexity

In the following theorem, we show that multiagent cooperative verification is
achieved correctly byTestAcyclicity.

Theorem 9.5TestAcyclicitycorrectly determines the acyclicity of a hypertree DAG
union.

Proof: According to Corollary 9.4, it is sufficient to alternate marking of private
roots and leaves and public roots and leaves recursively.PreProcessdoes the first
round of recursivemarking of private roots and leaves and repeatedMarkNode per-
forms the subsequent recursive and alternate marking. EachMarkNode identifies
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public roots and leaves byCollectFamilyInfo (either p = 0 or c = 0) and then
marks them as well as new private roots and leaves byDistributeMark . By
Corollary 9.4,MarkNode will not return false until all roots and leaves are
marked.MarkedAll tests if the DAG union is empty and determines the acyclicity
correctly. �

Next, we establish that multiagent cooperative verification byTestAcyclicity is
efficient. We use the following notations in the analysis:

� m: the maximum number of nodes in a local DAG.
� t : the maximum cardinality of a node adjacency in a local DAG.
� k: the maximum number of nodes in an agent interface.
� s: the maximum number of agents that share a given variable.
� n: the total number of agents in the hypertree DAG union.

To mark all private nodes recursively in a local DAG,O(t m) nodes need to be
checked. Hence,O(n t m) nodes are checked duringPreProcess.
An order ofO(s) agents are involved in eachCollectFamilyInfo to test a single

public node. Tomark a public root or leaf,O(s) agents are involved in the marking,
and each of them also checksO(t m) private nodes locally. Hence, the complexity
of CollectFamilyInfo andDistributeMark for each marked public node is

O(s t m).

The complexity of eachMarkNode called duringTestAcyclicity is then
O(n k s t m) becauseMarkNode may be propagated to each agent and each
may process up tok public nodes. Because at least one public node will be marked
for each call ofMarkNode, it will be calledO(n k) times. Hence, the complexity
of all MarkNode calls is

O(n2 k2 s t m).

An order ofO(n m) nodes are checked duringMarkedAll . Therefore, the time
complexity ofTestAcyclicity is

O(n2 k2 s t m).

This analysis shows implies that themultiagent cooperative verification is efficient.
To build a large system from components, two generic approaches towards cor-

rectness can be identified. One approach imposes more restrictions on the compo-
nents to increase the chance that they integrate into a correct overall system. The
other approach imposes less restrictions on the components but relies on system-
wide tests to verify the system correctness. For example, in operating systems
design (Silberschatz and Galvin [65]),deadlock preventiontakes the first approach
anddeadlock detectiontakes the second.
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The two approaches can both be applied to ensure the acyclicity of a hypertree
DAG union. In OOBNs – i.e. (Koller and Pfeffer [35]), it is required that each
network segment (similar to a local DAG) satisfy certain topological constraints
so that the OOBN is always acyclic. For example, when two network segments
share variables, the direction of all arcs points from one segment to the other. As a
consequence, there is no need to verify acyclicity.
In this book, we do not impose such restrictions. When two local DAGs are

adjacent on the hypertree, it is allowed to have a directed path going one way and
another directed path in the opposite direction. For example, in Figure 9.15(a),
a directed path (j, l , a, c, d, e) goes fromG3 into G1 and another directed path
(d, b, n, k) from G1 into G3.
As another example, consider the local DAGs in Figures 6.29 and 6.30 for the

virtual digital componentsU2 andU3 (Figures 6.16 and 6.17). We see a directed
path

(i1, x0, u0, w0, q1)

going fromG2 into G3, and another directed path

(p1, n1, y0, u0, w0, z4, n0)

fromG3 intoG2. Such oppositely directed paths will be disallowed if the one-way-
arcs restriction is imposed. However, they arise in practice. UsingTestAcyclicity,
we are assured that they do not cause cyclicity.

9.6 Verification of Agent Interface

9.6.1 The Issue of d-sepset Verification

According toDefinition 6.15, each agent interface in anMSBNshould be a d-sepset
(Definition6.11).Anagent interface isad-sepset if everypublic node in the interface
is a d-sepnode (Definition 6.11). However, whether a public node in an interfaceI
is a d-sepnode cannot be determined by the pair of local DAGs interfaced withI .
According to Definition 6.11, given a hypertree DAG unionG, whether a public
nodex in G is a d-sepnode depends on whether there exists a local DAG that
contains all parentsπ (x) of x in G. Any local DAG that sharesx may potentially
contain some parent nodes ofx. Some parent nodes ofx are public, but others
are private. Because it is desirable not to disclose the details of the parentship for
agent privacy, we cannot send the parents ofx in each agent to a single agent for
d-sepnode verification. Hence, cooperation among all agents whose subdomains
contain parents of a public nodex is required in order to verify whetherx is a
d-sepnode.Nextwedevelopdistributedalgorithms that verify thed-sepset condition



238 Model Construction and Verification

in a hypertree DAG union without violating agent privacy. We follow the naming
convention used in previous sections oncaller, Ac, A0, A1, . . . , Ak andA∗.
We organize agents’ verification activities around the verification of the

d-sepnode condition. If any public nodex is found to be a non-d-sepnode, then
any agent interface that containsx is not a d-sepset, and the hypertree DAG union
has violated the d-sepset condition and is not a hypertree MSDAG. If no such node
can be found, then every agent interface is a d-sepset and the d-sepset condition
holds in the hypertree DAG union.
To verify the d-sepnode condition, we may use Definition 6.11 directly. How-

ever, that would require collecting parents of each public node from each agent
and checking whether one of the agents contains them all. As mentioned pre-
viously, this violates agent privacy. In Section 9.6.2, we derive alternative condi-
tions that can be used to verify the d-sepnode condition while respecting the agent
privacy.

9.6.2 Checking Private Parents for Invalid Interface

The proposition below derives anecessarycondition of a d-sepnode. It can be used
to detect if a hypertree DAG union violates the d-sepset condition.

Proposition 9.6 Let a public node x in a hypertree DAG union G be a d-sepnode.
Then no more than one local DAG of G contains private parent nodes of x.

Proof: We prove by contradiction. Assume that two or more local DAGs contain
private parent nodes ofx. Let y be a private parent ofx contained in a local DAG
Gi andz be a private parent ofx contained inG j (i �= j ). Then there cannot be
any one local DAG that contains bothy and z. Hence, no local DAG contains
all parents ofx, andx is not a d-sepnode by Definition 6.11, which is a contra-
diction. �

Proposition 9.6 requires only the information of whether an agent has private
parents of a public nodex. The proposition does not require the information on
the number of parents nor on what they are. Hence, it admits agent privacy. Once
the number of agents who have private parents ofx are collected, the simple count
is sufficient to determine if the hypertree DAG union has violated the d-sepset
condition. Note, however, that Proposition 9.6 is not sufficient to qualifyx as a
d-sepnode and hence is not sufficient to qualify a hypertreeDAGunion as satisfying
the d-sepset condition.
Given a public nodex of agentA0, the followingCollectPrivateParentInfo

determines how many agents on the subtree rooted atA0 have private parent nodes
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Figure 9.19: A hypertree DAG union with the hypertree in (a) and local DAGs in (b).

of x. According to Proposition 9.6, if more than one agent is found to have private
parent nodes ofx, thenx is nota d-sepnode.

Algorithm 9.9 (CollectPrivateParentInfo) WhenCollectPrivateParentInfo(x)is
called on an agent A0, it does the following:

1. Agent A0 checks if x has private parents in G0. It setscounter0 = 1 if the result is positive
andcounter0 = 0 otherwise.

2. If A0 does not share x with any agent Ai (i = 1, . . . , k), then A0 returnscounter0 to
caller. Otherwise, it continues.

3. For each agent Ai (i = 1, . . . , k) that shares x, A0 callsCollectPrivateParentInfo(x)in
Ai , and when Ai returnscounteri , A0 addscounteri to counter0.

4. Agent A0 returnscounter0 to caller.

As an example, consider the hypertree DAG union in Figure 9.19. Suppose that
CollectPrivateParentInfo(j) is called onA0.

� Agent A0 setscounter0 = 1 becauseG0 contains a private parentp of j . BecauseA0

sharesj with the adjacent agentA2, it callsA2 to performCollectPrivateParentInfo(j).
� AgentA2 has no private parent ofj and setscounter2 = 0. Because it sharesj with A3,
it calls A3 to performCollectPrivateParentInfo(j).

� AgentA3 has no private parent ofj and setscounter3 = 0. It sharesj with A4 and hence
callsA4 to performCollectPrivateParentInfo(j).

� Agent A4 has a private parentq of j and setscounter4 = 1. It has no adjacent agents
except the callerA3. Therefore,A4 returnscounter4 = 1 to A3.

� Upon receipt ofcounter4 = 1, A3 updatescounter3 = 1. It then returnscounter3 = 1
to A2.
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� The receipt ofcounter3 = 1 causesA2 to updatecounter2 and returnscounter2 = 1
to A0.

� Agent A0 receivescounter2 = 1 and updatescounter0 = 2. It returnscounter0 = 2,
which signifies thatj is not a d-sepnode.

The following FindNonDsepnodeByPrivateParentalgorithm is used by an
agentA0 to determine if each public node located on the subtree rooted atA0 that
is not shared byAc violates the d-sepnode condition. The task is accomplished by
callingCollectPrivateParentInfo.

Algorithm 9.10 (FindNonDsepnodeByPrivateParent)WhenFindNonDsepn-
odeByPrivateParentis called on an agent A0, it does the following:

1. Agent A0 returnsfalse if it has no adjacent agent except Ac. Otherwise, it continues.
2. For each public node x in G0 such that x is not shared by Ac, A0 calls on itself
CollectPrivateParentInfo(x). Whencounter is returned, A0 returnstrue if counterex-
ceeds1. Otherwise, it saves count(x)= counter and continues.

3. For each agent Ai (i = 1, . . . , k), A0 calls FindNonDsepnodeByPrivateParentin Ai .
If Ai returnstrue, then A0 returnstrue.

4. Agent A0 returnsfalse.

We illustrate the execution ofFindNonDsepnodeByPrivateParentusing the
hypertree DAG union in Figure 9.19. Suppose thatFindNonDsepnodeByPrivate-
Parent is called onA0.

� AgentA0 callsCollectPrivateParentInfo(f) on itself. It setscounter0 = 0 and callsA2

to performCollectPrivateParentInfo(f). Agent A2 setscounter2 = 0 and callsA1 to
performCollectPrivateParentInfo(f). WhenA1 finishes, it returnscounter1 = 0 to A2,
which in turn returnscounter2 = 0 toA0.AgentA0 finishesCollectPrivateParentInfo(f)
by returningcounter0 = 0. A recordcount( f ) = 0 is made inA0.

� Next,A0 callsCollectPrivateParentInfo(i) on itself. It callsA2 for CollectPrivatePar-
entInfo(i) in due time. Becausei has no private parent inG0 andG2, the process finishes
with A0 returningcounter0 = 0. A recordcount(i ) = 0 is made inA0.

� AgentA0 callsCollectPrivateParentInfo(j) on itself. As detailed previously, eventually
counter0 = 2 is returned. Hence,A0 returnstrue and terminatesFindNonDsepnode-
ByPrivateParent.

Note that inFindNonDsepnodeByPrivateParent,when the returnedcounterhas
a value of 0 or 1, a record is made by the agent. This record is useful to differentiate
shared nodes that have only public parents (when the value is 0) and those that
have private parents (when the value is 1). We assume that this record survives
the execution ofFindNonDsepnodeByPrivateParent. Its usage is presented in
Section 9.6.8.
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We summarize the postcondition ofFindNonDsepnodeByPrivateParentin the
following proposition. The proof is trivial given Proposition 9.6.

Proposition 9.7 Let G be a hypertree DAG union populated by a set of agents.
LetFindNonDsepnodeByPrivateParentbe called on any agent. Iftrue is returned,
then G does not satisfy the d-sepset condition. Iffalse is returned, then for every
public node x, no more than one local DAG of G contains private parent nodes
of x.

By Proposition 9.7, the verification is conclusive only when the execution of
FindNonDsepnodeByPrivateParentreturnstrue. Otherwise, further verification
is necessary, as we discuss in the next section.

9.6.3 Processing Public Parents

When FindNonDsepnodeByPrivateParentreturns false for a hypertree DAG
unionG, it is still possible that the d-sepset condition is not satisfied inG. Consider
the example in Figure 9.20. The public nodes arew, x, y, z. No local DAG has
any private parent ofx or z. OnlyG0 has a private parent ofy, and onlyG2 has a
private parent ofw. HenceFindNonDsepnodeByPrivateParentwill return false.
However, no single local DAG contains all parents ofx: π (x) = {w, y}. Therefore,
x is not a d-sepnode and none of the agent interfaces is a d-sepset.
By Proposition 9.7, ifFindNonDsepnodeByPrivateParentreturnsfalse, then

for eachpublic nodex either one localDAGor none contains private parents ofx. To
determine ifG satisfies the d-sepset condition conclusively, one still needs to find
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out if there exists a local DAG that containsπ (x). It seems that we have not made
much progress beyond brute force testing using Definition 6.11 directly. In fact,
the remaining verification task is simpler than the original, for it is now sufficient
to consider only the following two cases:
[Case 1] If one local DAG contains private parents ofx, then it is the only

candidate potentially to contain all parents ofx. Hence, our verification effort can
be more focused. The following proposition summarizes this idea. It is a direct
result of Definition 6.11 and Proposition 9.6.

Corollary 9.8 Let G be a hypertree DAG union. Let x be any public node such
that a single local DAG Gi in G contains private parents of x. Then if Gi does not
contain all parents of x in G, x is not a d-sepnode.

In Section 9.6.8, we present algorithms to process this case.
[Case 2] If no local DAG contains any private parent ofx, then all parents of

x are public. Hence, verification can be performed by passing messages on these
parents among agents without violating agent privacy. On the other hand, because
any local DAG containingx may containπ (x), there does not appear to be a single
local DAG on which we can safely focus the verification processing.
To process this case, we analyze how elements inπ (x) may be distributed on

the hypertree. Because local DAGs are organized into a hypertree, for each pair of
local DAGs that contains some parents ofx, every local DAG on the path between
them should contain these parents. Furthermore, suppose that there exists a local
DAG Gi containingπ (x). Let ρ be a directed path fromGi to any local DAGGk

containing some parents ofx. Then alongρ, the parent nodes ofx contained in
each local DAG must be nonincreasing. That is, if one traverses fromGi alongρ,
it is impossible to encounter a new parent node ofx that has not been seen before.
On the other hand, as one traverses a path from a local DAGGa to Gc both

containing some parents ofx, if a parenty of x is contained inGa but not inGc

whereas another parentz of x is contained inGc but not inGa, and no local DAGs
in between contain bothy andz, then one can be certain that there cannot be any
local DAG containingπ (x). This is what happens in the example of Figure 9.20. As
one traverses the hypertree fromG0 to G3, the parenty of x contained inG0 and
G1 disappears inG2 andG3 while a new parent nodew of x emerges. We explore
these observations systematically in the next section.

9.6.4 Cooperative d-sepnode Testing in a Hyperchain

Consider first the situation in which no local DAG contains any private parent ofx
andall localDAGscontainingeitherx or somepublic parentsofx formahyperchain
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〈G0, G1, . . . , Gm〉.Whenm = 1, because none ofG0 andG1 has private parents of
x, clearlyx is a d-sepnode.Hence,weonly need to considerm ≥ 2. InDefinition 9.9
belowwe define thepublic parent sequenceof x to describe the distribution ofπ (x)
on the hyperchain. The definition uses heavily set comparisons. Note that when
two setsX andY are compared, there are four possible outcomes:X = Y, X ⊂ Y,
X ⊃ Y, or X andY being incomparable (i.e.,X �⊆ Y and X �⊇ Y). We will use
X �� Y to denoteX andY as incomparable. The symbol�� reads “bowtie.”

Definition 9.9 Let 〈G0, G1, . . . , Gm〉 (m ≥ 2) be a hyperchain of local DAGs,
where x is a public node, each Gi contains either x or some parents of x, and all
parents of x are public. Denote the parents of x that Gi (0< i < m) shares with
Gi −1 and Gi +1 byπ−

i (x) andπ+
i (x), respectively. Denote the parents of x that Gm

shares with Gm−1 byπ−
m (x). Then the sequence

(π−
1 (x), π

−
2 (x), . . . , π

−
m (x))

is thepublic parent sequenceof x on the hyperchain. The sequence is classified
into the following types, where0< i < m:

Identical For each i,π−
i (x) = π+

i (x).
Increasing For each i,π−

i (x) ⊆ π+
i (x), and there exists i such thatπ−

i (x) ⊂ π+
i (x).

Decreasing For each i,π−
i (x) ⊇ π+

i (x), and there exists i such thatπ−
i (x) ⊃ π+

i (x).
Concave One of the following holds:

1. For m≥ 3, there exists i such that the subsequence(π−
1 (x), . . . , π

−
i (x)) is increasing

and the subsequence(π−
i (x), . . . , π

−
m (x)), is decreasing.

2. There exists i such thatπ−
i (x)�� π−

i +1(x); the preceding subsequence(π−
1 (x), . . . ,

π−
i (x)) is trivial (i = 1), increasing, or identical; and the trailing subsequence

(π−
i +1(x), . . . , π

−
m (x)) is trivial (i = m − 1), decreasing, or identical.

Wave One of the following holds:
1. There exists i such thatπ−

i (x) ⊃ π+
i (x) and j > i such that eitherπ−

j (x) ⊂ π+
j (x)

or π−
j (x)�� π+

j (x).
2. There exists i such thatπ−

i (x)�� π+
i (x) and j > i such that eitherπ−

j (x) ⊂ π+
j (x)

or π−
j (x)�� π+

j (x).

Figure 9.21 illustrates the first three sequence types, where onlyx and its parents
are shown explicitly in each agent interface. The identical sequence is illustrated in
(a). EachGi containsπ (x), and hencex is a d-sepnode. The increasing sequence
is exemplified in (b). BecauseGm containsπ (x), x is a d-sepnode. The decreasing
sequence is exemplified in (c). It is symmetric to the increasing sequence;G0

containsπ (x) andx is a d-sepnode.
For the concave sequence, some parents ofx appear in the middle of the hyper-

chain but do not appear on either end. Figure 9.22 illustrates the possible cases.
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Case (1) is illustrated in (a), whereb is contained inG1, G2, andG3 but disappears
in G0 andG4 andc is contained inG2 andG3 but disappears inG0, G1, andG4.
The increasing subsequence and the decreasing subsequence shareπ−

3 (x). At least
two local DAGs in the middle of the hyperchain will containπ (x) (e.g.,G2 and
G3 in (a)), and hencex is a d-sepnode. The remainder of Figure 9.22 illustrates
case (2). In (b),G1 contains bothb andc, G0 contains onlyb, andG2 contains
only c. In other words,π−

1 (x) andπ−
2 (x) are incomparable. Note that the subse-

quence (π−
1 (x), π

−
2 (x)) is preceded and trailed by trivial subsequences.Clearly,

G1 containsπ (x) andx is a d-sepnode. In (c), the subsequence (π−
1 (x), π

−
2 (x)) is

incomparable and is trailed by a decreasing subsequence. GraphG1 containsπ (x),
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andx is a d-sepnode. In (d), the subsequence (π−
1 (x), . . . , π

−
3 (x)) is increasingwith

π−
3 (x) andπ+

3 (x) incomparable. GraphG3 containsπ (x) andx is a d-sepnode. In
(e), the increasing subsequence ends atπ−

2 (x), and the decreasing subsequence
starts atπ−

3 (x) with π−
2 (x) andπ−

3 (x) incomparable. BecauseG2 containsπ (x), x
is a d-sepnode.
Public parent sequencesof the identical, increasing, decreasing, and concave type

represent all possible parent sequences, whereπ (x) can be contained in one local
DAGandhence cover all cases inwhichx is a d-sepnode.Wewill formally establish
this shortly. Definition 9.9 lumps all other public parent sequences together under
the wave type. Figure 9.23 illustrates several possible cases.
In (a), a parentd of x appears at one end of the hyperchain, another parentc

appears at the other end, and they disappear in the middle of the hyperchain. In
other words, we haveπ−

1 (x) ⊃ π+
1 (x) andπ

−
3 (x) ⊂ π+

3 (x). No local DAG contains
all parents ofx, and hencex is not a d-sepnode. In (b), we haveπ−

2 (x)�� π+
2 (x) and

π−
3 (x) ⊂ π+

3 (x). In (c),π
−
2 (x) ⊃ π+

2 (x) andπ−
3 (x)�� π+

3 (x) hold. In (d), we have
π−
1 (x)�� π+

1 (x) andπ−
3 (x)�� π+

3 (x). In all these cases, no local DAG contains
π (x), andx is not a d-sepnode.
In the preceding examples, each local DAG contains bothx and some parents of

x. This may not always be the case. In general, some local DAGsmay containx but
none of the elements ofπ (x), whereas other local DAGsmay contain some parents
of x but notx itself. Figure 9.24 shows a hyperchain〈G0, G1, G2, G3, G4〉, where
x is a public node contained in local DAGsG1, G2, G3, andG4. The set of parents
π (x) of x in the DAG union is{w, y}, and each element ofπ (x) is public. Three
local DAGs contain bothx and some parents ofx: G1 contains bothx andy, and
G2 andG3 contain bothx andw. One local DAG,G4, containsx but no parent ofx.
One local DAG,G0, contains a parenty of x but notx. The public parent sequence



246 Model Construction and Verification

3

w

h

i

j

d

G

2

x G3

G

G1

0G

G2

x

w

e

f

g

c

zx

y

d bb d

y

ak

w

e

g

x

f
z

a y

b

c

k

G

i

j

(b)

(a)h

G

x i

h u

v

v

u

4

(c)
0G Ψ

G1

{b,d,y}

{w,x}

{x}

G4

{h,i,x}

Figure 9.24: A hyperchainDAG unionG with local DAGs in (b)and hyperchain in (c).
GraphG0 contains a public parent of a public nodex without containingx itself.

of x on the hyperchain is

(π−
1 (x), π

−
2 (x), π

−
3 (x), π

+
3 (x)) = ({y}, {}, {w}, {}).

Theorem9.10 shows that the identical, increasing, decreasing, and concave types
represent all possible parent sequences, whereπ (x) can be contained in one local
DAG.

Theorem 9.10Let x be a public node in a hyperchain〈G0, G1, . . . , Gm〉 of local
DAGs withπ (x) being the parents of x in all DAGs, where no parent of x is private
and each local DAG contains either x or some parents of x.

Then there exists one local DAG that containsπ(x) if and only if the public parent
sequence of x on the hyperchain is identical, increasing, decreasing, or concave.

Proof: [Sufficiency] If the sequence type is identical, then every local DAG con-
tainsπ (x). If the type is increasing, then at leastGm containsπ (x). If the type is
decreasing, then at leastG0 containsπ (x). If the type is concave, for Case (1) (see
Definition 9.9), bothGi andGi−1 containπ (x). For case (2),Gi containsπ (x).
[Necessity] Suppose that there exists a local DAG that containsπ (x). We show

that the parent sequence ofx is identical, increasing, decreasing, or concave.
If every local DAG containsπ (x), thenπ−

j (x) = π+
j (x) for each j and the

sequence is identical. Otherwise, ifG0 containsπ (x), thenπ−
j (x) ⊇ π+

j (x) for
each j and the sequence is decreasing. Otherwise, ifGm containsπ (x), then
π−

j (x) ⊆ π+
j (x) for each j and the sequence is increasing.
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Otherwise, if bothGi andGi −1 containπ (x) for somei (2≤ i ≤ m − 1), then
π−

j (x) ⊆ π+
j (x) for each j ≤ i − 1 and the subsequence (π−

1 (x), . . . , π
−
i (x)), is

increasing, andπ−
j (x) ⊇ π+

j (x) for each j ≥ i , and the subsequence (π−
i (x), . . . ,

π−
m (x)) is decreasing. The entire parent sequence falls under concave type Case (1).
Otherwise, if only one local DAGGi containsπ (x), then

π−
i (x) ⊂ π (x) and π+

i (x) ⊂ π (x).

We showπ−
i (x)�� π+

i (x) by contradiction. If they are comparable, then

eitherπ−
j (x) ⊆ π+

j (x) or π−
j (x) ⊃ π+

j (x).

We have

π−
j (x) ⊆ π+

j (x) ⊂ π (x) or π(x) ⊃ π−
j (x) ⊃ π+

j (x),

which implies thatπ (x) contains a private parent ofx: a contradiction. Further-
more, the subsequence (π−

1 (x), . . . , π
−
i (x)) must be trivial, increasing, or identical,

and the subsequence (π−
i +1(x), . . . , π

−
m (x)) must be trivial, decreasing, or identical.

Hence, the entire parent sequence falls under concave type Case (2). �

Theorem 9.11 shows that the wave public parent sequences characterize all pos-
sible parent sequences when there is no local DAG containingπ (x).

Theorem 9.11Let x be a public node in a hyperchain〈G0, G1, . . . , Gm〉 of local
DAGs withπ (x) being the parents of x in all DAGs, where no parent of x is private
and each local DAG contains either x or some parents of x.

Then there exists no local DAG that containsπ (x) if and only if the public parent
sequence of x on the hyperchain is a wave.

Proof: [Sufficiency]Suppose that thesequence isof thewave type.For thesequence
is of the wave type Case (1) in Definition 9.9, we haveπ−

i (x) ⊃ π+
i (x). It implies

thatGi −1 andGi contain a parent, sayy, of x that is not contained inGi +1. It cannot
be contained in anyGk wherek > i + 1owing to thehyperchain. Ifπ−

j (x) ⊂ π+
j (x)

holds, thenG j +1 andG j contain a parent, sayz, of x that is not contained in
G j −1. It cannot be contained in anyGk, wherek < j − 1. In summary, only local
DAGsG0, . . . , Gi may containy (not necessarily all of them containy), and only
G j , . . . , Gm may containz. Becausei < j , no local DAG contains bothy andz.
If π−

j (x)�� π+
j (x), it implies thatG j +1 andG j contain a parent, sayz, of x that

is not contained inG j −1, andG j −1 andG j contains a parent, sayw, of x that is
not contained inG j +1. Because the same condition as above holds, no local DAG
contains bothy andz. For wave type case (2), the same conclusion can be drawn.
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[Necessity] Suppose that no local DAG containsπ (x). Then a pair of local DAGs
Gi andG j (i < j ) exist such that the following hold:

1. The DAGGi contains a parent, sayy, of x that is not contained inG j , andGi is the
closest such local DAG toG j on the hyperchain.

2. The DAGG j contains a parent, sayz, of x that is not contained inGi , andG j is the
closest such local DAG toGi on the hyperchain.

3. No other local DAGs contain bothy andz.

Clearly, we have eitherπ−
i (x) ⊃ π+

i (x) or π−
i (x)�� π+

i (x), and eitherπ−
j (x) ⊂

π+
j (x) or π

−
j (x)�� π+

j (x). Hence, the sequence is of the wave type. �

The following proposition establishes that the five public parent sequence types
defined so far cover all possibilities.

Proposition 9.12 Let 〈G0, G1, . . . , Gm〉 (m ≥ 2) be a hyperchain of local DAGs,
where x is a public node, each Gi contains either x or some parents of x, and all
parents of x are public.

Then the five public parent sequence types defined in Definition 9.9 are exhaustive.

Proof: Because either there exists a local DAG that containsπ (x) or such a local
DAG does not exist. By Theorem 9.10, the former case is equivalent to the identi-
cal, increasing, decreasing, or concave types. By Theorem 9.11, the latter case is
equivalent to the wave type. Hence, the five types are exhaustive. �

The following corollary summarizes the relation between the type of a public
parent sequence and the nature of a public nodex. Given Theorems 9.10 and 9.11,
its proof is straightforward.

Corollary 9.13 Let x be a public node in a hyperchain DAG union〈G0,

G1, . . . , Gm〉 (m ≥ 2), where no local DAG contains any private parent of x and
each local DAG contains either x or some public parents of x.

Then x is a d-sepnode if the public parent sequence of x on the hyperchain
is identical, increasing, decreasing, or concave, and x is a non-d-sepnode if the
sequence is wave.

To identify the sequence type by cooperation, let agents on the hyperchain
pass messages from one end to the other, say, fromGm to G0. Each agentAi

passes a message toAi−1 formulated based on the message thatAi receives from
Ai +1 as well as on the result of comparison betweenπ−

i (x) andπ+
i (x). Note that

Ai +1 is undefined forAm. A message is represented using the following symbols:
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IDEN (for identical), INC (for increasing), DEC (for decreasing), CONC (for con-
cave), or WAVE (for wave). Messages are formulated according to the following
algorithm:

Algorithm 9.11 (CollectPublicParentInfoOnChainBySymbol) If Ai +1 is unde-
fined, agent Ai passes IDEN to Ai −1. Otherwise, Ai receives a message from Ai +1,
comparesπ−

i (x) with π+
i (x), and sends its own message according to one of the

following cases:

1. The message received is IDEN:
If π−

i (x) = π+
i (x), Ai passes IDEN to Ai −1.

If π−
i (x) ⊃ π+

i (x), Ai passes DEC to Ai −1.
If π−

i (x) ⊂ π+
i (x), Ai passes INC to Ai −1.

Otherwise, Ai passes CONC to Ai −1.
2. The message received is DEC:

If π−
i (x) ⊇ π+

i (x), Ai passes DEC to Ai −1.
Otherwise, Ai passes CONC to Ai −1.

3. The message received is INC:
If π−

i (x) ⊆ π+
i (x), Ai passes INC to Ai −1.

Otherwise, Ai passes WAVE to Ai −1.
4. The message received is CONC:

If π−
i (x) ⊆ π+

i (x), Ai passes CONC to Ai −1.
Otherwise, Ai passes WAVE to Ai −1.

5. The message received is WAVE: Ai passes WAVE to Ai −1.

As examples, consider the sequences in Figure 9.21.

� In (a), A4 sends IDEN toA3, which is passed along by each agent untilA0 receives it.
� In (b), A4 sends IDEN toA3, which in turn sends INC toA2. The message INC will be
passed all the way toA0 becauseπ

−
i (x) ⊆ π+

i (x) holds fori = 2 andi = 1.
� In (c), A3 receives IDEN and sends DEC toA2. The message DEC will be passed all the
way toA0.

Next, consider the concave sequences in Figure 9.22.

� In (a),A3 sends DEC toA2, which in turn sends CONC toA1. Themessage is then passed
to A0.

� AgentA1 sends CONC toA0 in (b).
� In (c), A3 sends DEC toA2, which passes it toA1. AgentA1 sends CONC toA0 based
on its comparison.

� In (d), A3 sends CONC toA2, which is passed all the way toA0.
� In (e), A3 sends IDEN toA2, which in turn sends CONC toA1. The message is then
passed toA0.
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Finally, consider the wave sequences in Figure 9.23.

� In (a), A3 sends INC toA2, which passes it toA1. Becauseπ
−
1 (x) ⊃ π+

1 (x), A1 sends
WAVE to A0.

� In (b), A3 sends INC toA2, which in turn sends WAVE toA1. AgentA1 sends WAVE to
A0.

� In (c), A3 sends CONC toA2, which in turn sendsWAVE toA1. The message is then sent
by A1 to A0.

� In (d), A3 sends CONC toA2, which is passed toA1. Becauseπ
−
1 (x)�� π+

1 (x), A1 sends
WAVE to A0.

Given a hyperchain〈G0, G1, . . . , Gm〉, according toCollectPublicParentIn-
foOnChainBySymbol, only the message IDEN sent by agentAm is a message by
default. All messages sent by other agents are consistent with Definition 9.9 and the
intended interpretation of the message symbols. This has been demonstrated from
the preceding discussion of examples in Figures 9.21 through 9.23. Hence, from
the message thatA0 receives, the type of the public parent sequence can be deter-
mined. Whetherx is a d-sepnode can in turn be concluded from the sequence type
according to Corollary 9.13. For instance, ifA0 receives CONC, then it knows that
the parent sequence is concave andx is a d-sepnode. IfA0 receives WAVE instead,
then it knows that the parent sequence is the wave type andx is a non-d-sepnode.
We will not establish these results formally here but will do so for a simplified
version ofCollectPublicParentInfoOnChainBySymbol in Section 9.6.5.

9.6.5 Consolidation of d-sepnode Testing Messages

In Section 9.6.4, we have developed a set of messages that can be used to determine
the nature of a public node in a hyperchain of local DAGs. The set of messages
consists of five distinct symbols: IDEN, DEC, INC, CONC, and WAVE. Because
we only need to classify a public nodex into either a d-sepnode and non-d-sepnode,
the message symbols may be consolidated while maintaining the effectiveness of
classification. We explore this possibility below with the goal of simplifying the
d-sepnode testing through the consolidation.
We partition the five public parent sequence types into three groups: identical

or decreasing, increasing or concave, and wave. We associate each group with a
message coded using an integer, as in Table 9.1.
As was the case withCollectPublicParentInfoOnChainBySymbol, we will let

agents on a hyperchain pass messages fromAm to A0. Using the message code,
we modify the algorithmCollectPublicParentInfoOnChainBySymbol into the
following algorithm:CollectPublicParentInfoOnChain.
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Table 9.1:Message code for
grouping public parent

sequence types

Type group Code

decreasing or identical −1
increasing or concave 1
wave 0

Algorithm 9.12 (CollectPublicParentInfoOnChain) If Ai +1 is undefined, agent
Ai passes−1 to Ai −1. Otherwise, Ai receives a message from Ai+1, compares
π−

i (x) with π+
i (x), and sends its own message according to one of the following

cases:

1. The message received is−1:
If π−

i (x) ⊇ π+
i (x), Ai passes−1 to Ai −1.

Otherwise, Ai passes 1 to Ai −1.
2. The message received is1:

If π−
i (x) ⊆ π+

i (x), Ai passes1 to Ai −1.
Otherwise, Ai passes0 to Ai −1.

3. The message received is0: Ai passes0 to Ai −1.

The following proposition ensures that the outgoing message of each agent on
the hyperchain is always defined. Its proof is straightforward.

Proposition 9.14 Let x be a public node in a hyperchain DAG union〈G0,

G1, . . . , Gm〉 (m ≥ 2), where all parents of x are public and each local DAG con-
tains either x or some public parents of x. Let the hyperchain be populated by a set
of agents with one for each local DAG.

Then the outgoing message by each agent Ai according toCollectPublicPar-
entInfoOnChain is well defined.

We illustrateCollectPublicParentInfoOnChain with the examples in Figures
9.21 through 9.23. First, consider the parent sequences in Figure 9.21.

� In (a),−1 is sent fromA4 to A3 and is passed along by each agent untilA0 receives it.
Interpreting the message code,A0 concludes that the parent sequence is either identical
or decreasing. Because the actual sequence is identical, the conclusion is correct.

� In (b), A3 receives−1 from A4 and sends 1 toA2. Afterwards, 1 is passed all the way to
A0, which determines that the sequence is either increasing (actual type) or concave.
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� In (c),−1 is sent by each agent. The conclusion drawn byA0 is to classify the type of
sequence as either identical or decreasing (actual type).

The parent sequences in Figure 9.22 cause the following messages to be passed:

� In (a),A3 receives−1 fromA4 and sends−1 toA2. AgentA2 sends 1 toA1, which passes
it to A0. AgentA0 then concludes that the sequence type is either increasing or concave,
where concave is the actual type.

� In (b), A1 sends 1 toA0, which reaches the same conclusion as in (a).
� In (c),−1 is passed along fromA4 until A1, which sends 1 toA0.
� In (d), A3 sends 1 toA2, which is passed along toA0.
� In (e),−1 is sent fromA4 to A3 and then toA2. AgentA2 sends 1 toA1, which is passed
to A0.

The wave parent sequences in Figure 9.23 cause the following messages to be
passed:

� In (a),A3 receives−1 fromA4 and sends 1 toA2. AgentA2 passes 1 toA1, which in turn
sends 0 toA0. AgentA0 then interprets the sequence type as a wave, which matches the
actual type.

� In (b), A3 receives−1 from A4 and sends 1 toA2. AgentA2 sends 0 toA1, which passes
0 to A0.

� In (c), A3 receives−1 and sends 1 toA2. AgentA2 sends 0 toA1, which passes 0 toA0.
� In (d), A3 receives−1 and sends 1 toA2. AgentA2 passes 1 toA1, which sends 0 toA0.

Proposition 9.15 establishes that, after message passing according toCollect-
PublicParentInfoOnChain, the type of parent sequence and the nature of pub-
lic node x can be determined correctly. This proposition also covers the case
of a trivial hyperchain (m = 1), whereA0 will receive−1 from A1, andx is a
d-sepnode.

Proposition 9.15 Let x be a public node in a hyperchain DAG union〈G0,

G1, . . . , Gm〉 (m > 0), where all parents of x are public and each local DAG
contains either x or some public parents of x. Let the hyperchain be populated by
agents with one for each local DAG.

Then, after agents pass messages along the hyperchain from Am to A0 according
toCollectPublicParentInfoOnChain, the following hold:

1. The message code received by A0 identifies the type of public parent sequence of x
correctly.

2. If A0 receives−1 or 1, then x is a d-sepnode.
3. If A0 receives0, then x is a non-d-sepnode.
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Proof: We only have to prove the first statement. Once it is proven, the next two
statements followaccording toCorollary 9.13. To prove the first statement, we show
that whenever the sequence is of types identical or decreasing,A0 receives−1;
whenever the sequence is increasing or concave,A0 receives 1; and whenever the
sequence is the wave type,A0 receives 0. Because the set of five sequence types
is exhaustive by Proposition 9.12, the correctness of the first statement will be
established.

1. We show that whenever the sequence is an identical or decreasing type,A0 receives−1.
Assume that the sequence is identical or decreasing. We claim that each agent will
receive−1 and send out−1. AgentAm will send−1 by default. We only need to show
that if Ai receives−1, it will send−1. FromDefinition 9.9,Ai will find π−

i (x) ⊇ π+
i (x).

According toCollectPublicParentInfoOnChain, the outgoing message is−1.
2. We show that whenever the sequence is increasing,A0 receives 1. By Definition 9.9,

eachAi will find π−
i (x) ⊆ π+

i (x) and at least one will findπ−
i (x) ⊂ π+

i (x). Let Aj

be the first agent on the hyperchain that findsπ−
j (x) ⊂ π+

j (x). Because eachAi ( j <

i < m) will receive −1 and send−1, Aj will receive −1 and send 1 according to
CollectPublicParentInfoOnChain. EachAi (0< i < j ) will receive 1 and send1given
that toπ−

i (x) ⊆ π+
i (x).

3. We show that whenever the sequence is concave,A0 receives 1. For case (1) of the
concave type inDefinition 9.9, thereexists an agentAi such that the parent sequence on
the (sub)hyperchain〈Gi −1, . . . , Gm〉 is decreasing. From the foregoing analysis,Ai −1

will receive−1 from Ai . The (sub)hyperchain〈G0, . . . , Gi −1〉 is increasing, and by
Definition 9.9 each agentAj (0< j < i − 1) will find π−

j (x) ⊆ π+
j (x) with at least

one that findsπ−
j (x) ⊂ π+

j (x). Let Ak be the first agent on the (sub)hyperchain that
findsπ−

k (x) ⊂ π+
k (x). EachAj (k < j < i − 1) will receive−1 and send−1. Agent

Ak will receive−1 and send 1 byCollectPublicParentInfoOnChain. Each agentAj

(0< j < k) will receive 1 and send 1.
For case (2) of the concave type in Definition 9.9, an agentAi exists that finds

π−
i (x)�� π+

i (x). If i = m − 1 (trivial trailing case),Ai will receive−1 by default. If
the parent sequence on the (sub)hyperchain〈Gi , . . . , Gm〉 is decreasing or identical,Ai

will also receive−1 by CollectPublicParentInfoOnChain. Becauseπ−
i (x)�� π+

i (x),
Ai will send 1. If i = 1 (trivial preceding case), the receiver fromAi is A0. If the parent
sequence on the (sub)hyperchain〈G0, . . . , Gi 〉 is increasing or identical, according to
CollectPublicParentInfoOnChain Ai −1 will pass 1 all the way toA0.

4. We show whenever the sequence is the wave type thatA0 receives 0. By Definition 9.9,
when the sequence is the wave type, there are at least two agentsAi andAj (i < j ) such
that Ai finds eitherπ−

i (x) ⊃ π+
i (x) or π−

i (x)�� π+
i (x) and Aj finds eitherπ−

j (x) ⊂
π+

j (x) or π−
j (x)�� π+

j (x). We assume thatAi and Aj are two such agents that are
closest toAm on the hyperchain. This implies that each agentAk ( j < k) must find
π−

k (x) ⊇ π+
k (x). Hence,Aj receives−1 and sends out 1.
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BecauseAi is the closest agent toAj , which finds eitherπ−
i (x) ⊃ π+

i (x) or
π−

i (x)�� π+
i (x), each agentAk (i < k < j ) betweenAi andAj will find π−

k (x) ⊆
π+

k (x). According toCollectPublicParentInfoOnChain, Ak will receive 1 and
send out 1. As a result,Ai will receive 1 and send out 0, which will be passed along
to A0. �

9.6.6 Cooperative d-sepnode Testing in a Hyperstar

Before moving on to the general hyperstar, we consider message passing by agents
fromboth endsof a hyperchain toward anagentAi in themiddle. This canbe viewed
as a special case of a hyperstar with only two terminals. We refer toAi as thecenter
agent. Readers should keep in mind that when message passing is performed from
both ends of the hyperchain, it should be understood as two separate executions of
CollectPublicParentInfoOnChain. One is performed on the (sub)hyperchain

〈G′
0, . . . , G′

j , . . . , G′
m−i 〉, whereG′

j = G j +i ,

and the other on the (sub)hyperchain

〈G′
0, . . . , G′

j , . . . , G′
i 〉, whereG′

j = Gi − j .

For example, if the hyperchain is〈G0, . . . , G9〉 and the center agent isA5, then the
two executions are performed on〈G5, . . . , G9〉, where messages propagate from
A9 to A5, and on〈G5, . . . , G0〉, where messages propagate fromA0 to A5.
In Section 9.6.4, the only information that agentA0 needs to process is the

message received fromA1.Here, thecenter agentAi has threepiecesof information:
two messages received from adjacent agents and a comparison betweenπ−

i (x) and
π+

i (x). The key to determinewhetherx is a d-sepnode is to detect whether its public
parent sequence is the wave type. A wave sequence can be detected based on one
message received byAi only, or if not sufficient based on both messages received,
or if still not sufficient based in addition on the comparison betweenπ−

i (x) and
π+

i (x). The following proposition establishes the correctness of this strategy. It uses
the notationX �⊆ Y andX �⊇ Y for two setsX andY, whereX �⊆ Y means either
X ⊃ Y or X �� Y.

Proposition 9.16 Let x be a public node in a hyperchain DAG union〈G0,

G1, . . . , Gm〉 (m > 1), where all parents of x are public and each local DAG
contains either x or some parents of x. Let the hyperchain be populated by agents
with one for each local DAG.

After agents pass messages along the hyperchain from Am and A0 towards Ai

(0< i < m), according toCollectPublicParentInfoOnChain, the following hold:
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1. If Ai receives0 from one adjacent agent, then x is a non-d-sepnode.
2. Otherwise, if1 is received by Ai from both adjacent agents, then x is a non-d-sepnode.
3. Otherwise, if1 is received by Ai from Ai +1 andπ−

i (x) �⊆ π+
i (x) or 1 is received from

Ai −1 andπ−
i (x) �⊇ π+

i (x), then x is a non-d-sepnode.
4. Otherwise, x is a d-sepnode.

Proof: We show that ifx is a non-d-sepnode, one of the first three cases will occur,
and if x is a d-sepnode, none of the first three cases will occur.
Assume thatx is a non-d-sepnode. According to Theorem 9.11,x is a non-d-

sepnode if and only if its parent sequence is the wave type. By Definition 9.9, when
the sequence is the wave type, there are at least two agentsAj and Ak ( j < k)
such thatAj finds eitherπ

−
j (x) ⊃ π+

j (x) or π−
j (x)�� π+

j (x) andAk finds either
π−

k (x) ⊂ π+
k (x) or π

−
k (x)�� π+

k (x).We assume thatAj andAk are two such agents
that are closest toAm on the hyperchain. The position ofAj andAk relative toAi

can be described by the following, excluding symmetric conditions:

Cond1i < j < k: Aj andAk are at the same side ofAi on the hyperchain.
Cond2 j < i < k: Ai is betweenAj andAk.
Cond3i = j < k: one ofAj andAk is the center agentAi .

The parent sequence can be viewed as two subsequences each from the center
of the original sequence to one terminal. In Cond1, becauseAj and Ak both in-
volve the subsequence fromAi to Am, by Proposition 9.15Ai will receive 0 as in
case (1).
In Cond2,Ai will receive 1 fromAi +1 as argued in the proof of Proposition 9.15.

By symmetry,Ai will also receive 1 fromAi −1. This is case (2) of the proposition.
In Cond3,Ai will receive 1 fromAi +1 and−1 from Ai −1. It will find π−

i (x) �⊆
π+

i (x). This is case (3) of the proposition.
Next, we assume thatx is a d-sepnode and show that none of the first three

cases will occur. By Proposition 9.12, the parent sequence is identical, increasing,
decreasing, or concave. We consider each individually.
When the sequence is identical,Ai will receive−1 from both adjacent agents.

Hence, none of the first three cases will occur.
When the sequence is increasing, there exists at least one agentAj that will find

π−
j (x)⊂π+

j (x). LetAj be theclosest suchagent toAm. Hence, eachagentAk ( j <k)
will find π−

k (x) = π+
k (x), and each agentAk (k < j ) will find π−

k (x) ⊆ π+
k (x). The

position ofAj relative toAi can be described by the following conditions:

Cond4i < j : Aj andAm are at the same side ofAi on the hyperchain.
Cond5 j < i : Aj andA0 are at the same side ofAi .
Cond6i = j : Aj is the center agentAi .
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In Cond4,Aj will receive−1 and send out 1, which will be passed toAi by Ai +1.
Because the subsequence betweenA0 andAi is identical or decreasing viewed from
Ai to A0, Ai will receive−1 from Ai −1. Hence, Cases (1) and (2) will not occur.
Inasmuch asAi will find π−

i (x) ⊆ π+
i (x), Case (3) will not occur either.

In Cond5 and Cond6,Ai will receive−1 from Ai +1 and−1 from Ai −1 by the
similar argument above. Hence, none of the first three cases will occur.
The decreasing sequence is symmetric to the increasing sequence, and we only

have the concave sequence left to consider. By Definition 9.9, when the sequence
is concave, a distinctive agentAj exists. In case 1 of the concave type, the subse-
quence (π−

1 (x), . . . , π
−
j (x)) is increasing and (π

−
j (x), . . . , π

−
m (x)) is decreasing. In

Case (2) of the concave type,π−
j (x)�� π+

j (x) holds. The position ofAj relative to
Ai can be described by Cond4, Cond5, and Cond6.
Consider Case (1) of the concave-type sequences. In Cond4,Aj will receive−1

and the remaining analysis is the same as the increasing sequence case. Cond5 is
symmetric to Cond4. In Cond6,Ai will receive−1 from both adjacent agents. For
Case (2) of the concave type, the analysis is similar. �

We now consider a general hyperstar with two or more terminals. The structure
from the center of the hyperstar to each terminal is a hyperchain of two or more
local DAGs. The following corollary generalizes the d-sepnode testing strategy
established in Proposition 9.16 for the hyperstar. We denote the parents ofx that
the center agent shares with an adjacent agentAk by πk(x).

Corollary 9.17 Let x be a public node in a hyperstar local DAGs{Gi }, where all
parents of x are public and each local DAG contains either x or some parents of
x. The star has two or more terminals such that from the center to each terminal is
a hyperchain of two or more local DAGs. Let the hyperstar be populated by agents
with one for each local DAG.

After agents pass messages according toCollectPublicParentInfoOnChain(rel-
ative to x) from each terminal towards the center, the following hold:

1. If the center agent A∗ receives 0 from any adjacent agent, x is a non-d-sepnode.
2. Otherwise, if 1 is received by A∗ from each of any two adjacent agents, x is a non-

d-sepnode.
3. Otherwise, if 1 is received by A∗ from an adjacent agent Aj , and another adjacent agent

Ak sharing the parentsπk(x) of x with A∗ exists such thatπ j (x) �⊇ πk(x), then x is a
non-d-sepnode.

4. Otherwise, x is a d-sepnode.

Consider the hyperstar in Figure 9.25(a). It has the center atG0 and three ter-
minalsG1, G2, andG3. Suppose that it is populated by agentsA∗ = A0, A1, A2,
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Figure 9.25: Parentsπ(x) of a d-sepnodex shared by local DAGs in hyperstars.

andA3. Each ofA1, A2, andA3 sends a message toA0 according toCollectPub-
licParentInfoOnChain. Because each hyperchain has only two local DAGs,A0

receives−1 from each other agent and concludes thatx is a d-sepnode. Clearly,
this is correct given thatG0 containsπ (x). The example shows that whenever a
hyperstar has two local DAGs in each hyperchain from the center to a terminal,x is
a d-sepnode.
As another example, consider another hyperstar in Figure 9.25(b). It has the

center atG0 and three terminalsG2, G4, andG7. After agents send messages
according toCollectPublicParentInfoOnChain, A0 receives−1 from each ofA1,
A3, andA5 and concludes thatx is a d-sepnode.
In Figure 9.26, the hyperstar has the same topology as that of Figure 9.25(b) but

a different distribution ofπ (x). Note how the parents ofx are distributed along the
hyperchain betweenG0 andG7. AgentA0 receives−1 fromA1 andA3 and receives
1 from A5. According to Corollary 9.17,A0 concludes thatx is a d-sepnode. We
see that bothG5 andG6 containπ (x).
Figure 9.27 shows a slightly different distribution ofπ (x). Note the parents ofx

that are shared byG3 andG4. AgentA0 receives−1 from A1 and 1 from bothA3

andA5. According to Corollary 9.17,A0 concludes thatx is not a d-sepnode. We
see that no local DAG contains all parents ofx.
In Figure 9.28,A0 receives 1 fromA3, and−1 fromA1 andA5. It concludes that

x is not a d-sepnode by Corollary 9.17 becauseπ1(x) andπ3(x) are incomparable.
We see that no local DAG contains botha ande.
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Figure 9.26: Parentsπ (x) of a d-sepnodex shared by local DAGs in a hyperstar.
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Figure 9.27: Parentsπ (x) of a non-d-sepnodex shared by local DAGs in a hyperstar.

9.6.7 Cooperative d-sepnode Testing in a Hypertree

In Sections 9.6.4 and 9.6.6, we have considered d-sepnode testingwhere, for a given
public variablex, each local DAG in a hyperchain or a hyperstar contains eitherx
or some public parents ofx. We now extend the results into the most general case.
The extension consists of two aspects: First, we consider a general hypertree of
local DAGs where some local DAGs contain neitherx nor parents ofx. Second, we
allow local DAGs that do contain parents ofx to form a (sub)hypertree, not just a
hyperchain or hyperstar. We assume thatFindNonDsepnodeByPrivateParenthas
been executed on the hypertree withfalse returned. By Proposition 9.7, no more
than one local DAG contains private parents ofx.
We assume that the hypertree is populated by a set of agents. Immediately fol-

lowing we present recursive algorithms for each agent. An algorithm executed
by an agent (denoted byA0) is activated by a caller, which is either an adjacent
agent (denoted byAc) of A0, or A0 itself (see how Algorithm 9.13 is activated in
Algorithm 9.14), or the system coordinator, which could be a human or an agent. If
A0 has adjacent agents other thanAc, denote thembyA1, . . . , Ak. Their local DAGs
areGc,G0,G1, . . . , Gk, respectively. We denote the parents ofx shared byG0 and
Gi byπi (x) (i = 1, . . . , k) and those byG0 andGc byπc(x). Note that whenA0 is
called byAc, theremay not be any other adjacent agent ofA0 because it is a terminal
agent or no adjacent agentAi (i = 1, . . . , k) that shares eitherx or some parents
of x with A0. For simplicity, we refer to all these cases as no adjacent agentAi

(i = 1, . . . , k) such thatAi shareseitherx or someparents ofx. If analgorithm is ac-
tivatedby the systemcoordinator,wewill useA∗ to describeanyagent thus selected.
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Figure 9.28: Parentsπ (x) of a non-d-sepnodex shared by local DAGs in a hyperstar.
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The first algorithmCollectPublicParentInfo collects information on the distri-
bution of public parents ofx by an inward propagation of messages among agents.
The final returned message summarizes the distribution.

Algorithm 9.13 (CollectPublicParentInfo) When the caller callsCollectPublic-
ParentInfo(x) in A0, it does the following:

1. Agent A0 returns−1 if there is no adjacent agent Ai (i = 1, . . . , k) such that Ai shares
either x or some parents of x. Otherwise, it continues.

2. For each agent Ai (i = 1, . . . , k) such that Ai shares either x or some parents of x, A0

callsCollectPublicParentInfo(x)in Ai and collects a returned message mi .
3. (a) If there exists mi = 0 (1≤ i ≤ k), then A0 returns0.

(b) Otherwise, if there exist mi = 1 and mj = 1 (1≤ i, j ≤ k; i �= j ), then A0 returns
0.

(c) Otherwise, if there exists mi = 1 (1≤ i ≤ k), then A0 comparesπi (x) with π j (x)
for each j (1≤ j ≤ k or j = c; j �= i ).
If j is found such thatπi (x) �⊇ π j (x), A0 returns0. If not, A0 returns1.

(d) Otherwise, continue.
4. If caller is an adjacent agent Ac, A0 comparesπc(x) with πi (x) for each i (1≤ i ≤ k).

If there exists i such thatπc(x) �⊇ πi (x), then A0 returns1. Otherwise, A0 returns−1.
5. If caller is A0 itself, A0 returns−1.

The following proposition says that ifCollectPublicParentInfo is called on an
agent whose local DAG contains all parent nodes of a d-sepnode, then its returned
message must be−1.

Proposition 9.18 Let a hypertree of local DAGs{Gi } be populated by a set of
agents. Let x be a public node andπ (x) be the set of all parents of x in the
hypertree. Let A∗ be the agent whose local DAG G∗ containsπ (x).

If CollectPublicParentInfo(x)is called on A∗, A∗ will return −1.

Proof: Inasmuch as the local DAGs form a hypertree, those local DAGs, each of
which contains eitherx or some parents ofx, form a subtree. We only need to
consider the processing by agents located in this subtree. BecauseCollectPublic-
ParentInfo(x) is called onA∗, the subtree is viewed as being rooted atG∗. For each
agent that is terminal in the subtree, it returns−1 (Case (1) ofCollectPublicPar-
entInfo). We show that for each nonterminal agent, if it receives only−1 as the
result of callingCollectPublicParentInfo in its adjacent agents, then it will return
−1 as well.
First, consider any nonterminal agentA0 other thanA∗. BecauseG∗ contains

π (x), the public parent sequence ofx fromG∗ to each terminal local DAG (with at



260 Model Construction and Verification

least one other local DAG in between) is either identical or decreasing. Hence, when
A0 is called byAc, it will find either πc(x) = πi (x) or πc(x) ⊃ πi (x). According
to Case (4) ofCollectPublicParentInfo, it will return −1. Therefore, each agent
adjacent toA∗ will return −1. As a consequence, by Case (5) ofCollectPublic-
ParentInfo, A∗ will return−1. �

The next proposition says that ifCollectPublicParentInfo is called on an agent
whose local DAG does not contain all parents of a public node, then it will not
return−1.

Proposition 9.19 Let a hypertree of local DAGs{Gi } be populated by a set of
agents. Let x be a public node andπ (x) be the set of all parents of x in the hypertree.
Let G∗ = (V∗, E∗) be the only local DAG that may contain private parents of x and
satisfies V∗ ∩ π (x) ⊂ π (x).

Then whenCollectPublicParentInfo(x)is called on A∗, A∗ will not return−1.

Proof: BecauseV∗ ∩ π (x) ⊂ π (x), there existsy ∈ π (x)\V∗ and a local DAGGy

that containsy and is the closest toG∗ among such local DAGs exist. Because
G∗ is the only local DAG that may contain private parents ofx, y is a pub-
lic parent of x. Let Gi be the local DAG adjacent toGy that containsy. See
Figure 9.29 for an illustration, whereπc(x) denotes the parents ofx thatA0 shares
with the adjacent agentAc betweenAy andA∗ on the hypertree, andπi (x) repre-
sents the parents ofx thatAy shares with the agentAi . Note that it is possible that
G∗ = Gc.
BecauseGc andGy do not sharey butGi andGy do,Ay will find eitherπc(x) ⊂

πi (x) or πc(x)�� πi (x). According toCollectPublicParentInfo, −1 might be re-
turned byAy only under case 4. However, under case 4, given thatπc(x) �⊇ πi (x),
Ay will return 1 to Ac. For each remaining agent on the chain fromAy to A∗, if
it receives 1 or 0, it can only return 1 or 0 according to Cases (3a), (3b), or (3c).
Hence,A∗ will not return−1. �

Combining Propositions 9.18 and 9.19, we have the following conclusion: If
CollectPublicParentInfo(x) is called onA∗ andwe know that onlyG∗ may contain
private parents ofx, then when−1 is returned,G∗ must containπ (x) and hence

c(x)π π (x)i

G* Gc iG Gy

Figure 9.29: Illustration of proof for Proposition 9.19.
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x is a d-sepnode. Otherwise,G∗ cannot containπ (x). This is summarized in
Theorem 9.20, which follows directly from the two propositions.

Theorem 9.20Let a hypertree of local DAGs{Gi } be populated by a set of agents.
Let x be a public node andπ (x) be the set of all parents of x in the hypertree. Let
G∗ = (V∗, E∗) be the only local DAG that may contain private parents of x. Let
CollectPublicParentInfo(x)be called on A∗.

Then V∗ ⊃ π (x) if and only if A∗ returns−1.

If G∗ does contain private parents ofx, then Theorem 9.20 determines whether
x is a d-sepnode with certainty. We will further explore this in Section 9.6.8. If
all parents ofx are public, whenA∗ returns−1, Theorem 9.20 says that it is also
certain thatx is a d-sepnode. However, ifA∗ does not return−1, it is possible that
a local DAG other thanG∗ may containπ (x). Hence, whetherx is a d-sepnode is
inconclusive in this case.Using the lessons learned from the analysis of hyperchains
and hyperstars, if we know that there exists a hyperchain on the hypertree such that
the public sequence ofx along the hyperchain is of the wave type, we can be certain
that no local DAG will containπ (x) andx is not a d-sepnode. On the other hand,
if no wave sequence ofx exists, we can conclude thatx is a d-sepnode. To explore
this idea, we first consider intuitively how such a sequence might be present in a
hypertree, as illustrated in Figure 9.30.
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Figure 9.30: Public parents of non-d-sepnodex, y, and z shared by local DAGs in a
hypertree.
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Figure 9.30 shows a hypertree of local DAGs in which each DAG is represented
as a box. For simplicity, only some local DAGs are labeled. The public parent
sequences of only three variables (x, y, andz) are shown explicitly. The sequences
for x, y, andzare of the wave type. Suppose that cooperative testing is activated at
agentA0 and hence thatA0 plays the role of root of the hypertree. The three parent
sequences demonstrate three typical ways a parent sequence can be situated in the
hypertree: The sequence forx is along a hyperchain from the root to a terminal:

〈G0, G1, G2, G3, G4, . . .〉.
The sequence fory is split into two hyperchains each from the root to a terminal:

〈G0, G13, G14, . . .〉 and 〈G0, G10, G11, G12〉.
The sequence forz is split into two hyperchains each from a nonroot to a terminal:

〈G5, G6, G7, G8, . . .〉 and 〈G5, G9, . . .〉.
The following proposition establishes that when a wave parent sequence ofx is

present, ifCollectPublicParentInfo(x) is called onA∗, it will return 0.

Proposition 9.21 Let a hypertree of local DAGs{Gi } be populated by a set of
agents. Let x be a public node without private parents such that there exists a
hyperchain along which its public parent sequence is of the wave type. Let G∗ be
a local DAG that contains either x or some parents of x andCollectPublicPar-
entInfo(x) be called on A∗.

Then A∗ will return 0.

Proof: We show that if a wave public parent sequence ofx occurs in any one of
the three possible ways (denoted byT1, T2, andT3) demonstrated in Figure 9.30,
A∗ will return 0.
[T1] Consider awavepublic parent sequencesof x that occurs alongahyperchain

from A∗ to a terminal agentAt (e.g., the parent sequence forx in Figure 9.30).
Sinces is a wave sequence, fromAt to A∗ along the hyperchain, there existGi first
and thenG j (see Figure 9.31) such thatπ−

i (x) ⊂ π+
i (x) or π−

i (x)�� π+
i (x) and

π−
j (x) ⊃ π+

j (x) or π
−
j (x)�� π+

j (x), whereπ
−
i (x) denotes the parents ofx thatGi

+(x)πi (x) i
-πj

+(x)πj (x)-π
G* GGG tj i

Figure 9.31: Illustration for proof of Proposition 9.21.
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shares with the adjacent local DAG closer toA∗ andπ+
i (x) with that farther from

A∗, andπ−
j (x) andπ+

j (x) are those relative toG j . We claim that either 1 or 0 will
be returned byAi whenCollectPublicParentInfo(x) is called onAi , and 0 will be
returned byAj .
Agent Ai will return 1 or 0 in the Cases of (3a), (3b), and (3c) ofCollectPub-

licParentInfo. Agent Ai will return 1 in Case (4) becauseπ
−
i (x) �⊇ π+

i (x). Given
that Ai returns 1 or 0, the agents betweenAi andAj can only return 1 or 0, for
only Cases (3a), (3b), and (3c) are applicable. In the Cases of (3a) and (3b),Aj

will return 0. In the Case of (3c), whereAj receives 1 from its adjacent agent ons
owing toπ−

j (x) �⊆ π+
j (x), Aj will return 0.

[T2] Consider a wave parent sequences that runs along two joined hyperchains
c1 andc2. The hyperchainc1 runs from an agentAk to a terminal agent andc2 runs
from Ak to another terminal agent, whereAk is the agent closest toA∗ among all
agents on the two hyperchains (e.g., the parent sequence forz in Figure 9.30, where
Ak = A5). We assume thats is a wave sequence, butc1 andc2 are not, for if any
one of them were, it would be detected, as in caseT1. Hence, it suffices to consider
the following two cases:

1. There exist an agentAi exists onc1 and another agentAj onc2 that satisfy the following:
ForAi , eitherπ

−
i (x) ⊂ π+

i (x) orπ
−
i (x)�� π+

i (x) holds,whereπ
−
i (x) denotes theparents

of x thatGi shares with the adjacent local DAG closer toAk andπ
+
i (x) with that farther

from Ak. For Aj , eitherπ
−
j (x) ⊂ π+

j (x) or π−
j (x)�� π+

j (x) holds. See Figure 9.32 for
an illustration.

2. AgentAi is identical to case 1 above, butG j = Gk such that eitherπ1(x) ⊂ π2(x) or
π1(x)�� π2(x) holds, whereπ1(x) represents the parents ofx thatGk shares with the
adjacent local DAG onc1 andπ2(x) with that onc2. See Figure 9.33 for an illustration.

For case 1, whenCollectPublicParentInfo is called onAi , it will return 1 or 0
as argued inT1, and so willAj . Hence, agents betweenAi andAk will return 1 or 0,

π (x)+π- (x)

G

π (x)+
jπ- (x)j
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i i
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Figure 9.32: Hyperchainsc1 andc2.
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Figure 9.33: Hyperchainsc1 andc2, whereG j = Gk.

.

for only (3a), (3b), and (3c) ofCollectPublicParentInfo are applicable. The same
is true for agents betweenAj andAk. As a result,Ak will receive 1 or 0 from its
adjacent agents inc1 andc2. According to Case (3a) andCase (3b),Ak will return 0.
For case 2,Ak will receive 1 or 0 from its adjacent agents inc1. It will return 0

if it receives 0 by Case (3a). If it receives 1 from its adjacent agent onc1 and some
other adjacent agents, it will return 0 by Case (3b). If it receives 1 only from its
adjacent agent onc1, then by Case (3c) it will return 0 becauseπ1(x) �⊇ π2(x).
[T3] Consider a wave parent sequences that runs along two hyperchainsc1 and

c2 joined atA∗. WhenCollectPublicParentInfo(x) is called onA∗, it will return 0
for reasons similar to argument presented inT2. �

When a wave parent sequence ofx exists, no local DAG may containπ (x);
hence,x is not a d-sepnode. Therefore, Proposition 9.21 establishes that whenever
x is not a d-sepnode,CollectPublicParentInfo(x) called onA∗ will return 0. The
proposition, however, does not tell us whenx is a d-sepnode whether it is still
possible that 0 will be returned. The following proposition answers this question.
It asserts that in such a case, 0 will never be returned. Thus, a returned 0 uniquely
identifiesx as a non-d-sepnode.

Proposition 9.22 Let a hypertree of local DAGs{Gi } be populated by a set of
agents. Let x be a d-sepnode without private parents. Let G∗ be a local DAG that
contains either x or some parents of x andCollectPublicParentInfo(x)be called
on A∗.

Then A∗ will not return0.

Proof: Becausex is a d-sepnode, there exists a local DAGG j that containsπ (x).
We have eitherG j = G∗ or G j �= G∗. WhenG j = G∗, by Proposition 9.18,A∗
will return−1.
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Figure 9.34: Proof of Proposition 9.22.

In the caseG j �= G∗, we analyze the processing performed by agents located
on the hyperchain betweenG∗ andG j inclusive. In Figure 9.34, if we assume
G∗ = G2 andG j = G5, these agents includeA2 throughA5. For any one of them,
sayAk, we consider the returnmessagewhenCollectPublicParentInfo(x) is called
by Ak in one of its adjacent agents that is not on this hyperchain. Because each
parent sequence fromGk to a downstream terminal (relative toG∗) is identical or
decreasing, the message−1 will be returned toAk on the basis of Cases (1) and (4)
ofCollectPublicParentInfo(x). For example,A5 receives−1 fromA6 andA18, A3

receives−1 from A15, andA2 receives−1 from A11 andA12. Hence, each agent
on the hyperchain fromG j toG∗ will receive−1 when it callsCollectPublicPar-
entInfo(x) in an agent not on the hyperchain.
Theparent sequence fromG∗ toG j is identical or increasingbecauseG j contains

π (x). WhenCollectPublicParentInfo(x) is called onAj , it receives−1 only, as
argued above. It will return 1 or−1 on the basis of Case (4). The caller agent ofAj

receives−1 from each adjacent agent with the possibility of receiving 1 fromAj

only. If only −1 is received, it returns 1 or−1 asAj . If a unique 1 is received, it
returns 1 based on Case (3c). Applying this analysis recursively to the other agents
on the hyperchain fromG j to G∗, we conclude that each of them returns 1 or−1.
Hence,A∗ will not return 0. �

With the understanding of the relation between the return message ofCollect-
PublicParentInfo(x) and the parent distribution ofx, we present the following



266 Model Construction and Verification

recursive algorithmFindNonDsepnodeByPublicParentto verify if a hypertree
satisfies the d-sepset condition under the assumption that for each public node all
its parents are also public.

Algorithm 9.14 (FindNonDsepnodeByPublicParent) WhenFindNonDsepn-
odeByPublicParentis called on an agent A0, it does the following:

1. Agent A0 returnsfalse if it has no adjacent agent except Ac. Otherwise, it continues.
2. For each public node x in G0 such that x is not shared by Ac, A0 calls on itselfCollect-
PublicParentInfo(x). If 0 is returned, A0 returnstrue. Otherwise, it continues.

3. For each agent Ai (i = 1, . . . , k), A0 callsFindNonDsepnodeByPublicParentin Ai . If
Ai returnstrue, then A0 returnstrue.

4. Agent A0 returnsfalse.

Note the restriction “x is not shared byAc” in the second step above. It ensures
thatCollectPublicParentInfo(x) is executed exactly once and is activated when
the distributed processing reaches the first agent on the hypertree that containsx.
The following theorem shows that ifFindNonDsepnodeByPublicParentis

called on an agentA∗, the return flag will reflect correctly whether each shared
node with only public parents is a d-sepnode.

Theorem 9.23Let a hypertree of local DAGs{Gi } be populated by a set of agents.
For each node x shared by two or more local DAGs, all parents of x are public.
Let an agent A∗ be arbitrarily chosen andFindNonDsepnodeByPublicParentbe
called on A∗.

If A∗ returnstrue, then at least one shared node is a non-d-sepnode. Otherwise,
all shared nodes are d-sepnodes.

Proof: We show that if there exists a non-d-sepnode,A∗ will return true, and if
all public nodes are d-sepnodes,A∗ will return false. For each public nodex with
public parents, those local DAGs, each containing eitherx or some public parents
of x, form a subhypertree. This is due to the hypertree property (Definition 6.8).
Because theprocessingofFindNonDsepnodeByPublicParentpropagates through
the hypertree outwards fromA∗, CollectPublicParentInfo(x) will be called on an
agentA0 such thatG0 is located in the subhypertree and is the closest toG∗ among
those on the subhypertree and containingx.
Note thatG0may not be the closest local DAG toG∗ on the subhypertree because

anotherGy may contain a parenty of x, not containx, and be betweenG0 andG∗
on the hypertree. It is also possible that still anotherG′

y may containy, may not
containx, and the hyperchain fromG∗ toG′

y does not even includeG0. The effect
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of these local DAGs is to be considered in Exercise 9. In the following, we assume
thatG0 is the closest local DAG toG∗ on the subhypertree.
If there exists a non-d-sepnodex, there must be a hyperchain on the hy-

pertree along which the public parent sequence ofx is a wave formation. By
Proposition 9.21, whenCollectPublicParentInfo(x) is called onA0, 0 will be re-
turned. This will causeA0 to returntrue in FindNonDsepnodeByPublicParent
and eventually causeA∗ to returntrue.
If each public node is a d-sepnode, then whenCollectPublicParentInfo(x) is

called on an agentA0 it will not return 0 according to Proposition 9.22. Because
none of the calls ofCollectPublicParentInfo returns 0,A∗ will return falseas the
result ofFindNonDsepnodeByPublicParent. �

Theorem 9.23 shows thatFindNonDsepnodeByPublicParentsolves the d-
sepnode verification problem if all shared nodes have only public parents. In the
following section, we present algorithms for d-sepnode verification when some
public nodes have private parents.

9.6.8 Cooperative Verification of d-sepset Condition

In this section, we first extendFindNonDsepnodeByPublicParentto d-sepnode
verification of public nodes with private parents. We then assemble the algorithms
developed so far for verification of the d-sepset condition in a general hypertree
DAG union.
Recall fromSection 9.6.3 that, if a d-sepnode has private parents, all such parents

must be contained in a single local DAG. According to Theorem 9.20, if a public
nodex has private parents in a local DAGG∗, then whetherx is a d-sepnode can be
determined by callingCollectPublicParentInfo(x) in A∗ and checking the return
message.
Suppose that a single localDAGcontainsprivateparentsofx.When the following

FindNonDsepnodeByHubis called on an agent whose local DAG contains either
x or some parents ofx, a recursive search is performed through the hypertree for
the single local DAG that contains the private parents ofx. When the local DAG is
found,CollectPublicParentInfo(x) is called on the corresponding agent to verify
if x is a d-sepnode.

Algorithm 9.15 (FindNonDsepnodeByHub) WhenFindNonDsepnodeBy-
Hub(x) is called on an agent A0 that contains either x or some parents of x, it does
the following:

1. If G0 contains no private parent of x, then A0 checks if there exists Ai (i = 1, . . . , k)
that contains either x or some public parents of x.
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If found, then for each such Ai , A0 callsFindNonDsepnodeByHub(x)in Ai . If any such
Ai returnstrue, then A0 returnstrue. If each such Ai returnsfalse, A0 returnsfalse.
If no such Ai is found, then A0 returnsfalse.

2. If G0 contains private parents of x, then A0 callsCollectPublicParentInfo(x)on itself.
If −1 is returned, A0 returnsfalse. Otherwise, A0 returnstrue.

The processing activated byFindNonDsepnodeByHub(x)may terminate in
two ways. If A0 contains no private parent ofx and its adjacent agents (except
Ac) do not contain eitherx or some public parents ofx, thenFindNonDsepn-
odeByHub(x)will terminate. When an agentA0 containing private parents ofx is
reached,CollectPublicParentInfo(x)will be recursively activated.CollectPublic-
ParentInfo(x) will terminate when an agentAi is activated, andAi and its adjacent
agents (except its caller agent) do not contain eitherx or some public parents
of x.
The followingFindNonDsepnodechecks if each public nodex is a d-sepnode

by propagating processing outwards through the hypertree. It does this in the same
way asFindNonDsepnodeByPublicParentif x has no private parents. Otherwise,
the checking is performed throughFindNonDsepnodeByHub. In the algorithm,
a recordcount(x) is used. Recall that this record is saved byFindNonDsepnode-
ByPrivateParent in Section 9.6.2. Ifcount(x) = 0, x has no private parents, and
if count(x) = 1, x has private parents in exactly one local DAG.

Algorithm 9.16 (FindNonDsepnode)WhenFindNonDsepnodeis called on an
agent A0, it does the following:

1. Agent A0 returnsfalse if it has no adjacent agent except Ac. Otherwise, it continues.
2. For each public node x in G0 such that x is not shared by Ac, A0 checks count(x).

If count(x) = 0, A0 calls on itselfCollectPublicParentInfo(x). If 0 is returned, A0
returnstrue. Otherwise, it continues.

If count(x) = 1, A0 calls on itselfFindNonDsepnodeByHub(x). If true is returned,
A0 returnstrue. Otherwise, it continues.

3. For each agent Ai (i = 1, . . . , k), A0 callsFindNonDsepnodeon Ai . If Ai returnstrue,
then A0 returnstrue.

4. A0 returnsfalse.

The followingVerifyDsepset is executed by the system coordinator to verify
that the entire hypertree DAG union satisfies the d-sepset condition. After the root
agentA∗ is selected,FindNonDsepnodeByPrivateParentis used to determine if
there is any public node for which more than one local DAGs contain its private
parents. If the result is positive (falsereturned), a side effect of the algorithm is that
for each public nodex a recordcount(x) is saved in an agent that is the closest toA∗
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on the hypertree among agents that containx. This record is used by the following
operationVerifyDsepset, which completes the d-sepset verification.

Algorithm 9.17 (VerifyDsepset) Let a hypertree DAG union G be populated by
multiple agents with one at each hypernode. The system coordinator does the
following:

1. Choose an agent A∗ arbitrarily.
2. Call FindNonDsepnodeByPrivateParentin A∗. If true is returned, then conclude that

G violates the d-sepset condition. Otherwise, continue.
3. Call FindNonDsepnodein A∗. If true is returned, then conclude that G violates the

d-sepset condition. Otherwise, conclude that G satisfies the d-sepset condition.

The following theorem establishes thatVerifyDsepsetverifies the d-sepset con-
dition correctly.

Theorem 9.24Let a hypertree DAG union G be populated by multiple agents.
AfterVerifyDsepsetis executed in G, it concludes correctly with respect to whether
G satisfies the d-sepset condition.

Proof: If G does not satisfy the d-sepset condition, then there exists a public node
x that is not a d-sepnode. It may disqualify as a d-sepnode in three possible ways:
It is possible that two local DAGs contain private parents ofx, which will be
detected byFindNonDsepnodeByPrivateParentaccording to Proposition 9.7.
It is also possible that a single local DAGG0 contains private parents ofx but
does not containπ (x). In this case,FindNonDsepnodewill find count(x) = 1 and
call FindNonDsepnodeByHub(x).FindNonDsepnodeByHub(x)will locate G0

and callCollectPublicParentInfo(x) in A0. The non-d-sepnode will be detected
according to Theorem 9.20. Finally, it is possible thatx has only public parents
but that they form a wave sequence. In this case,FindNonDsepnodewill find
count(x) = 0 and callCollectPublicParentInfo(x). The non-d-sepnode will be
detected according to Theorem 9.23.
If none of the above occurs, then all public nodes are d-sepnodes by Theorem

9.20 and Theorem 9.23.FindNonDsepnodewill return false, which causesVeri-
fyDsepsetto conclude accordingly. �

We illustrate the execution ofVerifyDsepsetwith the hypertree DAG union in
Figure 9.35. It is a modification of the hypertree DAG union in Figure 9.19 with
the arc (q, j ) in G4 reversed.

1. SupposeA4 is selected by the system coordinator asA∗. FindNonDsepnodeByPri-
vateParent is then called onA4.
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Figure 9.35: A hypertree DAG union with the hypertree in (a) and local DAGs in (b).

2. AgentA4 calls on itselfCollectPrivateParentInfo(j) .CollectPrivateParentInfo(j) is
called subsequently inA3, A2, andA0. Eventuallycounter3 = 1 is returned toA4. It
savescount( j ) = 1.
AgentA4 calls on itselfCollectPrivateParentInfo(k). The call is propagated toA3

and thenA2, andA4 eventually savescount(k) = 0.
CollectPrivateParentInfo(l) is then called byA4 on itself and propagated toA3 and

A2. As a result,count(l ) = 0 is saved atA4.
3. AgentA4 callsFindNonDsepnodeByPrivateParentin A3. Because each of the public

nodes inA3 is shared withA4, A3 does not activateCollectPrivateParentInfo. Instead,
it callsFindNonDsepnodeByPrivateParentin A2.

4. AgentA2 calls on itselfCollectPrivateParentInfo(f). CollectPrivateParentInfo(j) is
called subsequently onA0 andA1. As a result,count( f ) = 0 is saved atA2.
Agent A2 callsCollectPrivateParentInfo(i) on itself and then inA0. The result

count(i ) = 0 is saved atA2.
Agent A2 calls on itselfCollectPrivateParentInfo(g) and then calls onA1 with

count(g) = 0 saved.
ThenA2 calls on itselfCollectPrivateParentInfo(h) and subsequently inA1 with

count(h) = 0 saved.
5. AgentA2 callsFindNonDsepnodeByPrivateParentonA0 andA1, which returnfalse

immediately. ThenA2 returnsfalseto A3, which in turn returns toA4.
6. BecauseA4 returnsfalseas the result ofFindNonDsepnodeByPrivateParentcalled

on it, the verification continues with the callFindNonDsepnodein A4.
7. AgentA4 checkscount( j ) = 1 and callsFindNonDsepnodeByHub(j)on itself. Since

A4 has no private parents ofj , it callsFindNonDsepnodeByHub(j) in A3. The call
propagates toA2 and then toA0.

8. AgentA0 has a private parentp of j and hence callsCollectPublicParentInfo(j) on
itself.CollectPublicParentInfo(j) is then activated inA2, A3, andA4.
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Agent A4 returns−1 to A3. BecauseA3 shares no parent ofj with A2 and A4, A3

returns−1 to A2. Given thatA2 shares the parenti of j with A0, A2 returns−1 to A0,
which terminatesCollectPublicParentInfo(j) with −1 returned.

9. AgentA0 then returnsfalseto A2 as the result of the callFindNonDsepnodeByHub(j)
from A2. SubsequentlyA2 returnsfalseto A3, which in turn returnsfalseto A4, which
terminatesFindNonDsepnodeByHub(j)with falsereturned.

10. Continuing the processing inFindNonDsepnode,A4 next checkscount(k) = 0. It calls
CollectPublicParentInfo(j) on itself.CollectPublicParentInfo(j) is then activated in
A3, A2, A1, andA0.

11. AgentsA0 andA1 return−1 to A2, which returns 1 toA3 because its interface with
A0 contains the parenti of k, its interface withA1 contains the parenth of k, and its
interface withA3 contains no parent ofk. AgentA3 passes 1 toA4, which returns 1 as
the result of callingCollectPublicParentInfo(j) on itself.

12. Continuing the processing inFindNonDsepnode,A4 next checkscount(l ) = 0. It calls
CollectPublicParentInfo(l) on itself.CollectPublicParentInfo(l) is then activated in
A3 andA2. Eventually,−1 is returned toA4.

13. AgentA4 callsFindNonDsepnodein A3. Because each variable thatA3 shares with
A2 is also shared withA3, A3 callsFindNonDsepnodein A2.

14. In response,A2 checkscount(f ) = 0 and callsCollectPublicParentInfo(f) on itself.
Agent A2 then callsCollectPublicParentInfo(f) on A0 andA1. As a result,A2 even-
tually returns−1.

15. Continuing the processing inFindNonDsepnode,A2 checkscount(i ) = 0 and calls
CollectPublicParentInfo(i) on itself. The call is propagated to all other agents.
AgentsA0 andA1 return−1 to A2. ThenA4 returns−1 to A3, which returns−1 to A2.
Hence,A2 terminatesCollectPublicParentInfo(i) with −1 returned.

16. Continuing the processing inFindNonDsepnode,A2 checkscount(g) = 0 and calls
CollectPublicParentInfo(g) on itself. The call is activated inA1 becauseA2 andA1

shareg and its parenth. Eventually,A2 returns−1 fromCollectPublicParentInfo(g).
17. AgentA2 checkscount(h) = 0and callsCollectPublicParentInfo(h)on itself. The call

is activated inA1, and eventuallyA2 returns−1 fromCollectPublicParentInfo(h).
18. AgentA2 callsFindNonDsepnodein A0 andA1, which returnfalseimmediately. Then

A2 returnsfalseas the result of a call ofFindNonDsepnodefrom A3, which in turn
returnsfalseto A4.

19. Finally,A4 returnsfalsefrom the call ofFindNonDsepnodeon it by the system coor-
dinator. It is concluded that the DAG union satisfies the d-sepset condition.

9.7 Complexity of Cooperative d-sepset Testing

We show that multiagent cooperative verification byVerifyDsepsetis efficient. We
use the following notations:

� t : the maximum cardinality of a node adjacency in a local DAG.
� k: the maximum number of nodes in an agent interface.



272 Model Construction and Verification

� s: the maximum number of agents adjacent to any given agent on the hypertree.
� n: the total number of agents in the hypertree DAG union.

First,weconsiderFindNonDsepnodeByPrivateParent. Its computation isdom-
inated by callingCollectPrivateParentInfo. Each agent may callCollectPri-
vateParentInfo O(k s) times – one for each shared node. Each call may propagate
to O(n) agents. To examine whether a shared node has private parents in a local
DAG takesO(t) time. Hence, the total time complexity ofFindNonDsepnode-
ByPrivateParent is O(n2 k s t).
Next, we considerFindNonDsepnode. Its computation time is dominated by the

call ofCollectPublicParentInfo either directly or throughFindNonDsepnodeBy-
Hub. Each agent may callCollectPublicParentInfo O(k s) times. Each call may
propagate toO(n) agents. When processing public parent sequence information,
an agent may compareO(s) pairs of agent interfaces. Each comparison examines
O(k2) pairs of shared nodes. Hence, the total time complexity ofFindNonDsepn-
ode is O(n2 k3 s2). The overall complexity ofVerifyDsepsetis then

O(n2 (k3 s2 + k s t)),

and the computation is efficient.

9.8 Bibliographical Notes

The issue of subdomain verification was inspired during a discussion with Finn
Jensen while I was visiting Aalborg University in 1998. The solution was presented
in Xiang, Olesen, and Jensen [93]. Multiagent cooperative verification of DAG
union acyclicity was proposed by Xiang [87]. Xiaoyun Chen assisted in refining
multiagent d-sepset verification.

9.9 Exercises

1. Determine fromW0 throughW3 in Section 9.1 whether a hypertree can be constructed
from V0 throughV3.

2. Modify the algorithmCollectFamilyInfo to make it more efficient using the idea hinted
in Section 9.5.4.

3. Trace the execution ofFindNonDsepnodeByPrivateParentfor the hypertree DAG
union in Figure 9.19 with the arc (q, j ) reversed.

4. Determine the type of public parent sequence ofx on the hyperchain of local DAGs in
Figure 9.24.

5. Prove Corollary9.13.
6. Prove Proposition 9.14.
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7. Letx be a public node in a hyperstar DAG union, where all parents ofx are public and
each local DAG contains eitherx or some parents ofx. There are exactly two local DAGs
from the center of the star to each terminal inclusive. Prove thatx is a d-sepnode.

8. Prove Theorem 9.20.
9. In the second step of algorithmFindNonDsepnodeByPublicParent,A0 calls on itself

CollectPublicParentInfo(x) if x is not shared byAc. It is possible thatAc contains some
parents ofx. Hence,CollectPublicParentInfo(x) will not include these parents ofx in
its examination of the public parent sequences ofx.
Analyze the consequence of this omission.
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Looking into the Future

In Chapters 6 through 9, we studied in detail why a set of agents over a large and
complex domain should be organized into anMSBN and how.We studied how they
can perform probabilistic reasoning exactly, effectively, and distributively. In this
chapter, we discuss other important issues that have not yet been addressed but will
merit research effort in the near future.

10.1 Multiagent Reasoning in Dynamic Domains

Practical problemdomains canbestaticordynamic. In a static domain, eachdomain
variable takes a value from its space and will not change its value with time. Hence,
at what instant in time an agent observes the variable makes no difference. On the
other hand, in a dynamic domain, a variable may take different values from its
space at different times. The temperature of a house changes after heating is turned
on. The pressure of a sealed boiler at a chemical plant increases after the liquid
inside boils. A patient suffers fromadisease and recovers after the proper treatment.
A device in a piece of equipment behaves normally until it wears out. Dynamic
domains are more general, and a static domain can be viewed as a snapshot of a
dynamic domain at a particular instant in time or within a time period in which the
changes of variable values are ignorable.
A Bayesian network can be used to model static and dynamic domains. In gen-

eral, given a dynamic domain, a domain variablev(t) whose value changes with
time t can be modeled by a sequence of variablesv(0), v(1), v(2), . . . , v(i ), . . . ,
wherei indexes a time instant. The collection of variables corresponding to timei
and their dependence relations can be modeled by a Bayesian (sub)network. The
variablev(i ) may also be dependent on some variablex( j ), where j < i . Such
dependence is calledtemporal dependenceand can be represented by an arc from
x( j ) to v(i ). In this way, all Bayesian subnetworks corresponding to different time

274
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instants are connected into one Bayesian network. Probabilistic reasoning can then
be performed as usual.
However, if it is necessary tomodel and reasonabout adomainoveranunbounded

period of time, the preceding method is impractical, for the Bayesian network will
grow to an unbounded size. To handle this, the first common step is to assume
that the dynamic domain isstationary. That is, (1) the dependence relations among
variables at timei are identical to those atj , and (2) the temporal dependence
relations between variables at timesi and j are identical to those between variables
at timesi + k and j + k, wherek is a positive integer. Condition (1) implies that all
Bayesian subnets, one for each time instant, are isomorphic. Condition (2) means
that if there is an arc fromx( j ) tov(i ), then there is an arc fromx( j + k) to v(i + k).
The second common step is to assume that the dynamic domain isMarkovian. That
is, the state of the domain at timei + 1 is independent of the states at 0,1, . . . , i − 1
given the state ati . This assumption implies that the Bayesian subnet at timei has
only incoming arcs from the Bayesian subnet at timei − 1 and has only outgoing
arcs to the Bayesian subnet at timei + 1.
Given a dynamic domain that is both stationary and Markovian, the modeling

task and reasoning task are much simplified. It is now only necessary to model the
domain at a particular timei and its dependence on timei − 1. The sequence of
identical Bayesian subnets connected by temporal arcs is called adynamicBayesian
network(DBN). To reason about the domain using a DBN, an agent starts with
the Bayesian subnet at time 0. When an observation is available, the agent up-
dates belief as usual and propagates its belief to the Bayesian subnet at time 1.
Because the Bayesian subnet at time 1 now contains all the relevant historic infor-
mation at time 0, the Bayesian subnet at time 0 need not be maintained. Repeating
this operation, the agent can reason about the domain over an unbounded time
period by maintaining no more than two Bayesian subnets at consecutive time
instants.
We would like multiple agents to be able to reason about a large dynamic do-

main over an unbounded time period in a similar fashion. The multiagent MSBN
framework presented in Chapters 6 through 9 allowsmodeling and reasoning about
a dynamic domain over a finite time (i, i + 1, . . . , i + k) between instantsi and
i + k, wherek ≥ 0. Figure 10.1(a) shows the structure of an MSBN over one time
instant (k= 0), and (b) shows the structure of an MSBN over two time instants
(k = 1). Note the temporal dependence signified by the arcs (a0,a1) and (g0, g1).
One way to apply the framework to an unbounded time period directly is to let

agents initialize to prior belief at the beginning of eachk-instant period. The limi-
tation of this method is that the relevant information acquired during the previous
k-instant period cannot be used.
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Figure 10.1: MSBNs of a trivial dynamic domain. (a) Over one time instant. (b) Over two
time instants.

Ideally, we would like multiple agents to be able to benefit from each other’s
knowledge up to the relevant history. Unfortunately, exact multiagent probabilistic
reasoning over an unbounded time period is impractical. Clearly, it is impractical
to use the preceding representation and increase the valuek unboundedly. We
consider another alternative following the idea of dynamic Bayesian networks. Let
us assume that the dynamic domain is stationary and Markovian. We would like
each agent to maintain its belief on its subdomain for the current time instant. For
example, at timet = 0, we would like agentsA0 andA1 to maintain the subnetsG00
andG01 in Figure 10.2(a), respectively. Att = 1, we would like them to maintain
the subnetsG10 andG

1
1 in (b). By Proposition 6.4, each agent interface should

render subdomains in the two induced (hyper)subtrees conditionally independent.
Otherwise, exact probabilistic reasoning through message passing is impossible in
general. In this example, the issue becomes whether

I ({a1,b1, c1}, {d1,e1}, { f1, g1, h1})
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Figure 10.2: (a) Subnets to be maintained by agents at timet = 0. (b) Subnets to be main-
tained by agents at timet = 1.
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holds. From Figure 10.1(b), we can see that, although

I ({a1,b1, c1}, {d0,e0,d1,e1}, { f1, g1, h1})

holds,

I ({a1,b1, c1}, {d1,e1}, { f1, g1, h1})

does not because the path

ρ = 〈a1,a0,d0, g0, g1〉

is rendered open by{d1,e1} according to d-separation. Therefore, message passing
betweenA0 andA1 by exchangingbelief over their interface{d1,e1}doesnot ensure
correct belief updating in each agent. This demonstrates that exact multiagent prob-
abilistic reasoning over unbounded time periods cannot be achieved bymaintaining
agent belief over a finite time.
In summary, exact multiagent probabilistic reasoning over unbounded time pe-

riods is impractical. Therefore, approximations using heuristic methods are neces-
sary. Many alternatives are yet to be explored.

10.2 Multiagent Decision Making

Throughout the book, we have concentrated on how multiple agents can organize
themselves in reasoning about the state of a large and complex domain. If an agent
believes that a device in a piece of equipment is faulty, the agent should then either
sound an alarm or replace the device with a backup. If a heating agent in a smart
house believes that the people in the house have gone to work or school and only
pets are wandering in the house, the agent can reduce the heating to save energy.
As we understand better how agents can cooperate to reason about their uncertain
environment, a natural step forward is to investigate how agents canmake decisions
and take actions in the environment.
According to the decision theory, an agent should choose among alternative ac-

tions based on its belief about the state of the domain, the possible consequences
of actions, and its preference about the consequences. The preference can be rep-
resented by a value distribution over the states.
In a multiagent system, an agentAi has at least three types of actions to take. To

update its belief,Ai may choose to observe a local variable, whichmay incur a cost.
We refer to this action type aslocal observation. Alternatively,Ai may choose to
communicate with other agents so that it can benefit from others’ observations. We
refer to this action type ascommunication. Local observation and communication
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are information-gathering actions, and they do not change the state of the domain.1

Finally, Ai may take actions to change the domain state such as replacing a device
in a piece of equipment with a backup or reducing the heating in a smart house. We
refer to this action type asstate transition.
When deciding on state transition actions,Ai may deliberate its actions stepwise.

That is, it decides on a state transition action, takes it, performs a local observation
or communication to update its belief about the newstate of the domain, and decides
on the next state transition action. Alternatively,Ai may plan a sequence of state
transition actions before any one is executed. The sequence may interleave state
transition actions with local observations and communications.
The research issues include the following:

� Influence diagrams(Howard andMatheson [26], Oliver andSmith [45]),Markov decision
processes (MDP) (Puterman [57]), andpartially observable Markov decision processes
(POMDPs) (Smallwood and Sondik [66], Monahan [41]) extend the Bayesian networks
and Markov chains to allow representation of alternative actions and user preferences.
Can similar extensions be made to MSBNs so that stepwise decision making can be
supported? Can planning a sequence of actions be similarly supported?
It has been shown (Bernstein, Zilberstein, and Immerman [3]) that the computation for

solving distributed POMDPshas a very high complexity (probably more than exponen-
tial). Multiagent probabilistic inference using an MSBN representation is also based on
partial observations. It is distributed, exact, and efficient (when the DAG union is sparse).
Therefore, extensions of the MSBN framework provide good candidates for tackling
problems intended by POMDPs.

� How should the preference of cooperative agents be represented distributively?
� Although cooperative agents work for a single principal, each is limited by its resources.
Conflicts may occur when an agent needs to perform multiple activities while it can only
perform one at a time. For example,Ai may be asked to perform a communication by
another agent whileAi is trying to take a state transition action. How should such conflicts
be resolved in a decision-theoretic fashion?

� In deciding local observation and communications actions, an agent needs to trade the
expected value of an information-gathering action with its cost. Trade-off between the
information value of observation and its cost has been studied under the single-agent
paradigm. The possibility of trading local observation with communication opens new
opportunities and new issues.

� After a state transition action is performed, thebeliefs of agents basedonpast observations
may no longer be valid. For instance, after a faulty device is replaced, observations on
variables that depend on the state of the device are invalidated and so are the agents’
beliefs based on these observations. Other observations, however, may still be valid and

1 Strictly speaking, information gathering may involveactive sensingin which the sensors may be relocated or
repositioned (e.g., relocation of a video camera or a robot). In such cases, the state of domain may be changed.
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were costly to obtain in the first place. How to make use of still valid observations while
discarding invalid ones in updating the agents’ beliefs is an open issue.

10.3 What If Verification Fails?

In Chapter 9, we presented a set of algorithms for verifying the integrity of inte-
grated multiagent system against the technical requirements of an MSBN. After
the verifications succeed, agents will go on to perform compilation and inference
operations. What should agents do if some verifications fail? We briefly consider
such failures.

� Failure in hypertree verification: The subdomain partition (Section 9.3) among a set of
agents may not admit a hypertree organization. In that case, the interface graph that
the system integrator created based on its knowledge of public variables is not chordal
(Theorem 9.1). The integrator may advise the agents to modify their subdomains by
enlarging or reducing public variables. There are usually many possible modifications
yielding subdomain partitions that admit hypertree organizations. Some schemes require
modifications of subdomains of more agents than other schemes. Some schemes require
more significant subdomain modifications for each agent involved than other schemes.
Some schemes compromise agent privacy more than other schemes. How the integrator
can generate proposals that minimize the subdomain revision and compromise of agent
privacy is yet to be explored.

� Failure in acyclicity verification: Once the hypertree organization is verified, the hyper-
tree DAG union may still be acyclic (Section 9.5). The algorithms presented can easily
be extended to indicate explicitly which agents are causing the acyclicity. How should
these agents cooperate to resolve the problem? How can they modify their local structure
without compromising the integrity of their local knowledge representation? How can
they minimize the modification to their local structures in trying to satisfy the global
acyclicity constraint?

� Failure in d-sepset verification: An agent interface in an acyclic hypertree DAG union
may not be a d-sepset (Section 9.6) because some public nodes in the interface are not
d-sepnodes. To convert a non-d-sepnode into a d-sepnode, some of its parent nodes may
either be removed or become public. Again, the potential compromise of integrity of
knowledge representation at each agent involved and the degree of compromise of agent
privacy should be considered and minimized.

10.4 Dynamic Formation of MSBNs

Large and complex domains are often open-ended. That is, the set of domain vari-
ables grows and shrinks from time to time. To cope with such open-endedness,
multiagent systems respond by a changing agent population. As the problem
domain grows in size and complexity, more agents with proper knowledge are
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deployed or activated. When their special knowledge is no longer needed owing
to changes in the problem domain, some agents are deactivated. For example, the
installation of a newappliance in a smart house requires oneormore agents to be de-
ployed with knowledge about the effective utilization of the appliance in the home
environment. When the appliance is replaced with a new model, the associated
agents must be deactivated and a new set of agents added.
Another need that accounts for the open-endedness of a multiagent system is

that of being able to zoom in and zoom out at different abstraction levels. The
issue under the single-agent paradigm was studied by Srinivas [69], Kollar and
Pfeffer [35] and Wong and Butz [78]. For example, the functionality of a com-
ponent may be represented at the component level, which is usually sufficient.
However, it may sometimes be necessary to examine the component at its device
level. The agent knowledgeable at the component level may not have knowledge
at the device level, thus necessitating activation and consultation of a proper new
agent. In summary, change in agent population arises when a change in domain
dimensions or abstraction levels occurs. How can such dynamic formation and
reformation be realized without human intervention or with the minimum human
intervention in the context of an MSBN-based multiagent system?

� When the need for a new agent arises, how should it be integrated into the existing
hypertree organization? It may be possible for the new agent to be added to the hypertree
as a terminal, in which case no adjustmentfor the adjacency among existing agents is
needed except the agent adjacent to the new agent. But what if this is not possible? How
should the hypertree be restructured in such cases?

� A related issue is the effects of hypertree restructuring on the agents’ beliefs. In the case of
a new terminal agent, how should the beliefs of the new agent as well as those of existing
agents be updated according to the knowledge and observations in the existing system
and the knowledge embedded in the new agent? If the hypertree must be restructured
significantly, how can belief updating be accomplished?

10.5 Knowledge Adaptation and Learning

Besides the more dramatic changes in problem domain dimensions and abstraction
levels discussed in Section 10.4, a problem domain may evolve slowly over time.
That is, the space of a given variable may change over time. Some values in the
original space may become impossible, and others may need to be introduced. For
example, the air conditioning switch will never be on in the winter but may be
turned on and off during the summer. The prior distribution of variables and the de-
pendence strength among variables may gradually change over time. As a mechan-
ical component in a piece of equipment wears out, the likelihood of a breakdown
increases gradually. Just as learning is important for a single agent to evolve its



10.6 Negotiation over Agent Interfaces 281

knowledge of its problem domain, so is it for a multiagent system. It appears that
techniques developed for sequential learning in graphical models under the single-
agent paradigm, suchas thoseofSpiegelhalter andLauritzen [68], canbeapplied di-
rectly. Careful theoretical and empirical studies are needed before this is confirmed.
In addition to the model adaptation just described, other aspects of operations an

MSBN-based multiagent system’s can be made more effective through learning.
For example, regional communication (Section 8.9) is less expensive than full-scale
communication. However, given an agent that needs to communicate regionally to
resolve the uncertainty on a particular variable or a set of variables, which nearby
agents should be included in the regional communication must be based on the
dependence relations between the target variables and variables in the other agents.
Note that we have insisted that the internal details of each agent be kept private.
Hence, a centralized sensitivity analysis is out of the question. By learning from
past communications experience using different regions, an agent can improve its
estimation of the proper region of communication given a set of target variables.
How to control and vary communications regions, how to represent past experi-
ence regarding different regions concisely, and how to use learning to improve the
efficiency of future communications are yet to be explored.

10.6 Negotiation over Agent Interfaces

The cardinality of an agent interface (the d-sepset) in anMSBNmay be perceived as
the ultimate factor determining the efficiency of communication. Such a perception
may originate from the observation that the cardinality of a separator in the JT
representation of a BN indeed determines the volume of a concise message passed
over the separator and directly affects the inference efficiency. However, this is
only partly true for inference in a multiagent MSBN owing to the linkage tree
representation for each d-sepset.
Figure 10.3 shows the local JTs of two agents in a trivial MSBN and their

interface. The linkage treeL has two linkages. Suppose that the space of each
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variable has the cardinality of 4. The raw-space complexity ofL is then 43+ 43 =
128,whereas the cardinality of the full-state spaceof the d-sepset{a,b, c, h} is 44 =
256. Because the size of an e-message is determined by the raw-space complexity of
the linkage tree, this example illustrates that the raw-spacecomplexity of the linkage
tree isamoredirect factor for communicationsefficiency inanMSBN.Furthermore,
the following example shows that it is possible to increase the cardinality of a
d-sepset while decreasing the raw space complexity of the linkage tree.
Figure 10.4(a) partially shows two adjacent subnets in an MSBN. The d-sepset

is {y1, . . . , yn}. Assume that there are no other paths between the nodes explicitly
illustrated in (a) except those that are shown. After moralization, the local moral
graphs are those in (b). During cooperative triangulation (Section 7.6), the agent
A0 needs to eliminatea, x1, . . . , xn beforeyi (i = 1, . . . , n). As a consequence, the
d-sepset will be completed. The resultant linkage tree is trivial and has a raw-space
complexityO(2n).
Suppose that the d-sepset is enlarged by making variablesa andb public. The

new subnetG0 is shown in Figure 10.5(a) and its local moral graph in (b). During
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Figure 10.5: (a) The subnet for agentA0 with enlarged d-sepset. (b) The local moral graph
of A0. (c) The local junction tree ofA0 and its linkage tree withA1.
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cooperative triangulation,A0 can eliminatex1, . . . , xn beforea,b, y1, . . . , yn. If
it eliminates in the order (x1, . . . , xn, y1, . . . , yn,a,b), no fill-in is added. The
resultant partial local JT forA0 is shown to the left of (c), and the corresponding
linkage tree is shown to the right. The linkage tree now has reduced the raw-space
complexity fromO(2n) to O(23 n). A similar reduction can be obtained inA1.
In general, such reductions can be obtained when the new public variables help

partition each subdomain involved into conditionally independent parts. For exam-
ple, every two variables in the setx1, . . . , xn are rendered conditionally independent
by the new d-sepset.
Note that the modification does not require assessment of a new set of proba-

bility distributions. For example, nodey1 is assignedP(y1|x1) in the subnetG0 in
Figure 10.4(a). With the new subnetG0 in Figure 10.5(a), there is no need to assess
P(y1|x1,a,b) and reassigny1 this distribution. The reason is that the remodeling
does not alter any dependence relations among variables. It simply exploits some
existing independence in the total universe. As a consequence, the JPD of the new
MSBN is identical to the previous one, and no node needs to change its previously
assigned distribution in a nontrivial way.
This phenomenon gives rise to a promising opportunity. That is, agents may

explore this opportunity to reduce the raw-space complexity of their linkage trees
and ultimately improve the efficiency of their communications. Because the internal
structure of each agent is private, identification of a potentially useful enlargement
of public variables can only be achieved through distributed search and cooperation
among agents. Inasmuch as some previously private variablesmust bemade public,
negotiation among agents may be needed as well.

10.7 Relaxing Hypertree Organization

In Section 6.3, we introduced Basic Assumption 6.3 stating that a simpler agent or-
ganization (as a subgraph of the communications graph) is preferred. It asserts that
even though the communications graph with degenerate cycles can support belief
updating by message passing, a hypertree organization is preferred because it is
simpler and more efficient to process. The hypertree restriction is sometimes per-
ceived as “undesirable” because agents are prevented from communicating freely
with each other. Flexibility is the main reason to desire its relaxation.
Using the graph-theoretical equivalence between cluster graphs and communi-

cations graphs (Chapter 6), we can extend the results on degenerate and nonde-
generate cycles in Chapter 3 to multiagent systems. In Chapters 3 and 6, we have
shown that when nondegenerate cycles exist in the communications graph, exact
multiagent belief updating by concise message passing is impossible. Hence, only
degenerate cycles offer an opportunity for agents to communicate more freely. A
degenerate cycle in a communications graph is signified by the presence of an
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agent interface contained in every other agent interface on the cycle. Hence, if a set
of agents is located on a strong degenerate cycle in their communications graph,
they can pass e-messages to each other in arbitrary sequences. For weak degen-
erate cycles, the flexibility is more limited. Consider a weak degenerate cycle
ρ = 〈Q0, Q1, . . . , QK−1, Q0〉, where K ≥3 and the separatorS= Q0 ∩ Q1 is
contained in each other separator. Two paths exist between any two clusters: one
goes throughSand the other does not. Because each separator in the other path is a
superset ofS, the information capacity of the path throughS is inferior. The exact
degree of flexibility that weak degenerate cycles can provide needs to be further
explored.
In summary, exploration of degenerate cycles in communications graphs offers a

promising possibility for relaxing the hypertree constraint when greater flexibility
in communications is important. Existing degenerate cycles can be utilized to its
full capacity in providing such flexibility and agent interfaces can be enlarged to
create new strong degenerate cycles. The trade-off involves the discloser of some
private variables and increased message traffic.

10.8 Model Approximation

Multiply sectionedBayesian networks provide a framework in which a set of agents
populating a large and complex uncertain total universe can reason about it by con-
cise message passing. The inference computation is efficient when the dependence
relations in the total universe are sparse. That is, individual subnets are not densely
connected and individual agent interfaces have low cardinality and can be concisely
represented by linkage trees. On the other hand, if subnets are densely connected,
agent interfaces are large when determined naturally, or agent interfaces do not ad-
mit concise representation, the communications and inferences of an MSBN-based
multiagent system can be computationally expensive.
One alternative that can be explored within the MSBN framework ismodel

approximation, which entails simplifying some subnets. The most obvious simpli-
fication is the removal of arcs corresponding to weak dependence relations. The
positive consequences are not only sparser subnets butmore concise agent interface
representations (lower raw-space complexity of linkage trees). Because theweakest
arcs are continuously removed, it is expected that the efficiency of inference and
communication improves gradually whereas the accuracy of inference degrades
gradually.
It is not clear what approximation can be performed when the cardinality of

an agent interface is too high. One possibility is to reduce the number of public
variables. Issues arise in choosing the variables to eliminate from the agent interface
and deciding how to turn them into private variables. Another possibility is to
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explore the technique outlined in Section 10.6. Instead of trying to reduce the agent
interface, it can be enlarged so that the raw-space complexity of the corresponding
linkage tree is reduced.

10.9 Mixed Models

Throughout the book, we have concentrated on the total universe consisting of only
discrete variables. Many problem domains involve continuous variables – that is,
variables whose spaces are continuous ranges. Although a continuous variable can
always be discretized, discretization into a low-cardinality space introduces errors,
whereas discretization into a high-cardinality space increases the computational
complexity. Hence, there are cases in which direct representation of, and infer-
ence with, continuous variables are desirable. One approach under the single-agent
paradigm that has beenwell studied is the use ofmultivariate Gaussian distribution
(Lauritzen [36], Cowell et al. [9]). Both discrete and continuous variables can be
present in a single graphical model. Extending the MSBN framework following
this approach is yet to be explored.
In Chapter 6, we posited Basic Assumption 6.4, which states that aDAGstructur-

ing of each agent’s knowledge is preferred. In Chapter 7, we compiled each subnet
into a junction tree representation. Although a causal structuring of probabilistic
knowledge is commonly preferred (see Basic Assumption 6.4), the possibility of
performing local inference and communication using the junction tree representa-
tion means that causal structuring is not necessary. Undirected graphical models
such asMarkov networks(Pearl [52]), and hybrid graphical models such aschain
graph models(Lauritzen [36]) have been studied under the single-agent paradigm.
It is conceivable that different agents may adopt different graphical models as their
original internal representation. For local inference and communication, the local
models can be compiled into the junction tree representation, and the algorithms in
Chapter 8 can then be applied. The technical details of such a scheme are yet to be
worked out.

10.10 Bibliographical Notes

Dynamic Bayesian networks (DBNs) were proposed by Dean and Kanazawa [15].
Russel and Norvig [60] gave an intuitive introduction of reasoning in DBNs.
Kjaerulff [34] and Xiang [86] have proposed exact methods for inference in
DBNs, and Forbes et al. [17] have presented an approximate method. The op-
portunity for reducing raw-space complexity for agent interface was analyzed by
Xiang et al. [93].
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(), arc, 25
(), directed cycle, 26
(), directed path, 26
〈〉, link, 25
〈 〉, undirected cycle, 26
〈 〉, undirected path, 26

absorption, 97
acquisition intractability, 23, 29
acyclic, 26
adj(), 26
adjacency, 26
adjacent, 26, 124, 134
agent, 1, 3
altitude, 168
ancestor, 26
approximate inference, 34
arc, 25
associativity, 89, 91
autonomous, 11

Bayesian network, 18, 28
Bayes’s rule, 22
belief, 20
belief updating, 22
BN, 18, 28

chain rule, 29, 36, 50, 68, 84, 110,
133

child, 25
chord, 72
chordal, 80, 158
clique, 72
closed path, 64
cluster graph, 42
cluster tree, 42
communication, 117, 147
commutativity, 89
complete, 72
concise message passing, 34
conditionally independent, 27
conditional probability, 20
connected, 26, 28, 72, 122

consistent, 48, 94, 188
cycle, 26

d-separation, 64–66, 69, 126, 128
DAG, 26
degenerate cycle, 42, 53, 55, 123
degree, 26
denominator, 91
descendant, 26
directed acyclic graph, 26
directed cycle, 26
directed graph, 25
directed path, 26
disconnected, 42
domain, 4, 19
dynamic Bayesian network, 275

e-message, 118, 195
edge, 25
effective, 24
eliminatable, 76, 157
elimination, 76, 157
elimination order, 157
endpoints, 25
exact inference, 34

family, 96
fmly(), 96, 187
forward sampling, 33, 209

globally consistent, 56, 189
graph, 25
graph-consistent, 73, 148, 159
graph sectioned, 73, 128
graph union, 73, 125, 126, 133

h-separation, 66, 68, 79, 156, 180
head, 25
head-to-head, 65, 66
head-to-tail, 65, 66
hybrid graph, 25
hyperlink, 128
hypernode, 128
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hypertree, 128, 147
hypertree MSDAG, 132, 147

I-map, 63, 180
i-message, 118
in-degree, 26
incident, 25
induced dependence, 70, 78, 128
interaction, 147
interface, 118
interface graph, 219
internal node, 26

junction tree, 57, 174
junction tree as I-map, 71
junction tree representation, 94

leaf, 26, 100
link, 25
linkage, 155
linkage tree, 144, 155, 175
LJF, 176
locally consistent, 188
logic sampling, 33
loop cutset conditioning, 31, 209

marginal, 21, 92
marginalization, 22
marginalization intractability, 23
marginalized out, 22
marginally independent, 27
Markovian, 275
massive message passing, 34
maximal cluster tree, 81
maximal spanning tree, 82
merge, 154
message, 30, 43, 44
message passing, 34, 40, 118
moral graph, 70, 147, 148
MSBN, 110, 134
MSDAG, 132
multiagent, 9, 108, 112
multiply connected, 26, 42
multiply sectioned Bayesian network, 110, 134

negation rule, 22
node, 25
nondegenerate cycle, 42, 47, 123
normalize, 104
numerator, 91

O(), 23
observable, 5
open path, 64
order independent, 91
out-degree, 26

parent, 25
path, 26
path length, 26
posterior, 22
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principal, 1
prior, 22
privacy, 146
private node, 226
private variable, 219
product of potential, 89
product rule, 22
projection, 89
public node, 226
public variable, 219

quotient, 91
quotient of potential, 90

raw space complexity, 154, 282
restriction, 149
reversibility, 92
root, 26, 100

separation, 64
separator, 41, 81
simple path, 26
simplicial, 74
skeleton, 70
span, 26
state, 4
stationary, 275
stochastic simulation, 33
subdomain, 118
subgraph, 26, 129, 131
sum rule, 21
supportive, 98, 188
system potential, 96, 104

tail-to-tail, 65, 66
temporal dependence, 274
terminal node, 26
total universe, 117
tree, 26

u-separation, 65, 79
undirected cycle, 26
undirected graph, 25
uniform potential, 96, 183, 187
updating intractability, 23
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